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Ham s6 bac nhat va d6 thi

Ung dung ctia ham s6 bac nhat dé chitng minh bat ding thitc
. Phuong trinh bac nhat hai 4n, hé phuong trinh bic nhat hai 4n
. Phwong phép giai hé phwong trinh bac nhat hai 4n

. Gii todn bang cach 1ap hé phuong trinh

. Hé phuwong trinh bac nhat nhiéu 4n

. Hé phuwong trinh quy vé hé phuong trinh bac nhit

. Hé phuong trinh chita tham s6

. Phuong trinh bac hai va cong thitc nghiém

Hé thtc Vi-et

Phwong trinh quy vé phwong trinh bic hai

Giai toan bang cach 1ap phuong trinh

Vi tri twong giao giita parabol va dwong thang

Hé phuong trinh bac cao

Phuwong trinh vo ty

Phuong trinh, hé phuwong trinh, bat phwong trinh khéng mau muc
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Chwong 1. CAN BAC HAL CAN BAC BA

Chuyén dé 1. CAN BAC HAI, CAN THUC BAC HAI
A. Kién thirc cAn nhé
1. Cin bac hai s6 hoc
e Can bac hai s6 hoc ctia s thuc a khdong am 14 s6 khong am x ma x* =a.
e Vo6iax0
x>0

X=\/a<:> Xzz(\/a)zza

Phép toan tim can bac hai s6 hoc ciia mot s6 goi la phép khai phuong.
Vi hai s6 a, b khong am, thita cé: a<b < Ja<ib.
2. Can thtec bac hai
e Cho A la mdt biéu thixc dai s6, nguoi ta goi JA 1a cin thiec bac hai ctia A, con A duoc goi la
biéu thirc 18y can hay biéu thirc dwdi dau can.
e A>0 xdc dinh (hay c6 nghia) khi A>0.
e Hang dang thic JA =|Al.
3.Chuy
e Véia>0 thi
Yx=a=x=2a’

xX=a=x=+/a.

. \/K:\/EQ{AZO(hay B>0)

A=B

e JA+J/B=0&A=B=0.
B. Mot s6 vi du
Vi du 1: So sanh cac cap s6 sau ma khong dung may tinh.
a)\/EVéB; b)3\/§Vé\/ﬁ;
C)\/%+\/175+1V‘a\/]73,' d)mvéz

Gidi

Tim cdch gidi. Khi so sanh hai s6 v/a va Vb khéng duing s6 may tinh, ta c6 thé:

e Sosanhavab
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e So sanh (\/5)2 va (\/6)2
e St dung ki thuat lam troi.
Trinh bay loi giai
a) Ta c6 10> 9= +/10 >~/9 nén /10 > 3.
b) Xét (3V2) =%.(V2) =18; (Vi7) =17
vi 18 >17 nén (3\/5)2 >(Jﬁ)2 =3J2>17
C) V35415 +1<~/36 +/16 +1=6+4+1=11,
V123 >+121=11 suy ra /35 +4/15 +1</123.
d)Tacd V2 <Jh=2=2+2<b=242 <Ja=2.

Vi du 2: Tim diéu kién d€ cac biéu thitc sau c6 nghia:

a) V8+2x;
b) VXx-1++11-X;

<)

5 9+ X+3.
X_

Giai
Tim cdch giai. D€ tim diéu kién bi€u thirc ¢d y nghia, ban luu y:
e A conghiakhi A>0
o ﬁ c6é nghia khi M #0
Trinh bay loi giai
a) \/8+2x c6 nghia khi 8+2x>0< x> —4.

b) VX-1++11-x c6 nghia khi x-1>0 va 11-x>20<1<x<11.

) — 5 +VX+3 conghiakhi x+320 va X' ~9#0. x> -3x#3.

Vi du 3: Rat gon biéu thirc sau:
a) A=/6+2y5 —/6-245 ;
b) B=a+1-+a’-2a+1 véi a<1

Giai
Tim cdch gidi. D€ rat gon bidu thitc chita d&u cin, ban nhé rang:
Lién hé tai liéu word toan zalo va SPT: 039.373.2038
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A-BnéuA>B

2
aiZJ5+L%JEiQ vamuYﬂA_m:{B_AnéLA<B

Trinh bay 16i gidi

a) Ta cd A=+/6+25 —6-25
A=+5+25+1-/5-25+1
A=) (54
A=(VB+1)-(V5-1)=2.

b) B=a+1-+a’—2a+1 véi a<1l

B=a+l-y(a-1)

B=a+l-|a-l=a+1-(1-a)="2a.
Vi du 4: Tim gia tri nho nhat cta biéu thtrc sau:

a) A=3++/2x*—8x+33;
b) B=+/x*—8x+18-1;

) C=X2+y?—2xy+2x—2y+10 +2y? -8y +2020.

Gidi
a) Ta c6: A=3+~2x* —8x+33 =3+,/2(x~2)" +25>3++/25 =8.

Vay gia tri nho nhat ctia biéu thic A la 8 khi x=2.
b) Ta c6: B=+vx* —8x+18 -1=/(x—4)" +2-1>~/2-1

Vay gié tri nho nhat ctia biéu thite B1a +/2 -1 khi x=4.

c)Tacd: C :\/xz+y2—2xy+2x—2y+10+2y2—8y+2020
= C=(x—y+1)" +9+2(y-2)" +2012

— C >+/9 + 2012 = 2015.

Vay gia tri nhé nhat caa C la 2015.

—y+4l= —1
Kni |XTYEE0 L [x=t
y—-2=0 y=2

Vi du 5: Tim gia tri nhé nhat cua biéu thiec:
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a) A=+/x?—12x+36 ++/x? —16x+64;

b) B =y(x=2) +/(x—9) +/(x~-1945)’ .

Giai
Tim cdch gidi. Thoang nhin biéu thirc ta c6 thé bo can va dua vé biéu thic chira ddu gia tri tuyét
do6i. b€ tim gia tri nho nhat ctia biéu thiec chira ddu gia tri tuyét ddi, ta st dung;:
e |A-B|=|B-A va|A>0
e |Al+|B|2|A+B|. Ddu bing xay ra khi AB>0.

Trinh bay loi giai

a) Ta co:

A =X —12x+36 +x* ~16x+ 64 = [(x—6)" +,/(x~8)
A=|x—6|+|x—8 =|x—6|+[8—x|>[x-6+8-x|=2

Vay gid tri nho nhéat ciia A 1a 2 khi (x—6)(8-x)>0 hay 6<x<8.
b) Ta cé:

B=/(x=2)" +4(x=9) +/(x—1945)

B =[x —2|+|x—9|+|x—1945|

B =|x—2|+[1945— X|+|x—9|>|x—2+1945— x|+ 0 =1943.
Vay gid tri nho nhat cua B 1a 1943 khi (x—-2)(1945-x)>0 va x—9=0 ticla x=9.

Vi du 6: Cho a, b, ¢ 1a c4c s§ hitu ti théa man ab+bc+ca=2020. Chitng minh rang biéu thitc

1a mot s6 hiru ti.

N \/(az +20220)(b2 +2020)
c% +2020

Giai
e Taco: a®+2020=a’+ab+bc+ca
=a’+2020=(a+b)(a+c) (1)
e Tuong ty, ta cd: b?+2020=(b+a)(b+c) (2)

c?+2020=(c+a)(c+b) (3)

(a+c)(b+c)(b+a)
(c+a)(c+b)

T (1),(2), (3) suy ra A:\/(‘”b) =(a+b)’ =|a+b|
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= A=|a+h)|.
Via, blacacs6 httu tinén a+b clng la sd httu ti. Vay A la mot s hiru ti.
Luu y: Cac phép tinh cdng, trit, nhan, chia, nang lén liy thira ctua cac s6 hitu ti cé két qua cling la
mot sO hiru ti.

Vidu 7: Cho a, b, ¢ 1a cic sO thiee théa man a?+b? =2

Ching minh ring: Va‘ +80% ++b*+8a’ =6 (1)

Giai
Tim cdch giai. Quan sat phan két luan ciing nhu gia thiét. Dinh hudng chung khi nghi t6i la chung
ta bién doi phan trong can thic ¢ phan két luan thanh dang binh phwong. Véi suy nghi 4y, cling
nhu khai thac phan gia thiét. Chung ta c¢é hai hudéng suy luan:
Huéng thit nhdt. Dung thita s8 2 trong mdi can d€ can bang bac.
Huwéng thir hai. Ttr gia thiét suy ra: b? =2-a*a’* =2-b?, dung phwong phap thé, d& mdi can thiic
chi con mdt bién.
Trinh bay loi giai
Cich 1. Thay a’ +b’ =2 vao (1) ta co:

Vé traic \[a’ +4b?(a® +b?) + b’ +4a% (a® +b?)

=+a' +4a%? +4b” ++/b* +4a’h’ + 4a°

=\/(a2 +2b2)2 +\/(b2 +2aZ)2 =a%+2b% +b? +2a°
=3(a’+b*)=3.2=6.

V& trai bang vé& phai. Suy ra diéu phai chiing minh.

Cdch 2. T gia thiét suy ra: b> =2—-a*a’* =2-b’ thay vao (1) ta duoc:

Ja* +8(2-a%) + [’ +8(2-b?) :\/(az 4y +\/(b2 4y

=[a® -4 +|b*~4] (do a* <4;b* <4)

=4-a’+4—b? =6. V& trai bang v& phai. Suy ra diéu phai chttng minh.

2 _ 2 _ 2 _
Vi du 8: Tinh tong: S=\/1+%+\/1 %+...+\/1+%
1°.3 3°5 2005°.2007

(Thi Olympic Todn hoc, Hy Lap — nam 2007)
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Giai

, 8n° -1 8n° -1 16n* —8n? +1+8n* -1
Taco [1+ > > = L+ 7= 2
(2n—1) (2n+1) (4n2—1) (4n2—1)
an? Y An? 1( 1 1 ) N
= > = =1+— - VO]. nZl.
4n* -1 (2n—1)(2n+1) 2{2n-1 2n+1

2
Suyra [1+ 8n2 -1 : :1+£( 1t 1 j(*)
(2n-1)"(2n+1) 2\2n-1 2n+1

Thay 7 Ian luot tir 1 d&én 1003 vao dang thic (*) ta dwoc:

1(1 1 1(1 1 1( 1 1
S=1l+—-|-—= [+1+=-| == [+..+ 1+ | ————
2(1 SJ 2(3 5) 2(2005 2007)

S :1003+£ 1—L :1003%.
2 2007 2007

C. Bai tap van dung

1.1. Tim cac gid tri ctia x d€ cac biéu thitc sau c6 nghia:

1
a) A=+/x*-5; b)Bz————;
: : VX?+5x—6

C)C=;; d) D= !

Xv/2Xx —1 1-x2 -3’

e) Ez‘/x+g+ —2X.
X

a) Diéu kién d& A c6 nghia la X* ~520<|x|2+/5.

Huwéng dan giai - dap s6

b) Diéu kién dé€ biéu thirc B ¢6 nghia la
X* +5x—6>0< (x+6)(x-1)>0< x+6 va x—1 cung ddu

X+6>0 {x>—6
=S x>1

Truong hop 1.
ruong hop {x—1>0<:>

x>1

X+6<0 {x<—6

Truong hop 2.
ruong hop {x—1<0<:>

Vay diéu kién dé biéu thirc B cdé nghiala x>Lx<—6.

c) biéu kién d€ biéu thitc C ¢ nghia la:
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1

{2x—1zo xz% Xz XZ%
fam = =

XTN2X=1>0 e oxo1 |(x-1f 50 [x#l

Vay dieu kién dé biéu thire C c6 nghia 1a: S = {x/ x> %; X % 1}.

d) Diéu kién dé biéu thirc D c6 nghia la:

{x2—320 {x223 {|x|2\/§
< <

1-+x2=3 %0 X* =321  |x#+2
>
Vay véi | V3. (1 bid thite D 6 nghia.
X # 12
\ e x+£20 X2+220 x>0
e) Diéu kién dé biéu thitc E c6 nghia la: X 19 X = (<0

-2x20 Xx<0

vay khong ton tai x d€ biéu thirc E ¢ nghia.

1.2. a) Cho X, y, z khac 0 théa man x+y+z=0.

Chting minh rang: i2+i2+i2 = l+1+1 .
Xy 2 Xy z
b) Tinh gid tri biéu thirc:

A=\/1+i2+i2+\/1+i2+i2+\/1+i2+i2+...+\/1+ 12+L2.
2° 3 3 4 4 5 199 200

Huwéng dan giai - dap s6

1 1 1 z+x+y

Ma —+—+—= =0
Xy yz X Xyz
(1 1 1]2 1 1 1 1 1 1 |1 1 1
=>|—+—+— =—2+—2+—2:> —2+—2+—2:—+—+—.
X y z Xy oz X y? 7* |x y z

b) Ap dung cau a, ta c6: 1+ K +(-1-K)=0

R 1 1 1 1 1 ‘1 1 1
nen: [1+—-+ == | S+t ————— = +—+——
K® (K+1) r K* (-k-1" 1 K -K-1

Lién hé tai liéu word toan zalo va SPT: 039.373.2038



Suy ra: 1+i2+ 1 > :1+l— 1 .
K (K +1) K K+1
Thay k lan lwot 2,3,..., 199, ta duoc:

A:1+i—l+1+1—1+...+l+i—i 198+1—i 198 99
2 3 3 4

199 200 2200 200

1.3. Tim s6 nguyén dwong k thoa man

1 1 1 1 1 1 20097 -1
It s+ + I+t Z+o+..+ [I+—+ > =
1° 2 2° 3 K (k+1) 2009

(thi hoc sinh gidi todn 16p 9, tinh Hdi Dwong, ndm hoc 2007 — 2008)

Huwéng dan giai - dap s6

Ap dung cong thirc 1+i2+#2 =1+1—L ta co:
n (n+1) n n+l
11 11 1 1 2009°-1
I+=———+1+———+... +1+—— =
1 2 2 3 k k-1 2009

1 2009°-1  (k+1)' -1 2009*-1

s k+1- = &
k+1 2009 k+1 2009

< k =2008.
1.4. Tim cac sO X, y, z thda man dfmg thic:
(2x—y)2+(y—2)2+ (x+y+z)2:0
Huwéng dan giai - dap s6
Ta c6: (2x—y)2+(y—2)2+|x+ y+2|=0 (*)
Ma (2x—y)2 >0; (y—2)2 >0; [x+y+2|>0;

2x—-y=0 x=1
Nén dang thtec (*) chi xay rakhi {y-2=0 <<y=2 .
X+y+z=0 z=-3

1.5. Tim gia tri nhé nhat cua biéu thac:

P =/25x2 — 20X + 4 +/25x2 —30x +9

Huéng dan giai — dap s6

Ta co: P =(5x—2) +,/(5x-3)° =[5x—2|+[5x—3
P =[5x-2|+|3-5x|>5x-2+3-5x=1
Lién hé tai liéu word toan zalo va SBT: 039.373.2038
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5x—-2>0

Déng thirc xay ra khi: =
3-5x>0

2 3
—<X<—.
5 5

Vay gia tri nho nhat cua P 1a 1 khi % <x< g .

1.6. Cho ba sd dwong a, b, ¢ thoa man diéu kién: a+b+c=2 va a®+b*+c’ =2.

Chtrng minh rz‘ing:

a\/(1+b2)(1+c2)+b\/(1+a2)(1+cz) +C\/(1+a2)(l+b2) 2 (4

1+a’ 1+b? 1+c? B
Huwéng dan giai - dap s6
Tir a+b+c=2=(a+b+c)’ =4 a*+b?+c*+2(ab+bhc+ca)=4
Ma a’+b’+c?=2=2(ab+bc+ca)=2<ab+bc+ca=1.
Tacéd: a®+1=a’+ab+bc+ca=a’+1=(a+b)(a+c) (1)
Tuong tu, ta cé: b*+1=(b+a)(b+c) (2)
c’+1=(c+a)(c+b) (3)

Tt (1), (2) va (3) thay vao vé trai cua (¥), ta cé:

a\/(l+b2)(l+cz) +b\/(l+a2)(1+cz)+C\/(l+a)2(1+b2)

1+a? 1+b? 1+c?

:a\/(a+b)(b+c)(a+c)(b+c)+b\/(a+b)(a+c)(a+c)(b+c)+C\/(a+b)(a+c)(a+b)(b+c)

(a+b)(a+c) (a+b)(b+c) (b+c)(a+c)

a(b+c)+b(a+c)+c(a+b)

=2(ab+bc+ca)=2.

1.7. Cho x=\/6+2‘/§+\/6_2\/g .
25

, ) 2020%"
Tinh gié tri bi€u thire: T =(1+x* -x°) .

Hudéng dan giai — dap s6
2 2
. \B+2J5+1+y5-25+1 \/(\/§+1) +\/(J§—1)
ach: x= _
2./5 /5

J5+1+45-1
XY 2V T
245
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)zozo519

Vay T =(1+1% -1° =1.

1.8. Tim gia tri nho nhat cua biéu thic:

2) A=J(x—=2019)" +,J(x—-2020)" ;

b) B =(x=2018)" +4/(y—2019)’ +/(x—2020)" ;

¢) € =(X=2017) +,J(x—=2018)" +/(x—2019)" +,/(x—2020)" .

Huwéng dan giai - dap s6

a) A=|x—2019|+|x—2020|

= |x—2019|+|2020 - x| > x - 2019+ 2020 - x =1

Website: tailieumontoan.com

Vay gia tri nho nhat caa Ala 1 khi x—2019>0 va 2020— x>0 hay 2019 < x <2020.

b) Gid tri nho nhat ctia B la 2 khi 2018 < x <2020 va y =2019.

c) Gia tri nho nhat cua Cla 4 khi 2018 < x <2019.

1.9. Giai phrong trinh: X+‘/X+%+‘/X+% =4,

Huéng dan giai — dap s6

Ta co: X+ x+1+ /x+£:4
\) 2 4
\/ 1 [ 11

S X4 [ X+—+, [ X+=+—=4

4 4 4
2
/ 11 / 11
<& X+ X+=+=| =4S X+, [X+—+==4
4 2 4 2
2

1 1 1 1 1
<:>x+—+,/x+—+—:4c> ‘/x+—+— =4
4 4 4 4 2
Rt x+£+£:2 Vi‘/X+£+£>0

4 2 4 2

1 3 1 9
S X+ == x+-==
4 2 4 4

9 1
S X=———SX=2.
4 4

1.10. Giai phuwong trinh:
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a) VX2 —6Yx2 +9+/x* —=7=0;
b) \/2x+4—6\/2x—5 +\/2x—4+2\/2x—5 =4.

Huwéng dan giai - dap s6

a) VX2 —6VX* +9 +x2 ~7 =0 /(X -3) +[x/-7=0

& |x-3+x|-7=0

Truong hop 1: Xét |X| >3 phuong trinh c6 dang:
X|-3+|X|-7=0<|X=5< x=15.

Truong hop 2: Xét 0< x <3 phuong trinh ¢6 nghiém: 3—|x|+|x|-7 =0 v6 nghiém.

Vay tap nghiém ctia phuong trinh 1a § = {-5;5! .

b) \2X+4—642X—5 +2x—4+22x—5 =4

e \[2X—5-62X—5+9 ++/2X-5+22x—5+1 =4

<:>\/(M—3)2 +\/(\/ﬁ+1)2 =4

@‘M—3‘+M+1:4

Ta c6: |V2x=5 -3 =[3-2x-5|>3-/2x-5

Vay vé trai >3-/2Xx-5+/2x+5+1=4.

Do vay vé trai bang vé phai khi:

\/2X—5S3©OS2X—5£9<:>2SXS7.

Vay tap nghiém ctia phuwong trinh la: S = {x / g <x< 7}.

1.11. Tim gia tri nho nhat ctia: A=+a+3—4v/a—1+a+15-8J/a-1.
Huéng dan giai — dap s6

Ta co:

A=+a-1-4Ja—1+4++/a-1-8Ja-1+16

o A= \/(\/a—l—Z)z +\/(\/a—1—4)2

- A:‘\/a—l—2‘+‘4—\/a—l‘zx/a—l—2+4—\/a—1
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=A>2.
Déng thirc xay rakhi 2<vVa-1<4<4<a-1<16.
Vay gia tri nhé nhat cia A la2 khi 5<a<17.

1.12. Rut gon biéu thirc:

a) A=+J7+26 ++7-26 ;

b) B=x+2y—+/xX’ —4dxy+4y* véi x<2y;
0 D= /(1-V2020) (\/2021 2@)

Huwéng dan giai - dap s6

a) Ta cd A=+7+2v6 +4/7-26

S e

=(V6+1)+(V6-1)=216.
b) B =x+2y—/x? —4xy+4y? véi x<2y;

B=x+2y— (x—2y)2

B =x+2y—[x-2y|=x+2y—(2y-x)=2x.

¢) D=,/(1-+/2020 ) (J2021 2@)

= 1-v2020], (/2020 1)

= (/2020 -1) (/2020 -1) = 2021~ 2/2020 .

1.13. Cho x va y la hai s8 thuc thoa man:

+2022.

\/ 2019x + 2020 \/ 2019x + 2020
2020x—2021 '\ 2021-2020x

Tinh gia tri caa y.
Huéng dan giai — dap s6

Didu kién dé'y c6 nghia 1a 2029X 2020, 9
2020 - 2021

. 2019x+ 2020 —(2019X+2020)
va XD 5 0 >0 (2)
2021-2020x 2020x — 2021
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2020

Tt (1) va (2 : 2019x+2020=0 hay x=——
w (1) va (2) suy ra ay 5019

Suy ra y=2022.

(x+y)(x-y°) (1—@)2
(1—\/F—1)(x2y2 +xy*+y*)

Huéng dan giai — dap s6

-6

1.14. Tinh X bigt x>y <0 va
y

Ta co: Véi X>1=>4X>4 = 4x—1>3=/4x-10 >+/3
Do d6 (1—\/4x—1)2 _Jax—1-1

(x+ y)(x3—y3)(M—1)

S dd
frrdo (1—\/4x—1)(x2y2+xy3+y4)

=—6

- (x+ y)(xs—ys) e (x+ y)(x—y)(x2+xy+ yz) s
x2y? +xy* + y* yz(x2+xy+ yz)

<:>x2—y2:6y2<:>x2:7y2<:>H:\/7
y

Ma x>1y<0 nén i:—xﬁ.
y

1.15. Cho A:\/6+\/6+\/6+...+\/§ , g6m 100 d&u can.

Chting minh rang A khong phai 1a s6 tu nhién.
Huéng dan giai — dap s6

Tacd: A>+/6>2.

Mt khéc +/6++/6 <+/6+3 =3;\6+/6+/6 </6+3=3

.= A<3.
Do d6 2 < A<3. Chting to rang A khong phai s3 tw nhién.
Nhdn xét: Néu A nam gitra hai s§ tu nhién lién tiép thi A khdng phai s8 tw nhién.

1.16. Cho ba sd httu ti a, b, ¢ thoa man §+%:%

Chting minh rang A=+/a’+b?+¢? 1a s& hitu ti.
Huéng dan giai — dap s6

Tt gia thiét ta c6 bc+ac=ab = 2ab-2bc—2ca=0
Lién hé tai liéu word toan zalo va SBT: 039.373.2038



Suy ra @’ +b® +c? =a’ +b? +c* + 2ab-2bc - 2ca

:(a+b—c)2

= A=+a’+b’+c? :|a+b—c| 1a sO hitu ti.

1.17. Cho ba s0 duong a, b, ¢ théa man diéu kién: a+b+c= i

abc

(1+ bzcz)(l+ azcz)

=a+b.
¢’ +a’bh’c?

Chting minh rang: \/
(thi hoc sinh gioi toan l6p 9, TP, H6 Chi Minh, ndam hoc 2014 — 2015)
Huéng dan giai — dap s6

Ta co a+b+c=i:>abc(a+b+c)=1
abc

Do do: 1+b’c? =abc(a+b+c)+b’*c* =bc(a+b)(a+c)
Tuong tu, ta cé: 1+a’c® =ac(a+b)(b+c)
1+a’h® =ab(b+c)(a+c)

Suy ra: J(1+bzcz>(1+azcz) _ J(Hbzcz)(“a%z)

c? +a%b’c? c? (1+ azbz)

_ |be(a+b)(a+c)ac(a+b)(b+c) _ A bV —ash.
_\/ c’ab(a+c)(b+c) (2+5) ;

1.18. Cho x, y thoaman 0<x<1 0<y<1va 1—+1L:1.

Tinh gia tri ctia biéu thitc P =X+ Yy ++/X* =Xy +y*.

Website: tailieumontoan.com

(Tuyén sinh vao 16p 10, THPT chuyén, Dai hoc sw pham Ha N§i, nam hoc 2015 — 2016)

Huéng dan giai — dap s6

Ttr gia thiét, suy ra: x(1-y)+y(1-x)=(1-x)(1-y)

& 2x+2y-1=3xy & X2 —xy+y* =(x+y) —2(x+y)+1=(x+y-1)

Vay P=X+y+X =xy+y’ =x+y+|x+y-]

AY .2 - A, . Va X 1
Ttr gia thiét, ta lai co: T <l=>x< 5
—X

Twong tw ta co: y<%.8uy ra0<x+y<l,taco P=x+y+1-x-y=1.

Lién hé tai liéu word toan zalo va SBT: 039.373.2038
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Chwong 1. CAN BAC HAL CAN BAC BA

Chuyén dé 2. LIEN HE PHEP NHAN, PHEP CHIA VA PHEP KHAI PHUONG
A. Kién thitc can nhé
1. V6i A>0,B>0 thi: VAB =+/A+/B vanguoclai VA+/B =+AB

2
Dic biét, khi A>0, ta co: (\/K) —JAZ = A.

YA

2.Vo6i A>0,B>0 thi\/Ez Véngll’QCIaiﬂ:\/E
B VB JB \B
3. B6 sung
o VOi AA,..,A >0 thi: JAJA . JA = JAA. A
o Véiax0;b>0 thi: VJa+b <+va++vb (ddu “=" xay ra <> a=0 hodc b=0).
e Véiax=bx0 thi: VJa—b>+a-+b (ddu “=" xay ra <> a=b hoic b=0).
B. Mot s6 vi du
Vi du 1: Thiec hién phép tinh

a) V81548415 ;
b) (JG—JHN«SNE)

2

Giai

a) \8—+/15/8+15 =/64—15=/49 =7 .
2
b) (\/6—\/ﬁ+\/6+\/1_1) :6—\/ﬁ+2\/(6—\/1_1)(6+x/ﬁ)+6+\/1_1
=12+2436-11=22.
Vi du 2: Rut gon cac biéu thiec sau: P:\/2+\/2+\/§.\/4+\/§.\/2—\/2+\/§.

Giai

Tim cdch gidi. Quan sat ki dé bai, ta thdy c6 hai biéu thitc trong can c6 dang va++/b va Ja-+b
nén ta dung tinh chat giao hoan va thuc hién phép tinh.

Trinh bay loi giai

P o 24242 A4 VBN 2242 =232+ 42 \2—N2 2 A1 B
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P=va-2-v234+242 = [(2-V2)N2++242

P=J4-2:2=2.
Vi du 3: Rat gon bidu thiic: A=+/10+2v21-+/3.

Giai

Website: tailieumontoan.com

Tim cdich gidi. D& rat gon biéu thic c6 dang va+2vb ta chi y téi hing ding thuc

x12ﬂ+y:(&i\/§)2

Ta can bién d&i: ya+2vb :,/(\/}i\/?)z , do vay ta xac dinh x va y thong qua x+y=a; xy=Db.

Chang han: x+y=10; x.y=21={xy} ={3;7}.
Trinh bay loi giai

A=\/3+2.\/ﬁ+7—«/_= (\/§+\/7)2—\/§=\/§+\/7—\/§=\/7.

Vi du 4: Rit gon biéu thirc: B =y4++7 +/8-35 -2
Gidi

Tim cdch gidi. Dé bai chua xudt hién dang a+ 2\b .

Ta cin bién ddi bai todn vé dang va+2vb va giai theo cach trén.

Trinh bay loi giai

Ta c6: BA2 =8+ 247 +/16—647 -2

B.ﬁz\/(ﬁﬂ)z +\/(3—ﬁ)2 2
BA2=7+1+3-\7-2=2=B=42.

Vi du 5: Rt gon bidu thic: A=\/2+\@+\/4—2\/§—\/m

Giai

Tim cdch giai. V6i nhiing bai toan c6 nhiéu can “chong chat”, ta c6 thé giam bot s6 can, bang cach

dua cac cin & phia trong vé dang ya+2vb sau d6 dimng hing déng thiic VA? = |A| va giai nhu cac

vi du trén.

Trinh bay loi giai
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Ta c6 A:\/2+\/§+\/4—2\/§—\/21—12\/§

=\/2+«/§+\/4—2\/§—\/(2J§—3)2 \24B4A-2V3-23+3

e af s - 2 i (2 )
:\/2+\/§+2—\/§ =4,

Suyra A=2.

Vi du 6: Rut gon: C =\/2—\/2\/§—2 —\/2+\/2\/§—2

Giai

Tim cdch giai.
Vi du nay khong thé bién doi dé dua vé dang va+2vb = /(Vx +.y )2 :

Do vay dé€ rut gon biéu thirc dang C = \/ x+4Jy i\/ x—4Jy ta thuong tinh C? sau d6 nhan xét ddu

cua C, tir d6 tim duoc C.

Trinh bay loi giai
Xét C?=2—24/5-2 +2+\/2J§—2—2\/(2—\/26—2)(2“/2@—2)

Ct=4-2a-25+2=4-2(\5-1) =4-2(\5-1)

C2=6-2J5=(v5-1) . Vi C<0 nén C=1-+5.
Vi du 7: Cho x, y thoa man vx—1+x2 =/y—1+y?. Chitng minh ring: x=y.
Giai
Tim cdch gidi. Nhan xét gia thiét x, y c6 vai tro nhw nhau. Phan tich ttt két luan d€ c6 x=y, ching
ta can phan tich gia thiét xudt hién nhan tt (x—y).

Dé thay x* -y’ c6 chtta nhan tix (x—y), do vay phan con lai d€ xuat hién nhén t& (x—y) ching ta

van dung (\/5—\/5)(«/5+\/5)=a—b tr d6 suy ra: JE—I:E;%. Luu ¥ rang mau s6 khac 0.

Ttr d6 ching ra c6 10i giai sau:
Trinh bay loi giai
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Tur dé bai ta ¢6 diéu kién: x>1; y >1.

- Triweong hop 1: Xét x=1Ly=1=>x=Y.

- Truwong hop 2: Xét it nhat x hodc y khac 1. Ta co:
X2 —y? +/x—1-,[y-1=0

(-)-(-1)
Vx—1+4y-1

< (x=y)(x+y)+

1
<:>(x—y)(x+ y+m+\/ﬁ]:0

Vi Xx+y+

>0=>x-y=0=>x=Yy.

1
Vx=1+,y-1

Vidu 8: Cho a= # Tinh gia tri biéu thirc v/16a° —51a

(Thi hoc sinh gioi Todn I6p 9, Tinh Quang Ngai, nam hoc 2011 —2012)

Giai

Tim cdch giai. D€ thay gia tri truc tiép a=

Website: tailieumontoan.com

vao biéu thiec thi khai trién dai dong, dé dan dén

sai Jam. Do vay chting ta nén tinh tir tit, bang cach tinh a%;a* va a® bang hang dang thirc. Bai todn

sé don gian va khong dé mac sai lam.
Trinh bay loi giai
2a=1-V2=2a-1=—2=4a’-4a+1=2

— 43° :1+4a:1+2(1—\/§):3—2\/§:>16a4 —9-12/2+8=17-122

— 256a° = 289 — 408/2 + 288 =577 — 4082 = 16a° =

577-408v2 51(1-+2)
6 2

Xét 16a® —5la =

_ 577-408\2-408+408v2 169
16 16

Vay +/16a° —5la = /% = %

577 — 4082
16

Vi du 9: Tinh gid tri S =~ + = véi a
a

b7
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Giai
Tim cdch giai. Néu thay gia tri cua a va b vao bi€u thitc va bién doi thi bai toan sé phtic tap, c6 thé
dan dén sai lam. Bai todn c6 dang d6i xting co ban, ta 6 thé tinh téng va tich ctia a va b, sau do
dung cac hang dang thitc dé tinh dan dan.
Trinh bay loi giai
Tt dé bai suy ra: a+b -J6:ab=1
Ta c6: a®+b? =(a+b)’ —2ab=4;
a®+b*=(a+b)’ —3ab(a+b)=6v6-3.1/6=3/6
Xét (a® +b?)(a*+b°)=a° +a’b’ +a’h’ +b* =a’ +b* +a’h’ (a+b)
436 =a° +b° +1./6
Tir d6 tinh duoc: a° +b° =11V6
Xét (a® +b?)(a°+b°)=a’ +a’h® +a’h’ +b’ =a’ +b’ +a’’ (a’ +b°)
Suy ra: 4116 =a’ +b’ +1.3V6 = a’ +b’ =416

:S:%+i7:b7+a7:41\/€.
a~ b

Vi du 10: Cho b>0; a>+/b . Chitng minh ding thc:

2_ _ 2_
ai\/B:\/aﬂ/a bi\/a a‘—b

2 2
Giai
2_ _ 2_
Datvé’phailazsz\/a“a bi\/a a’-b
2 2
Tacéo B>0
2 ¢ (a+\/a2—b) (a— az—b) [
XéthzahLza b+2.\/ . La-va b
2 2 2 2
a’—(a’-b
B’=a+2. (—); B®=a++/b

4
Vi B0 nén B=vat+b.
V& phai bang vé trdi. Suy ra diéu phai chtiing minh.
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Vi du 11: Cho céc s6 thue x; y thoa man: (x+\/x2+2)(y—1+\/y2—2y+3)=2
Chtrng minh rz‘ing: x*+y>+3xy =1

Giai
Dat y-1=1z tir gia thiét ta co: (x+x/x2+2)(z+\/zz+2):2 (*)
Nhéan hai v& véi Vx? +2 —x ta duoc
(x2+2—x2)(z+\/zz+2)=2(\/x2+2—x)
:>2(z+\/zz+2)=2(\/x2+2—x)<:>z+\/zz+2:\/x2+2—x (1)

Nhan hai v& ctia dang thtic (*) véi Vz2 +2 -z ta dugc

(x+ﬁ)(zz+2—zz):2(M—z)
:(X+M)Z:Z(M—z)

— X+UX2+2 =72 +2 -1 (2)

Tt (1) va (2) cdng vé€ vdi vE, rat gon ta duoc:

X+2=0=>Xx+y-1=0=>x+y=1
Xét x°+y* +3xy =(x+ y)(xz—xy+ y2)+3xy:x2—xy+ y® +3xy
:x2+2xy+y2:(x+y)2:1
Vay x®+y® +3xy =1. Diéu phai chtirng minh.
C. Bai tap van dung
2.1. Tinh: (\/5+«/§+x/§)(x/§+x/§—\/5)(\/5—\/§+«/§)(—\/§+x/§+x/§)
Huwéng dan giai - dap s6
Ta c6; A=((ﬁ+ﬁ)z—5)(5—(&—@)1:2@.2@:24.
2.2. Chttng minh rang cac s6 sau la s& tu nhién.

2) A=3-15.(3+5)(+10-2);
b) B=\/§(\/§+1)(M).
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Huéng din giai - dép s6
a) Ta c6 A=\/ﬁ.(shﬁ)ﬁ(\@—l)=m.(\/§—1).(3+£)
= ((V5-1) (V5 -1).(3+5) = (V5 -1).(v5 ~1).(3+5)
=(5-25+1).(3+5)=2(3-v5).(3+5)=2.(9-5)=8.
Vay A la s8 tw nhién.
b) Ta o B =(v3+1)/4-23 =(v3+1). (\@—1)2
= B=(V3+1).(v3-1)=3-1=2.

Vay B la s0 ty nhién.
2.3. Rt gon biéu thuc:

_3v10+y20-3J6 12

a) P

NN
_\/§+\/§+ 6-++/8+4
S N PO T/ B
Huwéng dan giai - dap s6
o (o) E(e ) (3256
a) Taco: P= =
NI N
(3+42)V2(VB-3)
P= N =3J2+2.
. _\/§+\/§+2+2+\/€+\/§_(‘/§+\/§+\/Z)(l+‘/§)_
b) Tacd Q= 2B = NN =1++/2.

2.4. Rat gon cac biéu thuec:

\/6+2(x/€+«/§+\/§)—\/6—2(x/5—\/§+x/5) .
a)C= 7 ;

V9-62 -6
N

b) D=

Huéng dan giai — dap s6

N C_\/1+2+3+2\/§+2J§+2J€—\/1+2+3—2J§+2\/§—2J€
- J2
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V2 B) —[1V2 e B) 1eE B (1-42+43)
2 } 2

C:

C= =2.

20z
NA

b)D_\/ 32( -6 _ 32— 2f+ —J6

(\/7[} \/_1\/_)
NE

2.5. Cho x++/3=2. Tinh gi tri B = x* —3x" —3x° + 6x? — 20x + 2018.

(Thi hoc sinh gidi Todn 16p 9, tinh Hai Dwong, niam hoc 2012 —2013)
Huwéng dan giai - dap s6
Tt X—2 =—/3, binh phuong hai vé ta dugc:
X' —4x+4=3< x> —4x+1=0 (*)

Tacéd B=x° (x2 —4x+1)+ x? (x2 —4x+l)+5(x2 —4x+l)+ 2013
Két hop voi (*) ta co: B =2013.
2.6. Tinh gid trj bi€u thire A= x* +2002x —2003 vdi
(27 +10v2)V27-10V2 - (27-1042)/27 +10V2

(\/«/1_3—3+\/\/E+3):\/\/E+2

(Thi hoc sinh gioi Todn I6p 9, tinh Hai Dwong, nim hoc 2002 —2003)

X =

Huwéng dan giai - dap s6

Tacé:\/mzmzmﬁ.

mzmzs—ﬁ

Tirss1a: (5++2) .(5-v2)~(5-2) .(5+2)
=(5++/2).23-(5-+2).23=4612.

Xét a=+V13-3++413+3; a>0.
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a2 =J1_3—3+J1_3+3+2\/(JE—3)(J1_3+3)

—a’=2J13+4<a= Z(JE+2).

46+/2 46
/2(\/E+ 2) - JW13+2

Vay gid tri bi€u thitc A= 46 +2002.46 — 2003 = 92205.

Do d6 x=

2.7. So sanh:

a) \/\/6+@ va \/1+\@;
b) VV17+12v2 va2+1;
c) Y/28-164/3 va~/3-2

Huéng dan giai — dap s6

a) Ta co JV5+24/5+1 = (\@+1)2 :\/\/§+1<\/\/6+1

Vay \/\/6+@ <\/1+\@.
b) Ta <6 \17+1242 =\\/9+1242 +8 = \/(3+ 22

=\3+ 22 =2+ 22 +1=, (V2 +1) =12 +1.
&) YV16-16v3 +12= \/(4—2\@)2 =J4-23
=Va-2Va+1=(VB-1) =VE-1> 3 -2.
Vay \/m>\/§—z.

2.8. a) Gia st a va b 1a hai s6 duwong khac nhau va théa man:

a-b=+1-b* —y1-a®

Chting minh rang a* +b? =1.

b) Chitng minh rang s /20097 +2009%.20107 + 20107 13 53 nguyén duong.
(Tuyén sinh l6p 10, chuyén toan DHSP Ha N§i, ndm hoc 2010 —2011)

Huwéng dan giai - dap s6
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a)Tacd a++1-a° =b++1-b*.
Binh phuong hai vé khong am, ta duoc:
a’+2ay1-a’ +1-a% =b> + 20y/1-b? +1-b’ < ayl-a’ =by/1-b’ .

Binh phuong hai v& khong am, ta duoc:

a’(1-a*)=b’(1-b’) = a’—b* -a’ +b’ =

& (a*-b*)(a®+b*-1)=0

Do 4, b 1a hai s6 dwong khdc nhau nén a’ -b?* =0

= a’+b*-1=0 hay a’+b®=1. Diéu phai chimg minh.
b) Dit a=2009, ta cb:

\/a2+a2(a+1) (a+1 \/a +a*+2a’+a +(a+1)

=\/a“+2a2(a+1)+(a+1)2 = (a2+a+1)2
=(a®+a+1)=2009" +2009+1 la s nguyén duong.
2.9. Cho b>0; a>+/b. Chitng minh dng thtc:
Ja+vb ta—b (a+ﬂ)
Huwéng dan giai - dap s6
Dit A=+a++vb tya—vb tacs A>0.
Xét AZ_a+\/—+2\/a+\/_ )+a Jb

_2a+2\ai—b = A2 =2 ( \/—b)

Vi A>0 nén A= Z(a ++/a’ - b) . Suy ra diéu phai chiing minh.

2.10. Cho X, =+/3+~/5 va X, =+/3—+/5 . Hay tinh: A=x.X,; B=x?+x%; C=xX+x5; D=x*+X
Huéng dan giai — dap s6
Tacd: A=x.X, =v3++5.4/3-5 =+0-5=2.

Ta cd: B=x2+x? =3+/5+3-/5=6.

Ta co: C :(x1+x2)(x12 —x1x2+x22):(\/3+\£+\/3—\/3)(6—2)
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\/3+\/_+\/3 )

=c-
:>C:(\/6+2\/§+\/6—2x/§).2.\/§
C =(VB+1+v5-1).2y2 =4J10.

Xét (X + %5 ) (X +25) =X + X7 X5 +XX5 + X
= 6.410 = X%+ %5 + X2x2 (%, +%,)
:»24J1_0=xf+x§+4(\/3+£ +\/3—\/§)

:>24\/1_0:x15+x§+(\/6+2\/§ +\/6—2\/§).2.\/§
= 24\10 =} + 5 + (VB +1+5-1) 242

= D=x"+x5=2010.

2.11. Rt gon biéu thiee: A= \/7+\/§ +\/7_\/§ —\3-242.
7+2411

(Tuyén sinh l6p 10, chuyén todn, TP. H6 Chi Minh, niam hoc 2010 — 2011)

Huwéng dan giai - dap s6

Xét B=y7 45 ++7—
:7+\/§+2\/(7+\/§)(7—\/§)+7—\/§
< B?=14+2/49-5 =14+ 4411

Ma B>0 nén B=+14+411.

Tt dé suy ra: A= '14+4 ,/ T A= \/_ ):

7+2

2.12. Cho X, y 1a cdc s6 thuc thoa man: v/x—1— y\/y = \/ﬁ— xv/X
Tim gid tri nho nhéat cua S = X% +3xy —2y? -8y +12.

Huwéng dan giai - dap s6
Tap xac dinh x>1y>1.

e Truong hop 1: Xét x=y =1 suy ra:

Lién h¢ tai liéu word toan zalo va SDT: 039.373.2038
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P=1"+311-21"-8.1+12=6 (1)

o Truong hop 2: Xét it nhat x#1 hodc y=1. Ta cé:

XVX = yJy +/x-1-Jy-1=0
@(&—ﬁ).(x+\/x7y+ y)+ x21oydl g

N
) e
@(\/;—\/y){x+\/@+y+\/g:://_%]:0
Ma x>1y>1nén x+\/x—y+y+\/x_\§::% >0

Suy ra &—ﬁzO@X:y

Ta co: S =x* +3x* —2x* —8x+12

&S5 =2x-8x+12= S =2.(x-2) +420
DA4u bang xay ra khi x=2.

Do d6 gia tri nho nhat ctia S 1a 4 khi x=2 (2).

Tt (1) va (2) vay gia tri nho nhat ctia Sla4 khi x=2.

2.13. Rat gon cac biéu thirc sau:

P =\/4+\/5\@+5\/48—1o\/7+4@ ;
Q =(\/§—1)\/6+2\/§_\/3_\/\/§+\/ﬁ+\/18_\/12_8 .

Huwéng dan giai - dap s6

a) Ta cé: P = \/4+\/5«/§+5\/48—10\/4+4\/§+3

P= \/4+\/5\/§+5\/48—10W

P:\/4+\/5\/§+5\/48—10(2+x/§)

Lién hé tai liéu word toan zalo va SDT: 039.373.2038
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P:\/4+\/5\/§+5 28-104/3

P=\/4+\/5\/§+5 25-10v3+3

P:\/4+\/5\/§+5 (5—\/5)2

Pz\/4+\/5\6+5(5—\@)

P = \/4+/5\3+25-5y3 =/4+25 =3 =3.
b) Q:(\/5—1)\/6+2\/§.\/3—\/\/§+\/ﬁ+\/16—8\/§+2

(@—1)\/6+2J§.\/3—\/ﬁ+ 12+)(4-V2)

o-
(V316273 \NZ + 23 + 42
Q-(v3-1)\6+ 2233+ 2B +1

Q= (V3-1)6+2v23-v3-1=(V3-1)\6+ 242123
Q=(V3-1)6+ 24213 = (+3-1) fo+2(V3-1)

Q=(V3-1)a+2v3 = (\3-1)(V3+1)-2.

2.14. Rut gon biéu thic:

\/6+ 2\/5—\/13+m

\/§+1

2\/3— 3++/13+/48
V6 -2

a) A=

b) T =

Huwéng dan giai - dap s6

\/6+2\/5—\/12+4\/§+1
J3+1

a) Ta co: A=
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J6+2J5— 2J§+1 J6+2J§_EJ:__
J3+1

3+1

\/6+2m \/6+2\/

J3+1 f+1
N e m
J3+1 J3+1
~ (J§+1) J§+1
- J3+1 f+1
, 2\/3—\/3+\/13+4\/§ 2\/3_\/3+ (2\/§+1)2
b)Taco T = =
62 -
2J3—\/3+2\/§+1 2\/3 f” 243-3-1
2 2(VB)

V242-V3 _y4-23 _\3-1
(vV3-1) J3-1  3-1

210 +4/30-2v2 -6 . 2
210 - 24/2 J3-1

T= =1.

2.15. Rat gon biéu thac: A= \/

Huéng dan giai — dap s6

Ta co: A= \/E(2+\/§)_\/§(2+\/§).\/§_1
2(v10-+2) 2

A:\/(Jro-ﬁ).(m@) N
2(vVi0-v2) 2

2443 \B-1  [4+243 B3-1
AN T2 VT 2

(3+1) J5o1 JB+14B-1 3-1 1

4 2 2 2 4 2

A=
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2.16. Biét x=\/2+\/2+\@ —\/6—3\/2+\@ .

Tinh gi4 tri biéu thirc: S = x* —16x°.

Huéng dan giai — dap s6

Xét ¥ =2+M+6—3m—2\/(2+\/m)(6—3 2+J§)
o2 =8-2/243-2 3(4-2-+3)

o xt=8-2y2+3-26-33
e8-X :2(J2+J§ +\/6—3\/§).

Binh phuong hai vé ta duoc:

64165 + X" :4(2+\/§+6—3\/§+2\/(2+\/§)(6—3\/§)j

< 64-16x2+x4 =32

= x*-16x* =32.

2.17. Cho (x —2019+,)(x—2019)’ + 2020)(y ~2019+,)(y—2019)" + 2020) = 2020.

Tinh gia tri cia A=x+Y.
Huéng dan giai — dap s6

bat x-2019=a; y-2019=Db.
Déng thtic da cho 6 dang: (a+ Ja?+ 2020).(b b7+ 2020) =2020 (*)

Nhan hai v& ctia dang thic (*) véi va® +2020 —a, ta duoc:

(a*+ 2020—a2)(b+\/b2 + 2020) - (Ja2 +2020 —a).zozo

&b ++/b?+2020 =+/a? +2020 - a (1)

Nhan hai v& ctia dang thic (*) véi vb? +2020 —b, ta dwoc:

a++/a’ +2020 |(b*+2020-b?) = 2020.(~+/b* + 2020 —b
V ( ) V

& a+1/a?+2020 =+/b? +2020 -b (2)

Tt (1) va (2) cOng v€ vdi vé va rut gon ta duwoc:
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a+b=0=x-2019+y-2019=0

Vay A=x+y=4038.

2.18. Rt gon biéu thic: A= X" +5x+6+ Xy X ,/ _2x

3X—x* +(X+2) \/9 x?

Huwéng dan giai - dap s6

Tact: Ao (x+2)(x+3)+xy(3-x) f3 X+ 2X
X(3—x)+(x+2) ( 3-X

Diéu kién xac dinh -3<x<3,

A:m((m)mﬂm):z\/m
Vaox(xBox +(x+2)dx+3) V3=

\/x+ 1 [3—x i
T f3ox 2\3+x 2

2.19. Cho biéu thirc P =(a™? ~8a™ +11a™") +(b™* —8b™? +116™").

Tinh gia tri biéu thiic ctia P véi a=4++/5 va b=4-5.

(Thi hoc sinh gioi l6p 9, TP. Ha N¢i, nam hoc 2012 —2013)
Huwéng dan giai - dap s6

Xét a—4=+/5 binh phuong hai vé ta dugc:

a’-8a+16=5=a’-8a+11=0

Xét b—4=—/5 binh phuong hai vé ta dugc:

b?>-8b+16=5=b*-8b+11=0.

P=a""(a’-8a+11)+b™" (b*-8b+11)

=P=0.

2.20. Cho _73£x£g;x¢0 va J3+2x—-+/3-2x =a.

2
Tinh gié tri ctia biéu thie P = YOF2VIZ s
X

(Thi hoc sinh gioi Todn I6p 9, tinh Quang Ngdi, nam hoc 2013 —2014)

Huéng dan giai — dap s6
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J3+2x+2,(3+2x)(3-2x) +3-2x

X

Ta co: P=

\/(J3+2x +\/3—2x)2 Nyt

X X
~(B+2x)-(3-2x) 4x
- x(\/3+2x—\/3—2x) - x(\/3+ 2X —\/3—2x)

P=

SIS

2.21. Tinh gi4 tri ctia biéu thtee: A= 2x° +3x* —4x+2

.. 5+«/§ 5+\/§
VOlX:\/2+1/ 2 +\/2— 2 —3-5-1.

(Thi hoc sinh gioi Todn I6p 9, tinh Hai Dwong, nim hoc 2014 —2015)

Huwéng dan giai - dap s6

Dit a:\/2+1/5+jg +\/2—1/5+2\/§,a>0.

Xét a® :4+2,/4—5+2*/g =4+\6-2/5 =4+ [(V5-1) =3+5
= a=+3+5

:>x:\/3+«/§—\/3—\/§—1:\/6+2\6 _\/6—2\/5 -1

2 2

V541 51 5y

V2o 2

x=v2-1= x+1=+2 = (x+1)" =2 = x* +2x-1=0.

Tacd: A=2x3+3x* —4x+2

A:2x(x2+2x—1)—(x2+2x—1)+1:1.

Website: tailieumontoan.com

2.22. P6. Can bac hai ctia 64 c6 thé viét dudi dang nhu sau: /64 = 6++/4. Hoi c6 ton tai hay khong

cac s co hai chit s6 c6 thé viét can bac hai cua ching dwdi dang nhu trén.

Huwéng dan giai - dap s6
Dit s6 d6 1a ab. Theo dau bai, ta cé:

Jab =a++/b < ab=a’+2avb +b

Lién hé tai liéu word toan zalo va SDT: 039.373.2038
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—10a=a’+2avb < a+2Jb =10

= achdn. Dit a=2K(K eN)= 2K +2b=10= K +v/b =5.
Do b<9 nén bh=0;14:;9.

e Néu b=0=K =5=>a=10 (loai)
eNéub=1>K=4=a=8= S5dolas8l

eNéu b=4=K=3=a=6= S5 d61a 64 (da cho)

eNéu b=9=K=2=a=4= S5 ddla49.
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Chwong 1. CAN BAC HAL CAN BAC BA

Chuyén dé 3. BIEN POI PON GIAN - BIEU THUC CHUA CAN THUC BAC HAI
A. Kién thitc cAn nhé
1. Dua thtra sd ra ngoai dau can JAB = |AVB(B20).
2. Pua thtra s vao trong dau can
AB =VA’B (v6i A>0; B>0)
A\B = —/A2B (véi A<0; B>0)

3. Kht* mau ¢ biéu thitc chita can

A [AB 1 JAB (véi
—=,l—=—~+AB (v61 AB>0; B=0
B VB |B v :

4. Truc can thirc ® mau

ﬂ_M—\/Z . M _M(\/Zi\/g)
JA A " JA+JB  A-B

5. Rat gon biéu thitc ¢ chira can bac hai

(A>0) (A>0;B>0;A=B)

Buoc 1. Dung cac phép bién do6i don gian dé dua cac can thitc bac hai phtec tap thanh cdn thitc bac
hai don gian.

Budc 2. Thuc hién phép tinh theo tha tw da biét.

B. Mot s6 vi du

Vi du 1: Sap x&p cac s6 sau theo thtt ty ting dan:

a) 4/3; 3\5; 5v2; 24/5;
b) V/15; 2V6; 6\/%; 3N2.

Giai
Tim cdch gidi. D& sdp x&p cac can thitc khdong dong dang, chiing ta dwa cac thira s§ vao trong dau
can. Sau do6 so sanh biéu thic trong can.
Trinh bay loi giai
a) Bua cac thtra sO vao trong dau can, ta dugc:
43=+48;  3J5=145;
572 =+/50; 25=+/20
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Ma /20 < /45 < /48 < /50 .
Suy ra thit ty tang dan 1a 2./5: 35: 443 5\2.

b) Pwa cac thtra s6 vao trong dau can, ta dwgc:

J15; 26 =+/24;
6\/}@; 37 = 8.
Ma V12 <15 </18 < /24 .

Suy ra thit ty tang dan la 6\/%; J15: 372: 2.6

Vi du 2: Kht cin thttc 6 mau sd: A= 9

V3445447
Gidi
Tim cdch gidi. Chting ta khong thé van dung mot [an hing dang thirc d€ khir dong thoi ba can
thitc 6 mau dugc. Do vay, chting ta tim cach giam b6t s6 can & mau bang hang dang thtec:
(JE+JB+%)(JE+JB—£)=(JE+JB)Z —c=a+b-c+2Jab.
Sau d6 khtt thieong mau bang cach nhan ca tit va mau ctia mau véi biéu thike lién hop.
Trinh bay loi gidi
59(v3+v5-7) 59(v3+v5-7) 59(v3+5-T)(2415-1]
A - = =
(\/§+\/§)2_7 2415 +1 60-1
A=(V3+5-T)(215-1).
Vi du 3: Thirc hién phép tinh.

a) A=+20-245-3./80 ++/125;

J5+1 J5-1 1
b) B:(mgm+1+ﬁ_¢§j'[@‘4£*2}¢°’_2'

Giai

Tim cdch giai. D€ thuc hién phép tinh, ban luén cha y:
e Dua thira s6 ra ngoai ddu can.
e Truc cdn thitc @ mau, khit mau cta biéu thire 1y can.

e Sau d6 thu gon cdc can thic dong dang.
Lién h¢ tai liéu word toan zalo va SDT: 039.373.2038
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Trinh bay loi giai

a) Ta c6: A=~/20 — 2/45 —3./80 ++/125
A=25-65-12/5+5\5 =—11./5.
(\/g+1)(1+\/§_\/§)+(\/§_1)(1+\/§+\/g)_[\/§_£+2}£
(1+\@)2— 3 5

VB +15-5+1+/3-/6+/5+15+5-1-/3-+/5 2_£]£
243-1 3

b) Ta c6: B =

B=

2f6\f«f

" 2J3-1" 3 5
) 10J§.(6—J§) ) 2(6\/5—3) ) 2.3.(2J§—1)
- 15(2/3-1) _3(2\/5—1)_ 3.(23-1)

3++/5 3—\/_
J2++/3++/5 f \3-

Giai

=2

Vi du 4: Rat gon biéu thiee: R=

Tim cdch gidi. Nhan xét thay rang, mau thitc chita biéu thitc cin “chong chat”. Do vay trude khi
thuc hién rat gon, ching ta nén khai can “chong chat” trudc da. Quan sat thdy, d€ bién doi can
“chong chat” nay, chung ta chi can lam xudt hién 2+/5.

Do vay ching ta c6 hai huéng bién d6i nham xuat hién yéu cau do:

Cdch 1. Mbi phan thitc nhan ca tir va mau véi V2.

Céich 2. Nhan hai v& voi ——

N
Trinh bay loi giai
Cdch 1. Mdi phan thitc nhan ca tit va mau véi v/2, ta duoc:

32 +4/10 N 3J2-410
2446+2/5 2-6-245

32410, 32D
2+\f+1 2— (\/3 l)

32+ V10 32 IO
3+/5 3-5

Lién hé tai liéu word toan zalo va SDT: 039.373.2038
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(3ﬁ+@)(3—\@)+(3ﬁ—@)(3+\@)

R= (3+J§)(3_J§)

R= 9v2 —3410 +3v10 - 5v2 + 942 + 3410 - 3410 -5/2
9-5

R=22 o2,

4

Céch 2. Nhan hai vé& véi —— , ta duoc:

N

1 3+\/_ 3- \/_
"2 261245 26205

1 3++/5 3-5

\/_ 2+\/_+1 2-5+1

Rl 3+\/_3\/_
xf3+\f3\f

Suy ra: R=2V2.

Vi du 5: Cho biéu thitc: A=
‘ [x+2&—3 Ix+3 Jx-1

3x+x/16_X—7 \/;+1 x/;+7J [2 i]

a) Rut gon biéu thirc A.
b) Tim x d€ A=-
(Thi hoc sinh gioi Todn I6p 9, tinh Vinh Phiic, nam hoc 2014 — 2015)
Gidi

Tim cdch giai. Khi rat gon biéu thic chira can thirc, chu y cac buéc:

e Xac dinh diéu kién d€ biéu thitc cd nghia.

e Van dung cac quy tac ctia phép tinh vé phan thitc, phép tinh vé cin thitc d& dua biéu thiic

vé dang don gian nhat.

Trinh bay loi giai
a) TXD: x>0; x=1 x#4.

(VX-1)(3%+7) Jxe1 Jx+7| Jx-2
(Vx-1)(Vx+3) Vx+3 Vx-1] Jx-1
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Ao 2Jx+6 f+7J Jx -2
53 x1) 1
N 2(Vx+3) x47 &-1_(2_\/%7] Jx-1 Jx-9 Jx-1
o Wx+3 0 Ix=1 | Vx-2 T Wx-1) Wx -2 x-1x -2
_x-9
A=Y
b)A:-GQ&_Q:—G@&— =—6(&—2)

Jx -2
7Jx =21 x =9 (thoa man diéu kién). Vay d&€ A=—6 thi x=9.
Vi du 6: Rat gon biéu thtec:
PZ(@MN a2 a+7]£ 3a—2+1 1 ]
3 3+/a-2 1l1-a)la-3J/a-2-2 Ja-2

Giai

Tim cdch gidi. Bai todn c6 nhiéu thanh phan gidng nhau, chung ta nén d6i bién bang cach dat
Ja—2 =x. Sau dé6 rat gon biéu thiic véi bién x.

Trinh bay loi giai

Diat Va-2 =x , bidu thikc ¢6 dang:

(x+2j X X2 +2+7 _(3x+1 1)
P= . + = ——
3 J|3+x 11-(x+2) | (x*=3x X

x+2( x  x*+9) 3x+1-(x-3)
P= + >

3 (3+x 9-x x(x—3)

Xx+2 X(3=X)+X*+9  2x+4
P= . :

3 (3+x)(3-x) x(x-3)
_X+2 349 x(x-3)

3 (3+x)(3-x) 2(x+2)
_(x+2).3(x+3).x(x—3)
- 3(3+x).(3-x)2(x+2)

—X —a-2
P="".Vay P=

7 Y 2

Vi du 7: Cho cac s6 dwong X, y, z théa man diéu kién xyz =100.
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Tinh gia tri cta biéu thiec:

A= Vx + \/y + 10Vz
Sy +x+10  fyz +y+1 /xz +104z +10
Gidi

Tim cdch giai. Quan sat gia thiét va két luan, ching ta nhan thay gitta s6 100 va s6 10 ¢6 lién quan
t6i nhau: 10 =~/100 = \/X_yz . Do vay, suy luan tu nhién chting ta thay 10 ¢ biéu thtic bang M va
bién doi tiép.

Trinh bay loi giai

Thay 10 =100 = \/xyz vao biéu thtic A, ta co:

A= Vx + By + g2z
\/W+\/§+\/M \/ﬁ+\/§+1 \/5+\/x_yz.\/§+ Xyz

K e
PWyrieyz) yzedy 1 Vax(ieyz +y)

A= 1 + \N + ‘/ﬁ
\/§+1+\/ﬁ \/ﬁ+\/§+1 1+\/ﬁ+\/§

A_1+\/§+\/ﬁ_l
_\/Y+1+\/E_ '

Vi du 8: Tinh gia trj biéu thurc:

A=

1 1 1
a) A= + +..t+ ;
) 1+v2 2+4/3 2024 ++/2025
1 1 1 1
b) T= + + .+ .
Ja+J7 J7+410 J10+413 J3022 ++/3025

Giai
Tim cdch gidi. Bai toan nay khong thé quy dong mau thitc dé thuc hién. Quan sét bai ton ta nhan
thdy mdi bidu thikc 1a mot day cac phan thiic viét theo quy luat. Mat khac quan st cac thanh phan
trong can ta co: 2-1=3-2=..=3025-3024(=1) ¢ biéu thicc A, con ¢ biéu thic B la:
7-4=10-7=..=3025-3022 (=3). Do vay, chung ta nghi t6i viéc truc can thtic 6 mAu nhim dua
vé mau thiec chung 1a 18 ty nhién.

Trinh bay loi giai
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_N2-1 B3-V2 o o015 -V2014 oo o

a) A=
2-1 3-2 2015-2014
b)T_\/?_\/Z+JE—\/7+JE—J1_0+ +\/3025—\/3022
7-4 10-7 13-10 ~  3025-3022
/3025-4 55-2 53
3 3 3

Vi du 9: Chitng minh rz‘ing:

1 1 1 1 9

+ + +...+ >—.

V1443 BT No+411 J97+4/99 4
Gidi

Tim cdch gigi. Thoang nhin qua bai toan cting c6 quy ludt nhu vi du trén. Song thuiec hién twong tw
ngay thi khong thanh cong boi ching khong khtr lién tiép duwoc. Van dinh hudng d6, ching ta
nghi t6i ki thuat lam trdi d€ sau khi truc can thirc c6 thé kht lién tiép dugc. Do vay, chung ta cd
hai cach giai sau:
Trinh bay loi giai

1 1 1 1
N N N RN TR NG RN

1 1 1 1
+ + Fot—————
J3+45 7449 V114413 J99 +101

e Tacé: A>B=2A>A+B

Cdach 1. bat A=

va B=

1 1 1 1

1
B Jaivb BT T+ 89 + 0L
VL BB VT-\5 \B-\T | \i0l-E

e Xét A+B=

< A+B=
3-1 5-3 7-5 9-7 101—99
J1o1-V1 J100-1 9
< A+B= > > > _E.

Ma 2A>A+B= 2A>%<:> A>%. biéu phai chitng minh.

1 1 1

1
NN N N N BN, N T I T
B e R N R Y R T

5-1 9-5 11-9 7 101-97

Cach 2. Taco: A>
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J101-v1 J100-1 9
A> >

== . Diéu phai chiing minh.
4 4 4

C. Bai tap van dung

3.1. Truc can thitc & mau:

) 1 _ b) 15 _
2+45+2J2+410" V10 —+/20 ++/40 —/5 ++/80
C)—Z\/E
N2+ 54T
Huéng dan giai — dap s6
a) Ta co: 1 = 1
.(2+\/§)+\/§(2+\/§) (2+\/§)(1+\/§)
2-5)(1-+2
TSR,
b 15 15 5
JI0-2/5+210 +/5+4J5 3J10+3J5 10++5
5(+10-5)
s e
| IO T) 2BNEET)
WG N
3.2. Rat gon biéu thuc:
| ) y o T
3 2 2B 2 2xB
NCPS RN RN AN
Huwéng dan giai - dap s6
a) Ta co: A= 3-2 = 1 1
. _\/E(\/§_\/§)+\/§(\/§+\/§) 3-6+6+2 5

b) Ta co: B=‘/4+2\/§:[\/4+2\/§ 2 MJ

22 22 J6 . 246
B_\@+1_ \@+1_i+@
S22\ 22 6 26
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B\/§+1_((\/§+1).\/§4+\/§+1]

2 246
B_\@+l_3+\@—4+\@+1
S22 246

B_\/§+1.2\/§_\/§+1 2\/5_\/§+1
22 26 242 23 2
3.3. Rut gon biéu thic: P = 3445 - 3-v5
V10 +4/3++5 V10 ++43-+/5
Huwéng dan giai — dap so
Taco: P = 32 +410 B 3J2 -+/10
2J5+46+245  25+16-25

o 370 3/2-\i0
_2\/§+\/§+1 25 ++/5-1

P_3J§+J1_0_3J§—J1_0
© 3541 35-1

(3v2++/10)(3V5-1)- (32 -+10) (3v5 +1)
(3v5-1)(3v5+1)

_ 9v10-3v2 +152 —+/10 -910 -32 +15v2 +/10

45-1

P=

P

o 242 _62

4 11
3.4. Thuec hién phép tinh:

Website: tailoeumontoan.com

3-22

3+2\/§

1 . j—
a)A_\/§+ﬁ+ 175-22; b) B—\/

Huéng dan giai — dap s6

0 A= o a7 5722
A=4J7

17-122

3-22 3422 3-22 3+242

b) B :\/9—12\/§+8 _\/9+12\/§+8 \/(3_2¢§)Z _\/(3+2J§)2

Lién hé tai liéu word toan zalo va SPT: 039.373.2038
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:\/ 1 _\/ 1 1 1
3-242 \3+242 (\/5_1)2 (\/§+1)2
11

V2-1 241

\/§+1—(\/E—1)

=B= =2.

2-1
3.5. Rat gon biéu thuc: B:\/EjL\/g_]#\/E_\/§ V3 + V3 —i.
2+6 2J6 (2-46 2+6) 2

Huwéng dan giai - dap s6

B =

Ta co:

(V2+43-1)(2-6) (V2-3)6 V3(2+v6)+V3(2-V6) 3

- 4-6 T 4-6 2
L _22-2/3+2/3-3V2-2+V6 (V2-V3)V6 B4 2

- -2 i 2.6 T2 2
B_—ﬁ—2+£+(ﬁ—ﬁ).3ﬁ g

2 -6 2

L N2+2-16 (I V2)V2 7

2 2 2
g_Y2+2-6+V6-2-+2
2

B=0.
3.6. Rut gon biéu thuc:
I S 2443 \/2—[
A e s AR

Huwéng dan giai - dap s6

\/_ V2++/3 \/§+\/2 3

a) Taco: A= (2+\/,) (2_\/,)
a_Y2-y2+3 V2+y2-\3
-f e

Lién h¢ tai liéu word toan zalo va SDT: 039.373.2038



A:\/2+\/§+\/2—\/§ 3 \/4+2\/§+\/4—2\/§

J3 - J6
\/(*@”)2*\/(*@_1)2 V3+1++43-1 243

A= NG — & %

b)Taco’:T—\/(ZJM@) +\/(2_ﬁ)
4-3 4-3

S=2+3+2-+/3
S—4.
3.7.Cho A—— 375 .Tinh A®-B?

o 3-45
4+,[2(3+5) 4—‘/2(3—\/5)
(Thi hoc sinh gioi Todn lop 9, tinh Gia Lai, nam hoc 2007 — 2008)

Huéng dan giai — dap s6

3+5 3445 _3+\/§_(3+‘/§)(5_‘/§)

Ta cd: A=

446125 4+V5+1 5445  25-5
A 15-3V5+5/5-5 10425 _5+15
20 20 10
L aE 3E 3B ()R
Taco: B= = = =

4-[2(3-+5) 4-(V5-1) 5-v5  25-5

15+3/5-5V6-5 10-25 5-+5
20 20 10

5005 55 5, (5++5)(5+B)

Suy ra: A-B= - =——: AB= =1.
10 10 5 10.10 5

B =

V5 45

31 Y5 _45
5

IJS |
5 25

Ta co: A°~B°=(A-B) +3AB(A-B)= ( -

3.8. Xac dinh a, b biét: — a7 +bV11.
' 3ﬁ +J_ 4ﬁ + 2J_

Huwéng dan giai - dap s6

13(3ﬁ —Jﬁ) 17.(47 - 2411

+
9.7-11 16.7-4.11

Xét vé trai:

Lién hé tai liéu word toan zalo va SDT: 039.373.2038
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) 13(347 -V11) 17(47 - 2411)

52 4.17

:3ﬁ—Jﬂ+4ﬁ—2Jﬂ:%_J— 3 /i

4 4 4
. VT 7 3
Dong nhat hai vé ta dwoc: a :Z;b = e
3.9. Cho VIEX+VIZX ‘1_)(:\/§.Vc’yi X <1 x=0.
V1+Xx—+1-x

Chting minh rang x-1_ 122 -17.
X+1
Huwéng dan giai - dap s6

2
(\/1+x+«/1—x) :ﬁ©l+x+2\/1—x2+l—x:\/§
X

Ta co:
1+x—(1-x) 2
DPKXD: x#0
[ _ 2
@24_22#2\/5<:>1+\/1—X2 - J2.x
X
o J1-x2 =2.x-1.
Binh phuong hai v, ta dugc: 1-x2 = 2x* —2¢2.x+1< 3x* —=24/2x =0.
Vi x#0 nén 3x—2\@=0:>x=¥.
2\/5 2
x-1 3 1 2y2-3 (2v2-3)  g_1242+9
Xét - - - - 122 -17.
X +1 2J§+1 242 +3 8-9 1
3
biéu phai chitng minh.
3.10. Tinh gid tri biéu thitc M = x° —=6x° + X tai x = 3442 )
242 -1

Huéng dan giai — dap s6

(3+\/§)(2\/§+1)

8-1

Ta cod: x=

:7‘5*7:\5“
7

=S x=2+1=x2=3+242

Ta c6: X° = x.x° =(ﬁ+1)(3+2ﬁ)=5ﬁ+7

Lién hé tai liéu word toan zalo va SDT: 039.373.2038
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X5

X*0C = (3+2v2)(5v2+7) = 29V2 + 41
Thay vao biéu thiec M ta co:

M :29J§+41—6(5J§+7)+ 2+1=M =0.

3.11. Cho biéu thttc: M =E. L =+ 1 - .2020
3 2Jx +1 2x 1) | X+1
1+ ———— 1+
i V3 J3 |

a) Rut gon M;
b) Tim gia tri I6n nhat cta M.

Huéng dan giai — dap s6

3 . 3 2020
3+(2vx +1)2 3+(2&—1)2 X+1

2 [ 3 s 3 } 2020
3 3+4x+4/x+1 3+4x-4Jx+1] x+1

a) Taco: M =§.

2f 8 3 }2020
3 ax+4Vx+4 4ax—4ax+4] x+1

23 ( 1 1 J 2020
M=—.—. + :
34 x+vx+1 x—x+1) x+1

1 X=X +1+x+/x+1 2020

2 (x+1)2—x x+1
v ol 2x+2 2020

2 x4+ x+1 x+1
M=—2220_ 1xp: x>0.

X +X+1

b) Ta cé: x*+x+1>1. Vi x>0

2020 < 2020

5 < =2020.
X+ X+1 1

nén M =

Vay gia tri 16n nhat cta M la 2020 khi x=0.

23 5x=7 | 2Jx+3
Ix=2 2dx+1 2x-3Jx=2) 3x-6x

3.12. Cho biéu thirc A= ( (x>0;x#4)

Lién hé tai liéu word toan zalo va SDT: 039.373.2038



a) Rat gon A.
b) Tim x d& A=2x-1.
(Tuyén sinh 16p 10 chuyén, DHSP, TP. H6 Chi Minh, nim hoc 2015 — 2016)
Huwéng dan giai - dap s6
2(2&+1)+3(&—2)—5&+7 3x - 6/x
(Vx-2)(2vx+1) 2Jx+3

a) Tacod: A=

4243 x—6-5x+7 3Wx(Vx-2)
o (x=2)(2x#1) T 2Vxe3

2/x +3 3\/;(\/;—2)_ 3Jx
(&—2)(2&+1)' 2Jx+3  2x+1

A

A=

b) A=2x-1= 235;2&—1@(2&4)(2&—1):3&

@4x—3&—1:0@(&—1)(4&+1):0

& /x =1e x=1, thudce tap xac dinh.
Vay v6i x=1 thi A=2y/x-1.

3.13. Cho cac s0 duong X, y, z thoa man diéu kién xyz=4.

Jx Jy 2z ,
. Tinh VP .
Toidiiz Frrdyol oradies TP

Huéng dan giai — dap s6

bat: P =

Thay 2=+/4 = \/xyz vao biéu thiic P, ta c6:

P= Jx + \/y + ‘/M\E
\/x7y+\/§+\/@ \/E+\/§+l \/&+M.\/§+ Xyz
P= Jx + \N + \/R\/E
&(ﬁ+1+\/ﬁ) Jyz +4Jy +1 \/5<1+\/W+\/§)
L W,

Yz
P=
Iy +1eyz Jyzel 1ifyzedy

po LWV m oy
\/§+1+\/E

Lién hé tai liéu word toan zalo va SDT: 039.373.2038
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\/n+1—1+\/n+1+3_ n—n+1+7
Jn+1+1 /n+1-3 n-2+n+1-2

3.14. Cho biéu thirc P = vdi neN;n=8.

a) Rut gon biéu thire: Q = voi neN;n=8.

p
n+3Jn+l+1
b) Tim t&t ca cac gid tri n(neN;n=8) sao cho P la s& nguyén t6.
(Thi hoc sinh gioi I6p 9, TP. Da Ning, ndam hoc 2012 —2013)

Huwéng dan giai - dap s6
Dit v/n+1=x khi d6 biéu thirc P ¢6 dang:

x—1 x+3 x*—x+6
= + +
Xx+1 x-3 x*-2x-3

(x=1)(x=3)+(x+1)(x+3)—x*+x—6

(x+1)(x-3)
X2 —AX43+ X2 +4AX+3-X2+X—6
- (x+1)(x-3)
X+x  x(x+1) X

(x+1)(x=3) (x+1)(x-3) x-3

1 1
(X2 +3x) = ——. =
(X " X) x—-3 x(x+3) x*-9

X
X—3

a) Dodé Q=

B 1
n+1-9 n-8°

Suyra Q=

A , X N n+1
Theo caua,tacdé P=—— nén P=

X—3 Jn+1-3

P= 1+L , P1a s6 nguyén t& nén P phai la sd nguyén duong.

Jn+1-3

:>LEN:>\/I’]+1—3EU(3)

AJn+1-3

Jnei-3 1 5
Sl 4 6

n 15 35

Thtr lai, véi n=15 thi P =4 1a hop s6 (loai);

voi n=35 thi P =2 la sd nguyén t0 (thda man)
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Vay véi n=35 thi P =2 lasd nguyén to.
3.15. Cho X,Y,z>0 va khac nhau d6i mot. Chitng minh rang gia tri cta bidu thiec P khong phu
thudc vao vi tri ciia cdc bién.
X N y N z
e M e R e )

Huwéng dan giai - dap s6
RO RRGI
I

o_ x(\/y— z)—y\/;+y\/?+z x—2.Jy
D]

o_ x(ﬁ— z)+x/;(z—y)+\/ﬁ(\/§_\/§)
(=)= )

(Vy V) (Vx-y)(Vx—2)
(N
= P =1. Vay biéu thitc P khong phu thudc vao vi tri cua cac bién.

o AN
XJY +yVx xJy —yx ) x+y  x-y

Chitng minh rang P ludn nhan gia tri nguyén véi moi X,y thoa man digu kién: x>0, y >0 va

P=

Ta co: P=

3.16. Cho biéu thttc: P = (

X#Y.
Huwéng dan giai - dap s6
o) () 2oy oy

L5 55 2
Py (x=y) x+yox-y

I:):x—z\/x—y+y+x+2\/ﬁ+y x\/W_ 2y
Jxy (x-y) X4y X-—y

P=
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(x+Y) x\/7 2y
\/_y(x y) X+y X-y
2X 2y

P=———-—"—=2.Diéu phai chttng minh.
X—y X-y

3.17. Cho biéu thttc: P =[

2x+1  x ][_ 3  2/x45
\/?_1 Xx+vx+1) | Jx-1 1-x

a) Rut gon biéu thtc P.

b) Tinh gia trj ctia P khi x = 8

3-5"
¢) Tim x dé P c6 gia tri 1a s3 ty nhién.
d) Tim x d& P <-1.
Huéng dan giai - dap s6
2x+1-Vx (Vx-1) 3(Vx+1)-2x-5
(Vx=1)(x+x+1) (Vx-1)(vx+1)

2X+1—X+~/X ) Ix -

a) Taco: P=

P= :
(\/;—1)(X+\/;+1) (\/; 1)( x+1)
P X+4/X+1 (‘& 1)( )
_(\/;—1)(x+\/§+l)' \/—
Jx+1 > S X%
P:\/;_z.DKXD. x>0 va 4.
(3+\/_)

b) Xx=———=

~6+25=(\5 +1)2 — JX =5 +1 thudc TXD.
Thay vao biéu thttc P, ta co:

~ J§+1+1_\/§+2_(\@+2)(\5+1)_7+3\/§_

S J5+1-2 5-1 5-1 T4
¢) Ta cé: P=1+\/_3 2.E)é’Pcc') gia trila s tw nhién thi &—ZEU(B) va X>2,
Ttr d6 ta co bang gia tri sau:
Jx =2 1 3
Jx 3 5
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Két hop véi tap xac dinh, v6i x €{9;25} thi P nhan gia trila sd tu nhién.

\/;+1+1<0 2x - 1
Vx -2 NE=h

= 2% -1 va /x — 2 khac dau.

d) P<-1&P+1<0=>

Miit khéc, ta c6 VX —2 </x —1< 2/x -1

\/;—2<0 Xx<4

Do do: = 1
{2&—1>o x>

Két hgp voi tap xac dinh, ta co: S = {x /% <X< 4} thi P<-1.

(] o ey
X x+y\/7 X=y

3.18. Rat gon biéu thac: P =

Véi x>0,y>0, x=y.
Huwéng dan giai - dap s6

Ta co:

X+/X — 3x\/_+3y\/— y y+2x\/_+y\/_ 3\/?(\/;—\5)
DNy T ()

3xVx 3%y +3yf 3Jy

P=

N N N i v
o_ 3&(X—\/W+y) 3\/_

N N TR

\x 3y 3&+3\/—
\/_+\/_ IX+Jy  x+fy

3.19. Chitng minh rang néu a, b, ¢ 1a cac s6 duong théa man a+c=2b thi ta ludn cé:

112
Ja+vb o+ Ja+i

Huwéng dan giai - dap s6

Twr gia thiét, suy ra a—b=b-c
Lién hé tai liéu word toan zalo va SPT: 039.373.2038



1
Jaib bade  a-
:\/5—\/6_2(\/5— c) 2

L atC a—c  Ja+c

2

1 a—\@
b

S

Xét vé trai: +

—C

c ~a-+c
~ a-b

V& trdi = V€ phai. Diéu phai chtrng minh.
1 1 1

3.20. Chiing minh réng: \/1

(Tuyén sinh l6p 10, THPT chuyén DHSP Ha N¢i, nam hoc 2011 —2012)
Huwéng dan giai - dap s6

1 1 1 1
2 BiE 5o 19480

1 1 1 1

23 JaeB Vo7 80 +Bl

e Taco: A>B=2A>A+B

Cach 1. Dat A=

bat B=

1 1 1 1

1
PN TN SN AN -V~

o Xét A+B=

1
Y Y O N TN TN 7N N o W

V2-\1 3-2 Ja-J3 5-4a \/81-+/80
2-1 | 3-2  4-3 ' 5-24 " 81-80

< A+B=+81-/1=8

Ma 2A> A+B = 2A>8= A>4.Diéu phai chitng minh.

< A+B=

1 1 1

1
NN RN WY N N, N T
VAL BB JT-VB JBL-Te

Cach 2. Taco: A>

Website: tailoeumontoan.com

3-1 5-3 7-5 7 81-79
A>M:4. biéu phai chiing minh.
3.21. Cho day sO a;a,;...;a, thdaman a =1 va a,,, 2% voi n=1;2;3.... Tinh a,y,, -
/3.4,

Huéng dan giai — dap s6
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\/— \@+a
1-v3a, 3-3a,+3+a,

Taco: a, , = =
i f.<f+an) 1-+/3a, -3-+/3a,
- 1—\/§an
2J3-2a,  f3-a
=a =

"2 ) 23 -1-3a

J3-a,
v+ ~1- \/—a —/3-3a +/3-a,

Taco: a, ., = =
3 \@(\/5—%) —1-+3a -3++/3a,
1——~ 7
—1—\/§an
—4a,
= an+3 = =9

—4

Trddsuyra a =a,=a, =...= 8y, . VAY 8y, =1.

3.22. Cho s0 thuwc a>0 thoa man a—izﬁ+i.

a Ja
Chting minh rang: a . J5
a
Huéng dan giai — dap s6

Tir gia thiét {J&\EJ[@_\E]{\/%\EJ

:\E—\ﬁ=1@a—ﬁ—1=o@a—ﬁ+%—5=o
a

(orSfers.

1-+5 [_Q

Nhdn xét: Vi +Ja >0 nén v/a = 5 <0 loai, suy ra

Xéta+\/%=\/§_1+ 2 _‘/g—lJrz(\/ngl)_x/§—1+\/§+1=\/g

2 -1 2 5-1 2

Tir d6 ta c6: a—~ = Ja +% = /5. Diéu phai chitng minh.
a a
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Chuyén dé 4. CAN BAC BA, CAN BACn

A. Kién thitc cin nhé

1. Can bac ba

a) Dinh nghia: Can bac ba cua mot s6 4, ki hiéu 3fa, 1as6 x sao cho x* =a
*Cho aeR,¥a=x< X3 :(3/5)3:a

 Mdi s6 thue a déu ¢ duy nhat mot can bac ba.

* Néu a>0 thi ¥a>0

* Néu a=0 thi ¥a=0

*« Néu a<0 thi ¥a <0

b) Tinh chait

ca<0oYa<ib

oo Na _da
&‘%(b )

c) Cic phép bién doi cin bic ba
- AYB=YAB
« JAB = AYB

. i/EzisABZ(B;&O)
B B

. 1 YN z¥YAB+iB?
In+3B A+B

2. Can bacn

(A¥B)

a) Dinh nghia: Cho a€R va neN;n>2. Can bac n ctia a 1a mot s6 ma lay thira bac n ctia ndé béng a.
* Truong hop n 1é (n=2k+1; k e N)

MOi s8 thuc a déu c6 mot cin bac 1é duy nhat: *a = x < x? =

a
Néu a>0 thi *¥a >0
Néu a=0 thi *¥a =0

Néu a<0 thi *¥a <0
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* Truwong hop 11 chian (n=2k; k e N)

M>i s6 thue a>0 déu c6 hai cin bac chin d6i nhau. Cin bac chin duong ki hiéu 1a %/a (goi la cin
bac 2k s8 hoc ctia ), cdn bac chdn Am ki hiéu 1a —%/a

Aa=x<x>0 va x* =a

Aa=xeox<0 va x* =a

Moi s6 a<0 déu khong c6 cin bac chan.

b) Tinh chit ciia ciin bgcn (neN;n>2.)
Yam =A™ (1)(Az0kmeN’)
YUA ="YA (2)(A20meN,m>2)
YAB =YAYB (3)(A20,B20)

§/E_
B

(YA) =A™ (5)(A>0,meN)

Q/Z
75 (9(A=08>0)

Ung dung:

- Cong thtic (1 ) dung dé€ ha bac moét can thiee hodc quy dong chi s6 cac can thic.

- Cong thiic (2) dung dé khai can mot can thc.

- Cong thuirc (3) dung dé khai can mét tich, nhan cac can thire cung chi s, dé dwa mot thira s6 ra
ngoai hodc vao trong ddu can.

- Cong thtic (4) dung dé khai cin mot thuong va chia cac can thitc cing chi s, d&& khit mau cua
biéu thirc 1ay can.

- Cong thtic (5) dung dé nang mot can thirc 1én mot lay thira.

B. Mot s6 vi du

Vi du 1: Thyec hién phép tinh:

a) /5432

b) ¥/8++/37 38-+/37

Giai

Tim cach giai. D& thire hién phép tinh nhan cin bac 3 ta st dung tinh chat J/A3YB = J/AB
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Trinh bay 10i giai

b) ¥/8+/37 3/8-+/37 :g/(swﬁ)(s—ﬁ)
=3/64-37 =327 =3

Vidu2: Rat gon A= 3/26 +15/3 +§/26—15x/§

Giai
Tim cach giai. D& rat gon biéu thitc c6 dang Ya+byc ta viét biéu thic dudi dang: ,3[(\/; + y)3 , ta
chti y t6i hang dang thic:
(\/;i y)3 = XX £3xy +3y/x £ y?
Do vay ta xac dinh x va y thong qua 3xy + y° =a; x+ 3y’ =b, nhung lvu y x=c chang han

Y26 +15+/3 ta chon x va y theo 3xy +y® = 26; x+3y? =15 va x=3 suy ra: y=2.

Trinh bay loi giai:

Ta c6: A=38+124/3+18+33 +/8-12/3+18-33
A=g/(2+\/§)3 +g/(2—¢§)3 =2+3+2-3=4

Vidu 3: Rat gon B = §/1+g +§/1—g

Giai

3
Tim céch gidi. Bai nay thd vi va khé hon vi du trudc, khong thé dwa vé dang {|(vx+y) . Do d6,

d& tinh gi4 tri bidu thtic c6 dang B =%a+vb +3a—vb ching ta nghi téi viéc lap phuong hai vé va
stt dung hing déng thirc(x+y) = x* +y* +3xy(x+y) sau d6 phan tich da thic thanh nhén ta roi
tim B.

Trinh bay loi giai

Ap dung hing dang thic (a+b)’ =a’+b*+3ab(a+b) ta co:
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ey 0 [

B=1+—+1-——+
3 3 9 9

B® = 2+SB.‘3/1—8—4 =2-B
81

B°+B-2=0<(B-1)(B°+B+2)=0 ma B°+B+2>0
Suy ra B=1.

)™, biét:

Vi du 4: Hay tinh gia tri bi€u thirc: Q =(3x° - x* -1

) {26+15V3.(2-3)
" or 0 + oo

Giai

Tim cach giai. Ban chat cua bai toan 1a rat gon x. Quan sat biéu thirc x, ching ta nhan thay trude

hét can rat gon cin bac ba ¢ ti thitc va mau thitc trude. Bang kj thuat ctia hai vi du trén, chting ta

bién d6i Y26 +15v3 bing cach dua vé hang déng thic liy thita bac ba; dong thoi dit

a:§/9+\/%+3/9—\/% va xac dinh a. Sau d6 xac dinh x.
Trinh bay 10i giai

Xét a:§/9+\/%+§/9—\/%

s al :9+\/%+9—\/%+3.§/(9+\/%)(9—\/%).a

< a®=18+3381-80.a
<a’=18+3a«<a’-3a-18=0
©a*-27-3a+9=0<(a-3)(a’+3a+6)=0

2
Ta co a2+3a+6:[a+gj +%>0 nén a-3=0<a=3

Y3/3+18+123+8.(2-+3) {(V3+ 2)3 (2-43)
Do d6 x= 3 = 3

(o) o
X= 3 3

Wl

1 1 2020 2020
Véy Q :[35—5—]} :(—l) =1
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Vi du 5: Rt gon bidu thiic: Q = 10/%(19 +6v10) %3225

Giai
Tim cach giai. Nhan thay rang day la nhan hai cin thitc khong cing bac. Do vay ching ta can
phai dua vé cung bac. Dé thay 10=5.2, do vay chung ta c6 thé dwa can bdc 10 vé can bac 5 dua
theo cong thire: N A? = E/W . Vi cach suy luan d6, chung ta bién déi %(19 +6410 ) vé dang binh
phuong ctia moét biéu thire
Trinh bay 10i giai

Tacé Q=19 %(38+12\/1_0 ).{’/3\/5 ~2J5

Q=1 %(3\/5 +2V5) §f3v2 215
Q- 5/%(3\E+ 245)3/3v2 215 = i/%(s\@r 2@)(3&- 2\5)

Q= ;/%(18—20) =¥Y-1=-1

2 1
a7 a 2 [A+—F=+=

Vi du 6: Tinh gid tri bié thic: T=| Y4=Y2 1321 V' V2 2
1-Y2 2 1++/2

Giai
Tim cach giai. Bai toan nay c6 nhiéu yéu t8 giong nhau, do vay chiing ta c6 thé dit bién méi nham
dua vé bai toan don gian hon. V&i cach suy luan &y chung ta dit 42 =a (cin nho nhat) thi
a* =2;4/4 =a? =+/2. Tr 46 chiing ta c6 16i giai sau:
Trinh bay 10i giai
Dit ¥2=a thi a*=2;¥4=a’=2.

2 N+—+—
az—a+1+a2j a’ a*

Khido T :[
1-a a

Vay T =0
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C. Bai tap van dung

4.1.Chobié’uth1’rcP:[ X1 X+8M 3x-1+1 1

+ —_
3+4/x-1 10-x X=3Jx-1-1 +/x-1

a) Rut gon biéu thuic P.

3+242 _</3—2x/§
3-242 \3+2V2

(Thi hoc sinh gidi l6p 9, tinh Thanh Héa, nam hoc 2011-2012)

b) Tinh gia tri cia P khi x = z\t/

Huwéng dan giai - dap s6

bat Vx-1=a biéu thic P c6 dang;:

p_[_2 +a2+9 _(3a+1 _1)
|3+a 9-a’)\a’-3a a
_a(3-a)+a’+9 3a+1-(a+3)
~ (3+a)(3-a) ~ a(a-3)
_3a-a’*+a’+9 3a+l-a+3
~ (3+a)(3-a) ~ a(a-3)

3a+9 2a+4
(3+a)(3-a) a(a-3)
~ 3(a+3) a(a-3)
~(3+a)(3-a) 2(a+2)
—-3a
2(a+2)
—3Vx-1

Vay P=——X "=

2(\/x_—1+2)

P=

P=

b) Ta cé: X =4

(«E+1)2 _ («5—1)2 z\/ﬁ+1_\/ﬁ—1
(ﬁ_l)z (ﬁﬂ)z V2-1 \V2+1

x:\/(ﬁﬂ)2 \/(\/5_1)2 =(v2+1)-(v2-1)=2

2-1 2-1

-3v2-1 -3 -1

Vay P=——¥2"=

2(\/ﬂ+2):2_-3:7

4.2. Tinh gia tri ctia biéu thirc

Lién hé tai liéu word toan zalo va SDT: 039.373.2038
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a) B =(x*+12x-9)"™", biét x = 3/4(J§+1) —3/4(J§—1)

2 3 2 3
b) C =x*+ax+b, biét x= 3_B+‘/b_+a_ +\/—E+,{b—+a—
2 4 27 2 4 27

Huéng dan giai — dap s6

a) Xét ¢ = 4(J§+1)—4(@—1)—3.3/4(@+1).4(J§—1).x

x}=8-12x= x*+12x-9=1

Vay B — 12020 — 1

2 3 2 3 2 3 2 3
b) Xét x3:—9+ b—+b——9+ b—+b—+3.3 —E+,fb—+a— b b_+a_ X
2 4 27 2 4 27 2 4 27 2 4 27
2 2 3
N LI
4 4 27

X}=-b-ax=>x*+ax+b=0

Vay C=0
1
VvV2-1

4.3. Hay tinh gia tri cia biéu thirc: P =x*+3x+2 véi x=3v/2-1-

Huéng dan giai — dap s6

Taco x=3V2-1- 3%_1:#&_1_#@1

Xét x® = ﬁ—l—(x/? +1)—3.g/(\/§—1)(x/§ +1).x

X*=-2-3x=x*+3x+2=0
Vay P=0
4.4. Hay tinh gid tri ctia biéu thac: T = (3X3 +8x— 2)2020 , biét

Y17/5-38 s
J5+14-645 (542

Huéng dan giai — dap s6

355 -30+12/5-8 .
\£+\/9—6\/§+5 (\/g 2)

Taco x=
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3(\/§—2)3 \/g_z
X = (VB+2)=—2 (VB+2
S5+ (3_6)2( - 15 72)

5-4

X=—=

3

w|kF

1 1 2020
SuyraT= (3.E+8.§—2j =(-1)"™ =1

4.5. Cho x, y thoa man x = i/y—«/yz +1 +§/y+\/y2 +1. Tinh gia tri ctia bi€u thic:
A=x*+xPy+3x° +xy -2y +1

Huéng dan giai — dap s6

Xét X* =y -y +1+y+4/y? +1+3.§/(y—1/y2 +1)(y+w/y2 +1).x
X2 =2y+3.3y* —y*—1x

X°=2y-3x= x’+3x-2y=0(*)

A=x"+3x2=2xy + X’y +3xy —2y* +1

Taco A=x(x*+3x—-2y)+y(x*+3x-2y)+1

Két hop véi (*) suy ra A=1

i3 (V3 —1) Y10+6+/3

4.6. Tinh gi tri biéu thirc P=(x*+4x-2)" ", voi x=
21+44/5 +3

(Tuyén sinh 16p 10, chuyén Bic Ninh, ndm hoc 2013-2014)

Huéng dan giai — dap s6

(\/§—1)§/3\/§+9+3\@ +1 ~ (\/§—1).3 (\/§+1)3

) 20+4\/§+l+3 \/erg
Ta c6 x:(ﬁ_wﬁﬂ)_ 3-1 1 5-2

2J5+1+3  2J5+4 5+2 1
SX+2=V5= x> +4x+4=5=x +4x=1

Vay P=(1-2)""=-1

4.7. Cho a>0;a=1. Rat gon biéu thirc:

S =\6-42320+1442 +g/(a+3)\/5—3a—1:[2\7;2 —1}
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(Tuyén sinh vao 16p 10, THPT chuyén DHSP Ha N§i, ndm hoc 2015-2016)
Huwéng dan giai - dap s6

Ta cé

S =\4-4V2+238+1242 +12+ 22 +3/aJ5—3a+3\/5_1;[J52+1_1}

O R

S =(2—ﬁ).(2+ﬁ)+(\/5—1).£2_1

S=4-2+2=4

3 J—
4.8. Tinh gi trj bidu thitc: P=— 2 2872 piay.
a’ —4a’ +5a-2

a = ¥55+/3024 +/55-+/3024.
(Thi hoc sinh gioi Todn lop 9, tinh Phii Tho, nam hoc 2013-2014)

Huéng dan giai — dap s6

Xét a° =55++/3024 +55—~/3024 + 33/(55+ \/3024)(55 - \/3024).a

a’ =110+33/3025-3024.a < a’-3a-110=0
< a®-125-3a+15=0

& (a-5)(a’+5a+25)-3(a-5)=0

< (a-5)(a*+5a+22)=0

2
Nhan xét: a2+5a+22:(a+gJ +%>0 nén a-5=0=a=>5

5-35+2 112 7

Tt désuyra P=—; . =
5°-45°+55-2 48 3

4.9. Rat gon bicu thic: T = ({‘/7 +/48 —‘\‘/28—16\/5).{‘/7 +/48 —\5-26
Huéng dan giai — dap s6

Taco T :(\4/4+4\/§+3—4, /4(4—4\/§+3)j.<‘/4+4J§+3—\/3—2\/6+2
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T :(Q/(2+\/§)Z —Q/4(2—J§)Zj.¢/(2+ﬁ)2 —\/(\/§—x/§)2
7=(V2 B - [2(2-\) | 2B -(3-2)
- - -

T=2+V3-2-43+42=2

: 10 1+4/2  J3+1
4.10. Tinh gia tri ciia biéu thirc; M = ) X
R Jo-6+3a L/fgﬁ JE_J

Huéng dan giai — dap s6

10(33+%72) { 1442 \/5—1]
(53+92)(0 -6+ ¥4) | Ja-243+1 V3 +1

Tacd M =

10(%%){“& ﬁ—l}

M = .
342 J3-143+1
2-1
M =2(33+32)5=
(¥3+32). 5~

M =33+32

4.11. Truc cin thirc & mau:

1 15
b
Y 16 +312+39 : Y2 +44+48+4h6

Huéng dan giai — dap s6

) ) TG As
15 154/8(1-42)

b) ar2+44148) Y2.48(1-42)(1+ Y2+ 2+ 8)
15(48-2) 15(2-4)

2(1-2) 2

4.12. Lam phép tinh:

a) 142 83-22 b) §9+4v532-5
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o) Y243 - 4v2 §44 1166

Huéng dan giai - dap s6
a) €/1+J§.V3—2J§=ﬂ1+ﬁ.m=m.m=€/2_—1=1
b) 2/9+4\/§.%/2—\/§=W.%/2—\/§=%/\/§+2.%/2—J§=3/4T=—1
o) /2v3-4v2 544 +166 =d2\/§—4ﬁ.g/m

_ 2342323+ a2
=343-16.2 =3-20=-320

4.13. Chtiing minh gia tri ctia biéu thitc sau khong phu thudc vao gia tri cua bién

Q= Bi/zo+14ﬁ.\/6—4\/§ +%§/(a+3)\/5—3a—1} : z(aT_il)H

Huwéng dan giai - dap s6

Ta cé:

%3/20+14\E.\/6—4f =%%/2ﬁ+12 11242 +844—42 42
= (W24 2) J(2-v2) =22 +2)(2-V2) =2 (a-2)

1

Tac: Yf(a+3)Va-3a-1=%/ava-3a+3/a-1=§(Va-1) =va-1

a-1 +1=ﬁ—1+ Ja+1

Ta co: 1=
aco 2(\/a+1) 5 5
1 Ja+1
SuyraQ:(l+E(\/g—1)j. >
Q:\/§+1:\/5+1:1
2 2

4.14. Chtetng minh rang néu ax® =by* =cz® va 1Al m
X y z

Yax? +by* +cz2 =a+3¥b+3c

Huéng dan giai — dap s6
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Dit ax® =by’ =cz’ =k, suyra a=

Xéd&iﬁ?§?=%§%+%f+%f
X z

y

—3/—+ +——3k££+1+1) \/—()
1+ 3 3 3 k k k
Xét \/5+\/B+\/E=3—3+3—3+3—3
X y z

(1)

Tt (1) va (2) suy ra diéu phai chitng minh
4.15. Chiing minh rang néu: \/x2 +3xy? + \/y2 +3x*y* =a thi:
4+ 3y e

Huéng dan giai — dap s6

Tt \/xz +3xty? +\/y2 +3/x’y* =a, binh phwong 2 v&, ta co:

Ixty? +y2+3/X2y4 +2\/(X2+3 x4y2)(y2+3 X2y4)=a2
< X+ +yE Xy +2\/x2y2 +3xMye + 3%y + x%y? =a?
S XXy +y +\/x2y4 +2\/\/x8y +2x%y2+ 3xty =a’

2
< X+ +yE Xy +2\/(«3/x4y2 +«3/x2y4) =a’
e X+ YKy +y? + Iy +2(€/x“y2 +'{‘/x2y“):a2
o X +3xy? +33xPyt +y* =a?
3

o (I 7] =2t o I+ {7 =3

Diéu phai chitng minh

4.16. Tinh gia tri cta biéu thirc:

2 1

It ———t——

2020% —4/2020 1+ 72020 \/ \J2020 2020
1-3/2020 32020 1++/2020

Huéng dan giai — dap s6
Lién hé tai liéu word toan zalo va SPT: 039.373.2038
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2
1
2 1+ ——
420204 2020—1)+1+\/2020 B [ Jzozoj

Ta cod: A=
1-4/2020 42020 11+/2020
1+ #
A=| 32020 + 1+ \/2020 J2020
42020 | 1++2020
A 2020 +1+ 42020 \ _ (\/2020 +1) :4/2020
4/2020 1++/2020
A= j L 1
Jzozo Jzozo T /2020 /2020

4.17. Cho x=1+%3+3/9. Tinh gi tri biéu thic:
P=(x*-3x* —6x-3)  +2020
Huéng dan giai — dap s6
Taco x(3-1)=(33-1)(Y0+¥3+1)=3-1=2
XY3=x+2=3x° =X +6x* +12x+8 = x* -3x* —6x =4

Suy ra P =1"" +2020 = 2021

4.18. Rut gon biéu thc:
A=(\/\/§+2—mﬂ/§j:(f/5\/§+7—5/5\/5—7)
Huong dan giai - dép s6
Ta c6: Jﬁu-M—ﬁ:\/ﬁm— (3V3-2) V3
—V3+2-33+2-3=-1
Ta c6: Y52 +7 Y542 -7 =§/(J§+1)3 —g/(ﬁ—l)s

—J2+1-2+1=2

Do dé A=_*
2
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Chuyén dé 5. BAT PANG THUC CO-SI

A. Kién thirc cin nho

Trong cac bai toan vé bat dang thikc va cuc tri thi bat dang thitc Co-si dregc vi nhue vién kim crong
béi tinh wu viét trong viéc chitng minh cac bat dang thitc khéc cing nhu tim cuc tri. Trong chwong
trinh THCS cht yéu la van dung bat dang thitc Co-si cho hai s8 khong am. Do vay trong chuyén
dé nay sé chi néu ing dung trong viéc giai cac bai toan bang viéc van dung bat dang thiic Co-si
cho hai s6 khong am.

e B4t ding thitc Co-si: cho hai s8 x, y khong am, ta c6:

X;yz\/ﬁ hoac \/Esxzy

D&u bang chi xay ra khi x =y.

Bat dang thitc Co-si con duoc goi la bat dang thike vé trung binh cong va trung binh nhan (AM-
GM).

B. Mot s6 vi du

Vi du 1: Chttng minh réng véi moi sd duong 4, b, ¢, ta co:

4a+3b+5c22(\/%+2\/E+3\/5)

Déng thtic xay ra khi nao?
(Thi hoc sinh gioi Todn 9, tinh Gia Lai, nam hoc 2007-2008)
Giai
Tim cach giai. Nhan thiy vé& phai xuét hién /ab +2+vbc +3+ca, do vay rat ty nhién chung ta nghi
t6i viéc duing bat dang thitc Co-si. Van dé con lai 1a tich vé trai thanh nhitng hang tit thich hop
nh&m khi van dung bat déng thirc Co-si thi lan lwot xuat hién cac hang t& v€ phai.
Trinh bay 10i giai
Ap dung bat dang thirc Co-si, ta co:
a+b>2vab (1)
2b+2c > 4/bc (2)
3a+3c>6vca (3)
Twe (1), (2) va (3) cong v€ voi vé ta duoc:

4a+3b+5c22(\/£+2\/E+3\/a)
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Déng thiic xay rakhi a=b=c.

Vi du 2: Cho S =+/1.2019 ++/3.2017 ++/5.2015 +...+4/2019.1. So sénh S véi 1010”

Giai
Tim cach giai. Nhan thay cac hang t trong tong S, thi 1+ 2019 =3+2017 =...= 2019+1 va bang
2.1010. Nham xu4t hién téng gidng nhau d6 va ciing lién quan t6i s& 1010, chiing ta nghi téi viec

van dung bat dang thic Co-si dang +/xy < %

Trinh bay 10i giai

X+y

Ap dung bat déng thitc Co-si ta co: /Xy <

1+2019 3+2017 5+2015 2019+1
< + + Fot

S S
e 2 2 2 2

< $<1010+1010+1010+...+1010 < S <1010°

a? b’ c?

+ + >12
b-1 c¢c-1 a-1

Vi du 3: Cho 4, b, c la cac s0 16n hon 1. Ching minh:

Giai
Tim cach giai. Quan sat bat dang thitc can chiing minh ta thay vé& phai 1a tong ba hang tir diwong
c6 chita mau s6, con vé trai 1a mot sd thue. Do vay ching ta can chon mot hang tt thich hop dé khi
van dung bat dang thitc Co-si khtr mau cac hang tr vé& trai, chang han:
2 2

2 ia(b-1)=2
b-1 b-1

a(b-1) =4aJe, va

chon a =4
Trinh bay 10i giai
Ap dung bat dang thikc co-si; ta co:

2 2

T +a(b-1)22. ba_ A(b-1) =4a(1)
D a(c-1)2 22 4(c-1) = 4b(2)
c-1 c-1
C_a(a-1)22.°—4(a-1)=4c(3)
a-1 a-1

Tt (1), (2) va (3) cong v€ voi ve ta duoc:
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az  b? c?
+ +
b-1 c-1 a-1
a?  b? c?

+4(a+b+c-3)>4(a+b+c)

= + + >12
b-1 c¢c-1 a-1
biéu phai chitng minh
aZ
=4(b-1
2 ao-)
N b?
Dang thire xay ra khi 1:4(C—l) ca=b=2
C_
CZ
=4(a-1
=4

Vi du 4: Cho 4, b 1a s6 thue khong am thoa man a’ +b? <2, hay tim gia tri 16n nhat cua biéu thic

M =a,/3b(a+2b)+b/3a(b+2a).

Giai

Tim cach giai. Gia thiét 1a diéu kién lién quan cac bién v6i s6 mi 2, con biéu thitc M phan bién cd

chtra can. Nham bién doi tir biéu thirc chira can téi biéu thic khong co can va c6 s mi 2, ching ta

2 2
can ap dung bat dang thitc Co-si dang /xy < X; Y va Xy < X +y
Trinh bay 10i giai
Ap dung bat dang thitc Co-si ta co:

3(a+2b) < 3b+2+2b _ a+25b 1)
'—3a(b+2a) < 3a+b+2a _ 5a+b(2)
2 2
Tir (1) va (2) suy ra: M < a(a;5b) + b(5a2+ b)
2 4 p? a’+b*+5(a*+b’

2 2

=M 33(a2+b2)§3.2:>M <6.

Déng thtic xay ra khi a=b=1.

Vay gia tri 16n nhat cua biéu thitc M 1a 6 khi a=b=1.
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Vi du 5: Cho hai s6 thuc dwong x, y thoa man: 44,2523 Tim gia tri nho nhat caa biéu thirc
Xy

B :8x+9+18y+1

X y
Gidi
Tim cach giai. Quan sat ca gia thiét va két luan, hién nhién ching ta can tach phan biéu thitc B ¢
xudt hién bo phan caa gia thiét dé khai thac. Phan con lai ¢t cung bién ta nhoém véi nhau dé€ van
dung bat dang thirc Co-si.

Trinh bay 10i giai

Ta c6: B=(8x+gj+[18y+£j+[i+ij
X y) \x y

Ap dung bat dang thirc Co-si ta dugc:

8x+322 8x.§:8(1)
x N x

18y + 222 f18y.2 =12(2)
y y

Mt khac tir gia thiét ta co 40350 (3)
Xy

Tt (1), (2) va (3) cOng vé€ vdi vé ta duoc:

B>8+12+23=43

8x:g
X
2 . ) 2 1 1
Dang thttc xay ra khi {18y=— < x==;y==
y 2 3
i+—:23
X
e a1 . . 1 1
Vay gia tri nho nhat cua B 1a 43 khi X=E;y=§

Vi du 6: Chting minh rang: 21(a+%j +3(b +lj >80 voi a>3;b>3.
a

Déng thirc xay ra khi nao?

Giai
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Tim cach giai. Thoang nhin qua, chiing ta nghi ngay téi viéc dung bat dang thitc Co-si. Tuy nhién

s€ la sai Jam néu ching ta nhom va dung bat dang thirc Co-si nhu sau:

21a+ L iap 3 =(21a+§j+(£+3bj > 2\/21a.§ +\/£.3b —127
b a a b a b

Sai Tam thtr nhat 1a 124/7 <80, sai lam thit hai 1a khong ding véi diéu kiéna >3;b >3,

Do vay ching ta can tach va chon cac hang tr thich hgp. Trudc hét du doan ddu bang xay ra trong
bat dang thirc khi a=3 va b =3. Sau d6 chon diém roi &€ khit mau o vé trai nhu sau:

. ma+§z\/@= 2./3m, xéc dinh m bing céch cho ma=§ vha=3suyram =%. Tir d6 ta ¢6

cach tach 21a =222, 2
I

. nb+%22,{nb.% =24/21n, xac dinh n bang cach cho nb:% va b=3 suyra nzg. Tir d6 ta co
cach tach 3b=2—;+E
Trinh bay 10i giai
Tacovétrdi Lo+ 22 ]4[243),2,, 02,
3 b 3 a) 3 3

Ap dung bat dang thikc C6 -si, ta co:

Tpe2lsp [Ip 2 14
3 b 3 b

3 a 3b
Ma a=>3;b>3 nén 21(a+%)+3(b+1j214+2+§.3+6—32.3:80
a

D&u bang xay ra khi a=b=3

Vi du 7: Cho x; y; z 1a cac s6 duwong

Ch&ngminhréng\/ X +\/ y +\/ z > 2
y+z Vz+x \x+y

Giai
1 2

Ap dung bat dang thitc Co-si: x+y+2>2,/x(y+2) = D) > o

Lién h¢ tai liéu word toan zalo va SDT: 039.373.2038



- X 2X (1)
\fy+z X+Y+12

Tuzongtu’tacc'):‘/ y ,_ 2y (2)
X+Z X+y+1Z
)

Z S 22 (3
\jx+y X+Yy+1z
VA

Tt (1), (2) va (3) cong vé theo vé, ta duoc \/ X +\/ y 4 \/ >2
y+z Vz+x \x+y

X=Yy+2
Déngtht’rcxéyrakhi y=z+X conglaitacd x+y+z=0
Z=X+Yy

biéu nay khong xay ra vi x,y,z>0

Vi du 8: Cho céc s6 thuce x; y; z thda man:

1= y2 + Y127 + 231- %2 :g
Chting minh rang: x* + y? + 22 =g
(Thi hoc sinh gioi Todn lop 9, tinh Ha Tinh, nam hoc 2005 — 2006)

Giai

Website: tailieumontoan.com

Tim cach giai. Bai toan khong c6 bong dang ctia bat dang thitc hay cuec tri dai s6. Tuy nhién quan

sat ky phan két luan (cac phan bién c6 ma 2), phan gia thiét c6 can bac hai va chi can ap dung bat

dang thitc Co-si mot Ian cho mdi hang tix cling xuat hién phan bién mii 2. Véi suy luan ty nhién

nhu vay bat dang thirc Co-si cho 1o giai dep.
Trinh bay 10i giai

Ap dung bat dang thiec Co-si, ta co:
2 2

X /1_ y2 < %(1)
2 2

-7 S%(z)

ZV1-X

Lién hé tai liéu word toan zalo va SPT: 039.373.2038
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Tix (1) va (2), (3) cOng v& v6i vé ta dugce: xyf1-y? + yy1—27 + 241X sg

x> =1-y?(4)
Dang thtic xay ra khi {y* =1-7%(5)
2’ =1-x*(6)
Tw (4), (5) va (6) cdng vé& vbi vé ta duoc: X2 +y° +2°=3-x* -2 - X’ & X’ +y* +7° :%
biéu phai chitng minh
. N ~ . .1 11
Vi du 9: Cho x; y; z la nhitng s6 duong thoa man: —+—+==1
X y z

Ching minh rang: \x+yz +Jy+ 2x +z+xy > Jxyz +Vx +Jy +z
Giai
Tim cach giai. Quan sat diéu kién ctia bién x, y, z rat tw nhién ching ta thay can d6i bién bang
1 1 1

‘b==;c===a+b+c=1. Khi d6 Dbat déng thtc c6 dang

cach  dat a= —
y z

Jbc+a ++/ac+b ++/ab+c >1++/bc ++/ac ++/ab. Nhan thay vai tro ctia g, b, ¢ trong bat ding thiic 1a
nhu nhau. Mat khac bc+a la léch béac, do vay sit dung dung diéu kién a+b+c=1 d€ dwa vo cung
bac (goi 1a can bang bac). Sau d6 dung bat dang thiic Co-si dé danh gia dua vé hang dang thtec.
Trinh bay cach giai

Chia hai vé& ctia bat dang thiic cho +/xyz, khi &6 bat dang thitc twong duong voi:

\/1 1 \/1 1 \/1 1 [1 1 |1
—t—+,—+—+ |—+—=21+ [—+, [—+ [—
yz x \\xz y \yx z yz \xz yX
1 i;c=£:>a+b+c:1.
X y z

bat a==;b=

Khi &6 bat dang thitc c6 dang:
Jbe+a++ac+b++ab+c >1++/bc ++/ac ++/ab.

Ap dung bat dang thiec Co-si, ta co:

bc+a=bc+a(a+b+c)=bc+ab+ac+a’
> be + 2a+/bc +a?

hay bc+a> \/E+a2:>\/bc+a2«/R+a 1
y

Lién hé tai liéu word toan zalo va SDT: 039.373.2038



Tuong tu ta co:

Jac+b >+ac +b (2)
Vba+c >+/ba+c (3)

Tt (1); (2) va (3) cong v€ voi vé ta co:
Jbc+a++/ac+b++ab+c >1++/bc ++/ac ++/ab.
Hay X+ yz +:Jy + 2x +Jz+xy > xyz +/x +[y +z

Dé&u bang khi x=y=2z=3

C. Bai tap van dung

5.1. Cho @; b; ¢; d 1a cac s6 khong am. Ching minh réng:
a® +b®+2c* +4d* >8abcd
Huéng dan giai — dap s6

Ap dung bat dang thiec Co-si, ta co:

a’+b® >2a'n*(1)

2a’b* +2¢* > 4a’h’c? (2)

4a’h*c? +4d* > 8abcd (3)

Ttr cac bat dang thie (1), (2) va (3) cong v& véi vé, ta duoc:

a® +b®+2c* +4d* > 8abcd

Déu bang khi a> =b? =c=d

5.2. Cho @; b 1a cac s6 khong am. Chiing minh réng:

(a+b)? +aT+b2 2ab +2bva

(Thi hoc sinh gioi Todn, 16p 9, tinh Quang Ngai, nam hoc 2011- 2012)
Huéng dan giai — dap s6
Ap dung bat dang thiec Co-si, ta co:

a+b22\/£

1 1 1
a+b+—=a+—+b+==>+va++b
+h+o=a+o+bes Ja++/b
Suy ra (a+b)(a+b+%j22\/ab(\/a +«/5)

Hay (a+b)’ +a%b > 2a+b +2bv/a

Lién hé tai liéu word toan zalo va SDT: 039.373.2038
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D&u bang khi a=b :%

a+b 1 . <~
>— v0ia, blacacsd duong.
\/a(3a+b)+\/b(3b+a) 2

5.3. Chttng minh réng:

Huwéng dan giai - dap s6

Ap dung bat dang thic Co-si, ta co:

W 4a+3a+b )
\/7 4b+3b+a (2)

Tt (1), (2) cOng v€ vdi v, ta duoc:

\/4a(3a+b) +\/4b(3b+a) <4a+4b

:\/a(3a+b) +\/b(3b+a) <2a+2b

Suy ra a+b ,_a+h :%

Ja(3a+b)+,b(3+a) 2a+2b

D&u bang khi a=b
1 1 1 1

5.4.Cho S = + ..t +ot
V1.2019 +/2.2018 \/k(2019—k+1) V2019.1
Hay so sanh S va 2 2019
2020

Huéng dan giai — dap s6
Ap dung bat dang thiic Co-si véi x;y >0 ta co:
2

X+y22\/x_y:>%2x+y

L + L +...+ L +...+ L
1+2019 2+2018 k+2019—-k+1 2019+1

Tir dosuyra S >
Hay S > 22989 pisu phai chitng minh
2020

5.5. Cho g, b, ¢, d dwong. Chitng minh réng:

Jrrars erera Narams ave
+ + + >2
b+c+d c+d+a d+a+b a+b+c

Huwéng dan giai - dap s6

Lién h¢ tai liéu word toan zalo va SDT: 039.373.2038
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Ap dung bat dang thic Co-si, ta co:

a+b+c+d>2,/a(b+c+d)

SO S S - — R\
h(b+c+d) at+b+c+d b+c+d a+b+c+d

Twong tw ta co:

/ b S 2b (2)
c+d+a a+b+c+d

c S 2C (3)
Vd+a+b a+b+c+d
/ d S 2d (4)
a+b+c a+b+c+d

Ttr cac bat dang thite (1), (2), (3) va (4) cong vé véi vé, ta duge digu phai chitng minh

a=b+c+d

b=a+c+d

D&u bang xay ra khi cong laitaco a+b+c+d =0

c=a+b+d
d=a+b+c

biéu nay khong xay ra vi a,b,c,d >0
5.6. Cho a>2; b>3;c>4. Tim gid tri I6n nhat cta biéu thic:

_abyc—-4+bcyva-2+cavb-3

abc

P

Huéng dan giai — dap s6

Je—4 Ja-2 b-3
+ +
c a b

Taco: P=

Ap dung bat dang thic Co-si, ta co:

c-4+4 c c-4 1
J(e=4) 2 272 =4V

a-2+2 a a—-2 1
=—=
2 2 c 22
1

Jb-3)3s232 25020 y)

Ttr cac bat dang thite (1), (2), (3) cong vé& véi vé, ta dugc:

(a-2).2<

P <1+L+L
T4 2J2 243

Lién hé tai liéu word toan zalo va SDT: 039.373.2038
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c-4=4 a=4
D&u bang xay rakhi {a-2=2<{b=6
b—3=3 c=38

Vay gia tri 16n nhat la 1 khi (a;b;c)=(4;6;8)

AN

5.7.V6ia, b, c la cac s6 duong thoa man diéu kién a+b+c=2. Tim gid tri Ién nhat ctia biéu thirc

Q=+/2a+bc ++/2b+ca++/2c+ab

(Tuyén sinh vao 16p 10, THPT TP. Ha Ni. nam hoc 2014-2015)
Huéng dan giai — dap s6

Ap dung bat dang thikc Co-si, ta co:

\J2a+bc :\/(a+b+c)a+bc —Ja? +ab+ac+hc =\/(a+b)(a+c)

a+b+a+c 2a+b+c
2 2

Suy ra v2a+bc < Za_i_Tb_H:(l)

(a+b)(a+c) <

Chtrng minh tuong tw ta co:

J2b+ca S%M(Z)
Jaorab < HEE (g

Tt (1), (2) va (2) cong v€ voi vé, ta duoc:

Q<2(a+b+c)=22=4
1Y , . 2
Dau bang xay ra khi a=b=c=§
N . ) 2
Vay gia tri lon nhat caia Q khi a=b =c=§

L N 2 . e a1 ,
5.8. Cho cacso a, b, ¢ déu 16n hon 75 Tim gia tri nho nhat caa biéu thiec:

a b c
+ +
2Jb-5 2Jc-5 2Ja-5

Q=

Huéng dan giai — dap s6

Ap dung bat dang thikc Co-si, ta co:

Lién h¢ tai liéu word toan zalo va SDT: 039.373.2038



2J5—5 2Jb-5
e (9 | s(-s) -2

2( - +(2Va- 5)>2\/2f (2/a-5)=2c(3)

Tt (1), (2) va (3) cong v€ vdi vé, ta duoc:
a b C
¥ ¥ +2db+2c+2da-15>2Ja+2b + 24¢
2Jb-5 2Jc-5 2Ja-5
a b c
+ +
2Jdb-5 2c-5 2J/a-5

>15 Q >15

=2Jb-5

zf—
2f—
2\5—5

Vay gia tri nho nhat cia Qla15khi a=b=c=25

~2Jc-5<a=b=c=25

=2J/a-5

D&u bang xay ra khi

5.9. Cho x; y 1a cac s6 duong thoa man x+y < 2.

N .7 . 2 A k] .« A? 7 10
Tim gid tri nho nhat cua biéu thiee: T = xy +—
Xy

Huéng dan giai — dap s6

Taco T = xy+i+i
Xy Xy

Ap dung bat dang thikc Co-si, ta co:

xy+i>2 /xyizz
Xy Xy

Sy<¥¥ o2 Loty
2 2 Xy

5

©

Teddésuyra: T>2+—-=11

-

D&u bang xay ra khi x=y =1
Vay gia tri nho nhdt caa T1a 11 khi x=y =1
5.10. Cho a, b, ¢, d 1a cac s8 thue duong c6 tdng bang 1.

Lién hé tai liéu word toan zalo va SDT: 039.373.2038
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a’ b? c? d> 1
+ + + >
a+b b+c c+d d+a 2

(Thi hoc sinh gioi Todn I6p 9, tinh Thanh Héa, ndm hoc 2007-2008)

Chtrng minh:

Huéng dan giai — dap s6
Ap dung bat dang thiec Co-si, ta co:

2 2
a +a+b22/ a .a+b:a(1)
a+b 4 a+b 4

Tuong tw, ta co:

2 2 2
b Pt p(2) S C s o3yt dER L (g
b+c 4 c+d 4 d+a 4

Tt (1), (2), (3) va (4) cOng v€ voi Ve, ta dugc:

a’ b? c? d> a+b+c+d
+ + + >a+b+c+d
a+b b+c c+d d+a 2
a’ N b* ¢ d® _a+b+c+d 1
a+b b+c c+d d+a 2 2

Dé’ub%mgxéyrakhi a:b:C:d:%

5.11. Cho cac s0 thuc duwong 4, b thdéa man ab >2013a +2014b.

Chting minh rang: a+b > (m + M)Z :

(Tuyén sinh 16p 10, chuyén toin DHSP Ha N¢i, nam hoc 2013-2014)
Huéng dan giai — dap s6

Tt gia thiét suy ra:

2013 2014
1s>—+—&

(a+b)>

(a+h)

(2013 2014}
—_l_—

2013a N 2014b

< a+b>2013+ +2014(1)

Ap dung bat dang thikc Co-si, ta co:

2013a 2014b 2013a 2014b
+ >2

b a b  a

Két hop vdi (1) suy ra:
a+b>2013+2+2013.2014 + 2014 = a+b > (2013+ 2014)2
biéu phai chitng minh

Lién hé tai liéu word toan zalo va SDT: 039.373.2038
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5.12. Cho P =
1++/22 3? 3+\/4_2 2019+\/20202

So sanh P vdi =

Huéng dan giai — dap s6
Ap dung bat dang thirc Co-si cho mau s6 ta co:
V21 3-V2 J4-J3 /2020 2019

212 223 | 234 2420192020
1( 1 1 1 1

1 1 1 L
2 E‘Fﬁ‘ﬁ*ﬁ‘ﬁ*""*m‘mj

P <

<1[1— ! j<1
2 J2020) 2

1
Vay P<=
ay 2

5.13. Cho tam gidc ABC c6 chu vi bang 1. Canh a, b, ¢ thoa man:

a . b +-C :E_ Chang minh tam giac ABC déu.
l-a 1-b 1-c 2

(Thi hoc sinh gioi I6p 9, tinh Ha Tinh, ndm hoc 2012- 2013)
Huwéng dan giai - dap s6

Theo gia thiét

i+1 + L+1 + L+1 =§+3

1-a 1-b 1-c 2

o2y b 4 :g(*)

l1-a 1-b 1-c 2

Do a, b, c 1a ba canh ctia tam giac c6 chi vi bang 1 nén
0<a<L0<b<l0<c<l
Ap dung bat dang thiec Co-si, ta co:

1 ,9(-a)_ ,[1 _9(1_a):3(1)
1-a 4 1-a 4

Tuwong tw ta co

1, 9(1-b)
1-c 4
1 9(1-c)

—+
1-c 4

>3(2)

>3(3)

Lién hé tai liéu word toan zalo va SDT: 039.373.2038
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Tt (1), (2) va (3) cong v€ voi vé, ta duoc:

1 1 19
1a1blc4
1 1 19
IS
la1blc4
1 1 1 9

>
1a1b102

~(1-a+1-b+1-c)>9

—.22>9

1 9(1-a)
l1-a 4

Diu biing xéy ra khi {— I Coll) U
1-b 4 3
1 9(1-c)
1-¢ 4

Vay tam gidc ABC la tam giac déu
5.14. Cho x; y; z 1a c4c s8 khong am. Chiing minh rang:

4(xy+yz+2x) < J(x+y)(y+2)(2+%) (Vx+y +y+ 242+ X)
Huong din giai - dap s6
Bién d6i vé& phai, ta duoc:
JOocy)(y+2) (24 %) (xry +fy+ 2 +32+x])
=(x+y)(y+2)(z+x) +(y+2)y(x+y)(2+%) +(2+%)J(x+y)(y+2)

Ap dung bat dang thikc Co-si, ta co:
(y+2)(z+X)=yz+xy+2° +xz

> 7% 4+ 27Xy + Xy

< (y+2)(z+x) (z+\/—)
o J(y+rz)(z+x)2z+xy

Twong tw ta co:

J(x+y)(z+X) 2x+\/ﬁ;,/(x+ y)(y+z)= y++/xz

Ttr d6 suy ra:

VPz(x+y)(z+\/ﬁ) z+y(x+\/—) x+z(y+«/_)
<:>VP2(x+y)\/ﬁ+(z+y)\/ﬂ+(x+z)\/§+2(xy+yz+zx)

Lién hé tai liéu word toan zalo va SDT: 039.373.2038



Ap dung bat dang thic Co-si, ta co:

x+y22\/x_y
z+y22\/5
z+x> 242

Tt d6 suy ra

4(xy + yz+zx)s\/(x+ y)(y+z)(z+x)<\/x+y+\/y+z +\/z+x)

Déu bang xay rakhi x=y =z

5.15. Cho a, b, cla cac s6 thueec duong thoa man L +%+1 =3
a C
1 1 1

Tim gia tri 16n nhat caa P =

Ja? —ab+b’ ’ Jb? —bc +¢? i Je? —ca+a’
(thi hoc sinh gidi l6p 9, TP. Ha N§i, nam hoc 2014-2015)

Huéng dan giai — dap s6
Ap dung bat dang thikc Co-si cho 2 s6 dreong ta co:

a2 +b? > 2ab—>a—ab+b? > 2ab = t 1

Ja’-ab+b? \/%(1)

Tuong tu ta co:

1 1

< 2

\Vb? —bc +¢? \/bC( )
1 1

<

Jei—ca+a® \/5(3)

1 1 1
NN TR AR

Ap dung bat dang thixc Co-si cho 2 s dwong ta co:

Tt (1), (2) va (3) cOng vé voi vé, ta duoc: P <

1 + 1 + 1 <l[l+lj+l(l+lj+l(i+lj—£+1+£—3(5)

Jab Jbc Jea 2la b) 2\b ¢) 2lc a) a b ¢
Tt (4) va (5) suy ra P<3.
D&u bang xay rakhi a=b=c=1
Vay gia tri lon nhat caa Pla3khi a=b=c=1

s~ , .1 11
5.16. Cho a,b,c 1a cac s0 thuc dwong thoa man _+B+_ =1(*)

a C

Lién hé tai liéu word toan zalo va SDT: 039.373.2038
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Chting minh rang: (a-1)(b-1)(c-1)<=(a+1)(b+1)(c+1).

|-

Huwéng dan giai - dap s6

Ta c6 (¥) ©1+1:1_£+1_£® C+l: a—1+b—1
C a b C a b

Tt a,b,c>0 va 1+£+1:1
a b c

Suy ra a,b,c>1 hay a-1>0;b-1>0;c-1>0

c+l_a-1 b-1_, (a-1)(b-1)

Ta co: >
C a b ab

(1)

Tuong tu:

b+1_c-1 a-1_, (c-1)(a-1) 2)
b c a ca

a+l_b-1 c-1_, (b-1)(c-1)
a b c bc

(3)
Tt (1), (2) va (3) suy ra:

Crh @) G+, J J(c—l)(a—l)_L\/(b—l)(c—l)

c ca bc

<:>(a+1)(b+1)(c+1 >8(a )( 1)(c-1)
< (a-1)(b-1)(c-1)<z(a+1)(b+1)(c+1)

IA
OO|I—‘

biéu phai chitng minh
D&u bang xay rakhi a=b=c=3
5.17. Cho cac s thuc dwong ¥, y, z thoa man x? + y? + 2% = 3xyz. Chitng minh rang:

x? y? z° 3
4 t 7 T3 <5
X'+yz Yy +xz z°+xy 2

Huwéng dan giai - dap s6
Vi x, y, z duong, ap dung bat dang thitc Co-si cho 2 s6 duong ta c6:

1 NG 1

1
2X2\/ESX4+yZ®2x2\/EZx4+yz® ——< (1)

X"+yz 2,yz
2 1,1, 1 31[1+3j(2)

Jyz oy oz 2fyz 4
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X2 1(1 1
Tw (1) va (2 <= =+=
u (1) va (2) suy ra vz 4(y Zj

y> _1(1 1\ 22 _1(1 1
Tuong tw —; <SSl =+= i <Z|Z4=
y'+xz 4\x z)z7°+xy 4(Xx Yy
pacift 1 1 1y 141, 1.1 =1-Xy+yz+zx(3)
4y z x z x y) 2y z x) 2 Xyz

Lai co xy+yz+2x< X’ +y* +7°(4)

2 2 2
Tir (3) va (4) 06 A< X FY HZ 130z 3
2 Xyz 2 xyz 2

biéu phai chitng minh

D&u bang xay rakhi x=y=z=1

a,b,c>0 1y
5.18. Cho , chitng minh rang;: a+b+c+i+i+12E
a+2b+3c>10 4a 8 c 2
(Thi hoc sinh gidi lop 9, tinh Hung Yén, nam hoc 2013-2014)
Huwéng dan giai - dap s6

Ap dung bat dang thixc Co-si cho 2 s6 dwong ta co:
a+£22:>§[a+ij2E

a 4 a) 2
b+izzﬁ:3:>3 b+i zi

4b 4 2 4b) 2
c+£22\/2:4:>1(c+£j21

C 4 c
Cong vé& véi vé 3 bat dang thiic trén ta dugc:
Ea+1b+1c+i+i+£24(3)
4 2 4 4a 8 c
Tw a+2b+3c>10 taco ga+£b+§c:Lb+3c22(4)

4 2 4 4 2

\ \ 3 9 113 . o1 .

Tt (3) va (4) suy ra a+b+c+4—+%+—2? (biéu phai chitng minh)
a c

Défubéngxéy ra khi a=1;b=%;c=2

5.19. Cho x, v, z 1a 3 58 thuc dwong thod man x° +y* +2° = 2.
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2 2 2 XX +y 47
+ + <

Chirng minh: <
& M XX+y* Y+t xP+17° 2Xyz

+3

Huwéng dan giai - dap s6
Ap dung bat dang thic Co-si, ta co:

2 2 2
22 2=X +2y +zz =1+ zz 7 <1+ (1)
X“+y X“+y X“—y 2xy

Tuong tu ta co:
2 x?

<1+—(2)

v +z? 2yz
(3)

2 y?
Tt (1), (2) va (3) cong v€ voi vé, ta duoc:

5 2£l+
X+ 27X

2 2 2 Xyt 7
2 2+ 2 2+ 2 2 < + +
X“+y° y +z° X°+2° 2yz 2Ix 2xy

3 3 3
2 N 2 N 2 XAy 2z

= < +3 (biéu phai chitng minh
xX2+y? yi+z? X+t 2xyz ( P & )
D&u bang xay rakhi x=y =z =§
N e e X* +12
5.20. Cho x, y 1a cac s6 dwong. Tim gia tri nho nhat ctia biéu thite: P = +y
X+Yy

(Thi hoc sinh gioi todn I6p 9, TP. H6 Chi Minh. nim hoc 2014-2015)

Huéng dan giai — dap s6

x2+12+y_ X2+124 Xy +Yy?  4XE+48+4xy +4y°

Taco P=
X+Yy X+Yy 4(x+Yy)

~(x= y)2 +3(x+ y)2 +48
4(x+y)

Taco (x—y)° >0 va ap dung bat déng thic Co-si, ta c6:

3(x+y) +4822,/3(x+y) .48 =24(x+y)

(x—y) +3(x+y) +48 . 24(x+Y)
4(x+y) ~ A(x+y)

Suyra P==
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D&u bang xay ra khi x=y =2

Vay gid tri nhé nhat cia Pla6 khi x=y=2

5.21. Cho céc s8 thuc duwong a,b,c thoa man a’ +b? +c¢? =1. Chiing minh:

ab+2c? bc + 2a® ca + 2h?
=+ =+ > =2+ab+bc+ca
l+ab-c l+bc-a l+ca-b

(Tuyén sinh 16p 10, THPTchuyén, Tinh Vinh Phiic, nam hoc 2013- 2014)
Huwéng dan giai - dap s6
Do a’+b*+c? =1. nén ta co
\/ab+202 =\/ ab+2c®
1+ab-c® Va®+b*+c*+ab-c?

ab+2c® ab+2c?

a’+b”+ab \/(ab+2c2)(a2 +b? +ab)

Ap dung bat dafmg thtec \/W < X; y (x,y> O)

2 2 2 2 2 2
:>\/ab+2c2)(a2+b2+ab)szc +a ;b +2ab£2(a +l23 *+e ):a2+b2+cz

ab+2c? ab + 2¢? ab+2c? )
>—————=ab+2c*(1)
1+ab-c’ \/ab+2<: (a®+b*+ab) @ +b+c

2
Tuong tur (| 255285 pe 4 207 (2); 225 carav(3)
1+bc-a 1+ca-b

Cong vé véi vé& cac bat dang thie (1), (2), (3) két hop a? +b? +¢? =1 ta c6 bat dang thikc can chiing

minh. Ddu “=" xay rakhi a=b=c= 1

NE]

5.22. Gia st x, y, z 1a cac s0 thuec 16n hon 2.Tim gia tri nho nhat ctia bi€u thc:

P= X + y + :
\/y+z—4 Jz+x-4 \/x+ y—-4

(Tuyén sinh lop 10, THPT chuyén, DHKHTN, Dai hoc Quéc Gia Ha Noi,nam hoc 2015- 2016)
Huéng dan giai — dap s6

Ap dung bat dang thiec Co-si, ta co:

Lién h¢ tai liéu word toan zalo va SDT: 039.373.2038
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4+y+z-4 y+12
2. Jy+z-4=[4 —4)< -
y+2 (y+z-4) > 5

= y+z—4s¥

Tuwong tw ta co: Vz+x-4 S%;«/X—f— y—-4< X+y

4

Do do P> 4x + 4y + 42

y+zZ Z+X Z+Yy

X y’ z? (x+y+z)
P>4 + + 24
XYy +2ZX  YZ+XY IX+YZ 2(xy +yz +2x)

Mé(x+y+z)22(xy+yz+zx)
Suy ra P24%:6. Déng thitc xay rakhi x=y=2=4

Vay gia trinho nhdt caia Pla6 khi x=y=z=4
5.23. Cho cac s0 thuc duong x, y, z théaman x+y+z= 3V2. Chttng minh réng:

1 N 1 N 1
\/x(3y+52) \/y(3z+5x) \/z(3x+5y)

Dau “=" xay ra khi nao?

3
>
4

(Tuyén sinh l6p 10, THPT chuyén Trin Hung Dgo , tinh Binh Thudn, ndm hoc 2015-2016)
Huéng dan giai — dap s6
1 1 1
+ +
\/x(3y+52) \/y(32+5x) \/z(3x+5y)

Ap dung bat dang thiec Co-si, ta co:

bat P =

8x+3y+5z
42

8x+3y+52:> x(

8x(3y+5z) < 3y+57) <

Tuwong tw a co:
5x+8y+3z 3x+5y+8z
JY(3z+5x) < ———": [7(3x+5y) s ——F——
y( ) 42 (3x+5) 42
42 42 42

Do do P> + +
8x+3y+5z 5x+8y+3z 3x+5y+8z

=442 L + ! + 1 (1)
8x+3y+5z 5x+8y+3z 3x+5y+8z

Lién hé tai liéu word toan zalo va SDT: 039.373.2038
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Ap dung bat dang thiic 1.1k
a b ¢ a+b+c

voi a,b,c>0 taco

1 1 1 9 9
* + > - =(2)
8x+3y+5z 5x+8y+3z 3x+5y+8z 16x+16y+16z 16.3/2
3
Tt (1), (2) suy ra P> 44/2. ==
(1), (2) suy 6372 3

Dau bang xay rakhi x=y=2z=+/2
5.24. Cho a, b, ¢ 1a cac s6 thyc duwong thoa man abc =1. Tim gid tri I6n nhat cta biéu thic:

3 1 N 1 N 1
a+2b+3 b+2c+3 c+2a+3

(Thi hoc sinh gioi todn I6p 9, tinh Nghé An, niam hoc 2014-2015)
Huéng dan giai — dap s6

Ap dung bat dang thiec Co-si, ta co:

a+2b+3:(a+b)+(b+1)+222\/%+2\/5+2>0

1 1
Suy ra: < 1
Y S i2b+3 2(\/%4.\/6“)()
Tuwong tuw
1 < 1 1 1 3)

b+2c+3 2(\/E+x/3+1)(2);C+261+3S Z(x/a+ a+1)(

Tt (1), (2) va (3) cdng cac bat dang thirc cing chiéu ta durgc:

1 1 1 1
P<— + +
2(\/%+\/5+1 Jbe++c+1 ea+ a+lj

Vi abc =1= +/abc =1 nén:

1 1 1
J%+JB+1+JE+JE+1+JE+ a+1
_ Jabe L1 . Nanc
Jab ++/bA/abc ++/abc  vbc++/c+1 +Jeca ++/a++/abc
Jc 1 Jbe

= + + =1
1+\/R+\/E \/E+ c+1 \/E+1+\/E

Do dé PS%. D&u bang xay rakhi a=b=c=1

Vay gid tri 16n nhét cda P 1a % khi a=b=c=1
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5.25. Cho 5 s6 thiee khong am a, b, ¢, d,e 6 tdng bang 1. Xép 5 s6 nay trén mot duong tron. Chitng

. NI, n N oy A , 1
minh ludn ton tai mot cach xép sao cho hai s6 bat ki canh nhau c6 tich khong 16n hon 3

(Thi hoc sinh gioi todn lop 9, TP. Ha N¢i, nam hoc 2014-2015)
Huwéng dan giai - dap s6

Giastr a>b>c>d >e. Taxép 5 s6 nhu hinh vé

Vi ad >ae;bc>bd >ce. nén ta chi can ching minh

ad sl;bcsi
9

9

Thatvay tacé l1=a+b+c+d+e>a+3d>2+3ad / \

= ad £i<1

b+c:1—a—d—esl—asl—b—ZC:b+cs§ h/
.J‘\
:bcﬁ(b—zcjgi

9

Vay ludn ludn ton tai mot cach x€p théa man dau bai

Lién hé tai liéu word toan zalo va SPT: 039.373.2038
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Chuyén dé 6. GIAI PHUONG TRINH CHUA AN TRONG DAU CAN

A. Kién thitrc cin nho

Phuong trinh chita an dudi ddu can c6 nhiéu cach giai, sau day la mot s phuong phap thuwong
dung:

* Nang lén lay thtra.

* Dat an phu.

* Dua vé phuong trinh chita ddu gia tri tuyét doi.

* Stt dung bat ding thikc, ddnh gia hai v& ctia phuieong trinh.

B. Mot s6 vi du

Vi du 1: Giai cadc phwong trinh sau:

a) \/x—l—Z\/x—Z +\/x+2+4\/x—2 =3
b) \/2x+4+6\/2x—5 +\/2x—4—2\/2x—5 =4
cVx+4/x—4 +/x-4/x—4 =5

Gidi
Tim cach giai. Vi du nay ban than trong cau déu c6 chita hang dang thitc. Nén chiing ta c6 thé
duwa vé dang \/(a£b)’ =|ab|. Sau d6 xét cc khoang d& bo gid tri tuyét d6i dé giai cic phuong
trinh.
Trinh bay 10i giai
2) VX=2-2X—2+14~/X=2+4/x—2+4 =0(x>2)
\/(\/E—l)z ¥ \/(m +2) =3
o Nx=2-1+Vx-2+2=3x-2-1=1-Vx-2
Vi Wx=2-1=1-x-2 nén:

VX-2-1<0JX-2<10<x-2<1<2<x<3

Vay tap nghiém cua phuong trinh la: § ={x/2<x<3}

b) \2X+4+ 642X =5 ++/2x—4—22x—5 :4(ngj

Lién h¢ tai liéu word toan zalo va SDT: 039.373.2038



> \J2X =5+ 632X =5 +9 +1/2X—5-22x—5+1 =4
o J(2x=5+3) +J(2x—5-1)* =4
@‘M+3‘+‘m—l‘:4

& \2x=5+3+[V2x-5-1]=4

@‘\/ZX—S—].‘:l—\/Zx—S

Nén v2x-5-1<0<+/2x-5 Sl@OSZX—SSl@%SXSB

Vay tap nghiém ctia phwong trinh la: S = {x | g <x< 3}

) VX—4+4/X—8+4+\|x—4—4x—4+4 =5(x>4)

@\/(\/HM)Z +\/( x—4-2) =5
<:>\/H+2+‘\/a—2‘=5
@‘m—2‘23—m

Truong hop 1. Xét Vx—-4 >2 < x >8. Phuong trinh c6 dang;:

VX—4-2=3-+x-4
S 2UXx—4 =5 x— :g<:>x:10,25(tm)

Truong hop 2. Xét Vx-4 <2< 4<x<8.
Phuwong trinh ¢6 dang: 2—+vx-4=3-vx-4
Khong ton tai x.

Vay tap nghiém cua phuong trinh la: S ={10, 25}

Website: tailieumontoan.com

Nhan xét. Cau b ciing ¢ thé giai nhw cau c. Tuy nhién & day ching ta da van dung bat dang thikc

|A|+|B| =|A+B|, ddng thirc chi xay ra khi AB>0. Dya vao d6 ciu a cling c6 thé giai dugc nhu vay.

Vi du 2: Giai phwong trinh: V3x+1+~2-x =3 (1).

Giai

Tim cach giai. Trudc khi giai, chung ta nén dat diéu kién. Cac biéu thikc trong can chi ¢ bién la

bac nhat, nén ching ta nang lén 1ty thira d€ giam bt so can.

Trinh bay cach giai

Lién hé tai liéu word toan zalo va SDT: 039.373.2038
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Diéu kién: —% <x<2

Vi diéu kién trén phuwong trinh (1) < +3x+1=3-4/2-x >0
<& 3X+1=9-6V2-Xx+2-X

& 3W2-x=5-2x>0

< 9(2—x)=25-20x+4x’

x=1
S 4x2-11x+7=0< X_Z(tm)
4

Vay tap nghiém cua phueong trinh la S = {1; %}

Vi du 3: Giai phuwong trinh Ix+1+3/7-x =2

Giai

Ap dung hing déng thirc: (a+b)’ =a®+b*+3ab(a+b), lap phuong hai vé& ctia phuong trinh, ta
duoc:

X+1+7-x+33(x+1)(7-x).2=8

< ¥(x+1)(7-x) =0 (x+1)(7-x)=0

x=-1
< {x =7
Vay nghiém ctia phuwong trinh la S ={-1;7}
Vi du 4: Giai phwong trinh: x? +4x+5=2/2x+3.

Giai

Tim cach giai. Nhan thay viéc nang 1én laiy thirta dé€ khir dau can, ta duoc phuong trinh bac 4, c6
thé giai dugc bang cach phan tich da thitc thanh nhan tt, song phitc tap. Bat dau tir 24/2x+3, goi
y cho chiing ta thém phan thich hop d€ tao thanh hing dang thirc, do &6 rat tw nhién ta thém dugc
2X+3—-2/2x+3+1. Tir d6 ta c6 16i giai sau:
Trinh bay 10i giai

TXD: x> 3
2

X2 +4X+5=22x+3.

Lién hé tai liéu word toan zalo va SDT: 039.373.2038
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S X2 +2X+14+2X+3-242x+3+1=0

<:>(x+l)2 +(\/2x+3—1)2 =0

J2x+3-1=0

Vay nghiém ctia phuong trinh S = {-1}

X+1=0
S < X =-1(thdéa man TXD)

Vi du 5: Tim tat ca cac s6 thuee X;; X,; Xs; ... X,005 thoa man:

X =22+ 2%, = 2% + ...+ 2005, /X,05 — 20052 =%(x1+x2 o Xoges)

(Thi hoc sinh giéi lop 9, Tinh Quang Ngai, nam hoc 2004-2005)

Gidi
Tim cach giai. Bai toan chi c6 mot phwong trinh, ¢6 2005 an s6. nén khong thé giai theo cach thong
thuong duoc. Do d6 chiing ta nghi téi viéc giai phuong trinh bang cach danh gia hai vé ctia
phuong trinh.
Trinh bay 10i giai
Ap dung bat dang thitc C6-Si, ta co:

Ky/x—-K? S%(K2+X—K2)=%x. Déng thikc xay ra khi x—K? = K. Thay x Ian luot Ia

X;; X5 Xgi X005 VA K lan luwot 1a 1, 2, 3, ..., 2005, ta co:

X =12+ 2%, = 2% + ...+ 2005,/ X095 — 20057 g%x1+%x2 +...+%x2005

Daéng thtic chi xay ra khi { x, —2° =2 <%, =6
Xop05 — 20057 = 2005 | Xyp05 = 4022030

Vi du 6: gidi phwong trinh: x* +2=2vx*+1
Giai
Tim cach giai Nhan thdy x* +1=(x +1)(X2 - X+1) va X2 +2=x+1+x*—x+1, mat khac lai xuat hién
27/x* +1 nén goi cho ching ta dung hang dang thirc d€ giai.
Trinh bay loi giai TXD: x> -1.

xX2+2=24x+1

Lién hé tai liéu word toan zalo va SDT: 039.373.2038



Website: tailieumontoan.com

= +2—2\/(x+1)(x2—x+1) =0

o XA —x+1—2\/(x+1)(x2+x+1)+x+l:0
<:>(\/x2 —x+1—\/x+1)2 =0

S —x+1=+/x+1

S X —X+1l=x+1x2=2x=0

& X(x-2)=0< x=0;x=2 (thoa man TXD).
Vay tap nghiém cua phuong trinh 1a S ={0;2}.
Vi du 7: Giai phuwong trinh (\/x+ 6 —VX— 2)(1+ VX +4x—12) =8.

(Tuyén sinh l6p 10, THPT chuyén, tinh Nam dinh, nam hoc 2014-2015)

Gidi
Tim cach giai. Méi nhin qua, bai todn nay kha phtec tap. Nang 1én lily thita, ding hing dang thitc
hay danh gid hai v€&€ déu khong kha thi. Quan sat va phan tich ching nhéan thay
(x+6)(x—2)=x*+4x-12 va x+6—(x—2)=8, nén bai toan cé thé giai bang phuong phép doi
bién.
Trinh bay 10i giai
DKXD: x>2, dit Vx+6 =a>0; v/x—2=b>0= a?-b? =8 phuwong trinh c6 dang:

a=b

—b)(1+ab)=a*-b? -b)(l+ab-a-b)=0
(a—b)(1+ab)=a < (a-b)(1+ab-a-h) ©{1+ab—a—b:0

* Véi a=b, taco: VX+6 =+x~-2. Phuong trinh v6 nghiém.

a=1

e Vi l+ab—a—b:0<:>(a—1)(b—1):0<:{b_1

Vx+6 =1v0 nghi€ém
\/x—2:1<:>x:3(th6a mén)

Phuong trinh da cho ¢6 nghiém duy nhat x=3

Vi du 8: Giai cac phwong trinh sau

a) V2x—2 —/6x—9 =16x* — 48x + 35;

b) V2x2 —1+X° —3x—2 =/2X* + 2X + 3+ x> — X + 2.
Lién hé tai liéu word toén zalo va SDT: 039.373.2038
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Giai
Tim cach giai. Bai toan rat phuc tap va khé tim duoc duong 10i giai. Bai toan khong thé nang lén
lay thtra duoc, boi s6 mit khé cao. Bai toan cling khong ddi bién duoc, bdi khong c¢d nhiéu diém
giong nhau. Bai toan ciing khong thé danh gia hai v& duoc. Quan st cau a, bai toan ta thir cho mdi

vé& déu bang 0 tikc 1a

V2x—2-/6x-9 =0 va 16x* —48x+35=0, thi nhan duoc X:%. Do vay chung ta dung biéu thirc

lién hop d6i véi v trai d€ truc can thire 0 ti, khi d6 bai toan sé giai duoc.

Clng vdi suy nghi nhw cau a, song vdéi kinh nghiém da co, truede hét ta bién doi phuong trinh vé

dang V2x° —1-2x2+2x+3 =¥ —x+2—-+/x?—3x-2. Nhdm khi diing biéu thtic lién hop sé
khong con bac hai 6 tir thirc.

Trinh bay 10i giai

a) V2x—2 —/6x—9 =16x? —48x +35; TXD: xz%

(2x—2)—(6x-9)
J2x -2 +/6x-9
- 7—4x
J2x -2 +/6x-9

<:>(7—4X)[

=(4x—-7)(4x-5)

—(4x-7)(4x-5)=0

1
J2x -2 +4/6x-9

+(4x—5)}:0

1
J2x -2 +/6x-9

Nhan xét: Vdi ng taco 4x-5>0 nén +(4x-5)>0
Vay phuong trinh teong dwong voi 7-4x=0< x = %

Do d6 tap nghiém cua phuong trinh la: S = {%}

b) V2x2 —1++/x2 —3x =2 =V2x2 + 2X+3 + /X% — X + 2

Lién hé tai liéu word toan zalo va SDT: 039.373.2038



SN2 12X +2x+3 =X2 = x+2 —Xx* —3x—2
(2x2—1)—(2x2+2x+3) (xz—x+2)—(x2—3x—2)
V2x2 —1442X2 +2x+3 - U —X+2++/x2—3x-2

- -2X—-4 B 2X+4
V25 1423 +2x+3 X2 —x+42+UX2=3x—2
2X+4 2X+4

0

C} —_ =
U= x+2 4% =3x—=2  J2x* —1++/2x +2x +3

<:>(2x+4)( L : j=0(*)

+
U= X+2+x2=3x=2  J2x% —1++/2x% +2x+3

1 1

+ >0
U= x+2 44X =3x=2  /2x* —1++/2x% +2x+3

Nhan xét: Ta co

Vi x thudc tap xac dinh.

Do d6 phuong trinh () < 2x+4=0& x=-2.

Thtr lai, ta thdy x=-2 thoa man phwong trinh da cho.
Vay tap nghiém ctia phwong trinh la S = {—2}

Vi du 9: Giai phuwong trinh sau

J13x% —6x+10 +, [5x% —13x +% +17X% —48% +36 = %(SGX -8x*-21)
Gidi

Xét v& trai T =+/13x% —6x+10 + /5x2 —13x+% +\17x2 - 48x +36
\/ 2 2 5 3 ) 2
=(3x+1)"+(2x-3)" + 2X—E X3 +4/X* +(4x—6)

ZWJF /(ZX—SJZ +\/X72

Suy ra v€ trai T >[3x+1]+

3x+1+2x—%+x

2x—g+|x|2 26x—%(1)

V& phai P = %[12x—3— 2(4x* -12x+9) |

1

:E[lzx—s—z(zx—3)2}s (12x—3)=6X—§(2)

N |-

Tt (1) va (2) suy ra vé trai> 6x —% > vé phai.

Lién hé tai liéu word toan zalo va SDT: 039.373.2038
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Déng thitc chi xay ra khi x :%

Vay nghiém cta phrong trinh la x = %

C. Bai tap van dung

6.1. Giai cac phuong trinh sau:

a) VX2 —x-2-x-2=0;

b) VX2 —2X+1+VX* —6X+9 =1;

) VX+3=4X—1+/x+8-6/x-1 =1
d) \/x+2\/ﬁ +\/x—2\/ﬁ =2

Huéng dan giai — dap s6
a) DKXD: x>2
ta 6 X —2 X2 =0 J(x-2) (e D) VX2 =0
o x-2. ( (x+1) - ) 0
Truong hop 1. Jx=2=0< x=2 (thoa man)
Truong hop 2. m -1=0< x=0, khong thudc tap xac dinh

Vay nghiém cua phuong trinh la x=2

b) Ta c6: \/x2—2x+1+\/x2—6x+9=1<:>|x—1|+|x—3|=
V& trdi: [x—1)+|x—3> x-1+3-x=2> v& phai.

Vay phuong trinh vo nghiém.
c) bPKXD: x>1

Ta c6: /X+3=4VX—1 +yx+8-6x—1 =1
o x—1-4Jx —1+4+\/x—1—6\/x—1+9 -1

o J(VxT-2) oy [Vii-g) =1
@‘\/XT—ZH\/X_—1—3‘=

V& tréi ‘\/X_—l—2‘+‘\/E—3‘2\/E—2+3—\/X_—1:1
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D&u bang xav ra khi { <5<x<10

VX=1-2>0 JX=1>2
=
VX-1-3<0 Jx-1<3

Vay nghiém ctia phuong trinh la S ={x/5<x <10}

6.2. Giai cac phuong trinh sau:

2 XL AU 14
o {y

b) VX2 + X +Vx—x2 =x+1
Huéng dan giai — dap s6
a) DPKXD: x>0,y #1

phuong trinh viét dudi dang;:

— 3y —
x+1_2+4(y 1)3y 1+4_8_0

v vy
. (\/;_1)2 ) 4(3,()/—1)2 _1)2 .
-y

@{&1:0 {x:l{xﬂ

2 < !
Y(y-1) -1=0 (y=0ly=2
Vay phuong trinh ¢6 nghiém la: (x;y)=(30);(x;y)=(12)
b) ap dung bat dang thitc Co-si, ta co:

2 2
X+X+1 Xx—-x"+1
U+ X +Ux=x2 < 5 + 5 =Xx+1

Déng thtic chi xay ra khi:

X+x*-1=0
X2+ x=1 X+x>-1=0 ) R n
, 9N, = 1 3 (vOo nghiém)
X—Xx=1 X°—x+1=0 X——| +=—=0

Vay phuong trinh v6 nghiém
6.3. Giai cac phuong trinh sau:
a) VT —X+/x+1=x*-6x+13;

b) Vx—94 ++/96 — x = x? —190x + 9027
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Huwéng dan giai - dap s6

a) Diéu kién: 4<x<6
Ta cd: (VT-x +x+1) =8+2f(7—x)(x+1) <8+7-x+x+1=16
=>VT-X+Vx+1<4

M3t khéc x* —6x+13=(x—3)" +4>4

Suy ra V7 —X +vX+1=x*-6Xx+13 <> x =3 (thoa man)
b) Diéu kién: 94 < x <96

Ta c6: (VX—04 +96—x) =2+ 2,(x~94)(96 - X) <2+ X~ 94+ 96— x= 4

=/x-94+/96-x <4

Mt khac x* ~190x+9025=(x—95)" +4> 4

Suy ra v/x—94 ++/96 — x = x* ~190x + 9027 < x = 95 (thda man)
Vay nghiém cta phuong trinh 1a x =95

6.4. Giai cac phwong trinh sau:

a) Yx+1+3x+2 =1+ m

b) Ix+2+37-x=3

C) Y2x-1+33x-1=35x+1

Huéng dan giai — dap s6

a) Dat ¥x+1=a,¥x+2=b. Phuong trinh cé dang:
a+b=ab+le(a-1)(1-b)=0

a=1 |3¥x+1=1 x=0
& & o

b=1 |¥x+2=1 [x=-1
Vay nghiém cta phuong trinh Ia S = {O; —1}

b) Ix+2+3J7-x=3
<:>x+2+7—x+3€/x+2.€/7—x(§/x+2+€/7—x):27

< 9+93(x+2)(7-x) =27 < §(x+2)(7T-x) =2

X =
=N X2—5X—6=0<:{ 6 (thda man)
X
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Vay nghiém ctia phuong trinh la S = {-1,6}

c) Lap phuong ca hai v€ ctia phuong trinh da cho ta dugc:

5x — 2+3%/2x—1.%/3x—1(€/2x—1+%/3x—1) —5x+1

= 3Y2x-133x-13Bx+1=1
& (2x-1)(15x* - 2x-1) =1

3 2 19
<> 30x” —19x :O<:>x=o;x=%

V6i x=0 thi hai vé bang nhau

Véi x = % thi hai vé& ctia phwrong trinh da cho bang nhau

Vay phuong trinh c6 nghiém x = %

6.5. Giai cac phuong trinh sau:

a) VX2 =3X+2 +X+3=vX=2 +x*+2x-3;
b) (\/x+8—\/x+3)(\/x2 +11x+ 24 +1)=5.

Huéng dan giai — dap s6

a) DPKXD: x> 2. Phuong trinh viét dudi dang:
\/(x—l)(x—Z) +x+3=/x-2 +\/(x—1)(x+3)

< /(x-1)(x-2) —Jx-2- (x— 1)(x+3)+ X+3
J_(x/ﬁl)M(xll)o

(T2 T3]0

Truong hop 1. Vx-1-1=0< x=2. (thoa man)

Truong hop 2. vx—2 —+/x+3 =0. Khong ton tai x
Vay nghiém cta phuong trinh [a x =2
b) DPKXD: x> -3. Phuong trinh viét duoéi dang;:
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(x-+8-x=3)(Vx +11x+24 +1) =5(vx+8+/x+3)

SAUXC+1IX+24 +1=X+8 +/Xx+3
S AUX+B8AX+3+1=VX+8+/X+3

S VX+8A/X+3-/x+8-/x+3+1=0

= (x/ﬁ—l)(m—l) =0

Truong hop 1. Vx+8-1=0 < x=-7. Khong thudc tap xac dinh

Truong hop 2. Jx+3-1=0& x=-2. Thudc tap xac dinh
Vay nghiém cta phuong trinh la x=-2

6.6. Giai cac phuwong trinh:

a) X% +9x+ 20 = 24/3x +10;

b) XX2 =X +1+23x+1 = X2 + X +3

Huwéng dan giai - dap s6
a)
x* +9x +20 = 24/3x+10

< X2 +6X+9+3x+10-24/3x+10+1=0

<:>(x+3)2+(«/3x+10—1)2=0 BKXD:xZ—%
x+3=0 3(thoa man PKXD)

= o X=— 0Oa man
V3x+10-1=0

Vay nghiém ctia phuong trinh la S = {-3}
b) Xv/X* —X+1+23x+1=xX*+Xx+3

2XV X2 = X+1+44/3Xx+1=2X*> +2X+6

2X2 +2X+6—2XV X2 = X+1—-4/3x+1=0

S X X+1-2XXP =X +1+ X2 +3X+1—-4/3x+1+4=0

2

@(\/x2 —x+1—x) +(\/3x+1—2)2 0
VX2 =x+1-x=0

o =
V3X+1-2=0

Thtt lai thdy x=1 thoa man phuong trinh

x=1

Vay nghiém ctia phuong trinh la S = {1}
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6.7. Giai cac phuong trinh:

a) X+y+2+4=2x-2+4,/y-3+6Vz-5

b)x+y+—z+35:2(2Jx+1+3Jy+2+4Jz+3)

Huwéng dan giai - dap s6
a) DK: x> 2,y >3,z >5. Phuong trinh trong dwong vai:
x—2—2\/E+1+y—3—4\/ﬁ+4+z—5—6\/§+9:0
<:>( X—2—1)2+(\/E—2)2+(\/§—3)2:0

\/X—2—1=0 X=23
S Jy-3-2=0=1y=7 (M)
Jz-5-3=0 (z=14

Phuong trinh c¢6 nghiém duy nhat (X; Y; Z) = (3; 7;14)

b) DK: x> -1y > -2,z > -3. Phuong trinh twvong duong voi:
X+1-4Xx+1+4+y+2-6,/y+2+9+2+3-82+3+16=0
= (\/ﬁ—Z)2 +(\/m—3)2 +(\/m—4)2 =0

VX+1-2=0 X =3
S JYy+2-3=01y=7(TM)
Jz+3-4=0 z=13

Phuong trinh c¢6 nghiém duy nhat (X; y; Z) = (3; 7;13)
6.8. Giai cac phuong trinh sau:
a) ( 1+x+JT?§M2+2 L-ﬁ)zs.
b) /X +3+2x = 24/3x +1
Hudéng dan giai — dap s6
a) bKXD: -1<x<1
dat Vi+x ++/1-x=a>0; taco a’ = 2+2\1-%. Phuong trinh da cho tré thanh: a* =8« a=2

voi a=2 thi VI+x+v1l-x=21-x* =1=x*=0< x=0
vay phuong trinh c6 nghiém x=0 (thda man)

b) DKXD: x>0
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binh phuong hai vé cia phuong trinh da cho dwoc:

X+ 3+ 4%+ 4x+34/x = 4(3x +1)

S X +3x=7x+1
<:>16(x2+3x)=49x2+14x+1

< 33x° —34x+1=0
x=1
X=—
33

AN e - A A - A /4 - A 2 \ \ l
Doi chiéu diéu kién, ta c6 nghiém ctia phwong trinh la x=1,x = 33

6.9. Giai cac phuong trinh:

a) Y3x+1+35-x +32x-9-34x-3 =0.
b) x3+(x+1)M+2\/§:(x+M+\/§)3
Huwéng dan giai - dap s6
a) Dat ¥3x+1=a;35-x =b;¥2x-9 =c;
Suyra a+b+c=¥4x-3=0=a+b+c=¥4x-3 < (a+b+c)’ =4x-3(1)
Mit khéc a® +b®+¢® =3x+1+5-x+2x—9=4x-3(2)
Tir (1) va (2) suy ra (a+b+c)’ =a’+b*+c°

a’+b’+c®+3(a+b)(b+c)(c+a)=a’+b’+c?
< (a+b)(b+c)(c+a)=0

a+b=0 a’+b*>=0 3X+1+5-x=0 Xx=-3
Slb+c=0<=|b*+c®=0<=|5-%x+2x-9=0 < | x=4
c+a=0 |c*+a®=0 |[2x-9+3x+1=0 x—§

L 5

Vay tap nghiém cua phueong trinh la S = {—3; 4;%}

b) DPKXD: x> -1

Dit y=+/x+1,2=+2

Khi d6 phwong trinh ¢ dang x* + y* +2° = (x+ y + 2)’ (¥)
Chting minh duoc (*) < (x+Yy)(y+2)(x+2)=0
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Véi x+y=0< X+/X+1=0 < Vx+ =—x:>x=# (thdéa man)

V6i X+2=0 x++/2 =0 x=—/2 (khong théa man)
V6i y+z2=0<Jx+1+4/2=0 (v nghiém)
1-5

2

Vay phuong trinh cé nghiém x =

6.10. Giai cac phuong trinh:

a) VX% +5x+1—24x2 —x+1=3-09x;

b) VXx—2 +J4—x ++/2x -5 = 2x? —5x.

Huwéng dan giai - dap s6

Xx<-1

a) bKXD: 1
X —_—

4

(4x2+5x+1)—4(x2—x+1)
Vax? +5x+1+24x2 —x+1
- 9x -3

JAx? +5x+1+ 2% — x+1
o (9x-3) 1 }:o

+1
VAX? +5x+1+ 2Ux? —x+1

Ta co 1 +1>0 vdi x thudc tap xac dinh, do d6 phuwong trinh

VAx2 +5x+1+2Ux% —x+1

(*)<:>9X—3=O<:>X=%

+(9x-3)=0

+(9x-3)=0

Th lai ta thay x :% thoa man phuong trinh. Vay tap nghiém ctia phuwong trinh la S = {%}

b)DKXD:§SX§4

Ix=2 +/4—x ++/2x—5 = 2x* —5x.

@( x—2—1)+( 4—x—1)+(\/2x—5—1)=2x2—5x—3

Xx—2-1 4—-x-1 2x-5-1

= + +
VX=2+1 J4-x+1 J2x-5+1

=(2x+1)(x-3)
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X—3 x—3 2(x-3)

= - +
X—=2+1 J4-x+1 J2x-5+1
<:>(x—3){ 1 1 2

- +
x=2+1 JA-x+1 2x-5+1
Truong hop 1. Xét x-3=0<x=3

—(2x+1)(x-3)=0

—(2x +1)} =0

1 1 2
— +
VX=2+1 4-x+1 2x-5+1
o 1 N 2 B 1
Jx=2+1 \/2x—5+1 \/4—x+1

! =2X+1+

2 1
= + = _
VX=24+1 +/2x-5+1 4—-x+1

Truong hop 2. Xét

~(2x+1)=0

—(2x+1)=0

Vi diéu kién gg X <4 ta co:
V& trai <E+E:3
11
~ 1 5
Vé phai >2.§+1:6

= Vé&'trai < V& phai, do d6 phuwong trinh v6 nghiém
Vay tap nghiém ctua phuong trinh la S ={3}

6.11. Tim x, y thoa man phuong trinh: 4y«/X—2 +2x,/y 3X 2).

(Thi hoc sinh gioi l6p 9, tinh Ninh Thudn, nam hoc 2013-2014)
Huéng dan giai — dap s6

DKXD: x>2,y>1

(1)<:>3xy—2y—4y\/E—2x\/ﬁ=O

<:>2y—4y\/ﬁ+2xy—4y+x—2x\/ﬁ+xy—x:O

= 2(Jy —ry-2y) +(Vx -y —x) =0
{\/_ Xy — 2y 0@{1—\/E:Oc>{x=3

Vx=xy=x=0 1—\/ﬂ=0
6.12. Giai cac phuong trinh:

a) X+2v7-x =2x-1+/(7T-x)(x-1) +%;
b) VX+3+2xXVX+1=2X+~/x* +4x+3
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Huwéng dan giai - dap s6
a) DPKXD: 1< x<7
X+ 247 —x = 2dx =1+ J(7-x)(x-1) +1
& X—1+2J7—x = 2x=1+J(7-x)(x~1)
Dt V7-x=a;/x-1=b
Phuong trinh ¢6 dang: b®+2a=2b+ab

b=2
b=a

<:>bz—2b—ab+2a:0<:>(b—2)(b—a):0<:>{
Truong hop 1. b=2 < 7-x =2 < 7-x=4 < x =3 (thoa man)
Truong hop 2. b=a < Jx-1=+7-x

< X-1=7-X& x=4 (thoa man)

Vay nghiém phuong trinh 1la S = {3; 4}

b) DPKXD: x>-1

Dit a=/x+3;b=+/x+1(diéu kién a>0;b>0)

Phwong trinh c6 dang:

a+2xb=2x+ab< a-ab-2x+2xb=0
& a(1-b)-2x(1-b) =0« (1-b)(a—2x)=0

<1-b=0 hoac a-2x=0
Truong hop 1. Xét 1-b=0<b=1<Vx+1=1< x=0(tm)
Truong hop 2. Xét a—2x=0< a=2x < +x+3 =2x

S 4x*-x-3=0<(x-1)(4x+3)=0

S x=Lx= =3 (thoa man)
. . NI .73
Vay nghiém phuong trinh 1a S = {0,1, T}

6.13. Giai phuong trinh: v6x—1++/9x* -1 =6Xx—9x’
(Thi hoc sinh gioi lop 9, tinh Nghé An, nam hoc 2014-2015)

Huwéng dan giai - dap s6
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Diéu kién xac dinh: x > %

Dat a=+/6x-1;b=+/9%x* -1 (diéu kién a >0;b > 0)
Suy ra @’ —b? =6x-1-9x* +1=6x—9x?
Tt d6 tacd: a>—b*> =a+b

c>(a+b)(a—b—1)=0c{:isflozo

Véi atb=0a=h=0e/6x—1=0 va v9x* -1 =0 (loai)
Véi a—b-1=0< 6x-1-9x-1-1=0

& Bx-1=9x 1+ 2/9x* —1+1

& (3x-1)" +29x* ~1=0

3x-1=0 1 .
S < X== (thoa man)
9x°-1=0 3

Vay nghiém phuong trinh la S = {%}

6.14. Giai cac phuong trinh:
b) (V3x+1-x+2 )(\/M+4)=4.x—2
Huwéng dan giai - dap s6
a) Dat A=+/x-2++6-x; DPKXD: 2<x<6
xét A’ =X-2+6-X+2,/(x-2)(6-x)
A*=4+2,/(x-2)(6-x)
Ap dung bat dang thitc Co-si ta co:
2(x—=2)(6-x) <x-2+6-x=4
= A <4+4=8=A<22 vi A>0
Ma \¥¢ —8x+24 = |(x—4) +8 28 =212

Vay VT <242 <VP
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. VT =242
Bat dang thitc xay ra khi { V2

VP =22

Vay nghiém phuong trinh 1a S = {4}

X—2=6-X , ~
< 4 < x=4 (thdéa man)

b) diéu kién x > _?1 Phuong trinh twong duong voi

(3x+1-x=2)(V3x + 7x+2+4) = (4x-2)(Vax+L+/x+2 )
@(2x—1)(JM+4)=(4x—2)(M+m )
(\/mw) (4x—2)(M+M)=o
(VB 2)
& (2x-1)(

JBXHD)(x+2) +4-23x+1- 2\/x+2) 0

V3x+1- 2)(J_ 2)=0

2x-1=0 X
S| VX+1=2 &
NX+2=2

X+
1
2
1 (tm)
2

X =
X =

Vay nghiém phuong trinh 1a S = {% 1 2}

6.15. Giai phuwong trinh: 4x° +3x+3=4+/%x° +3x* +2+/2x -1
Thi hoc sinh gioi 16p 9, tinh Ha Nam, ndm hoc 2012-2013)
Huwéng dan giai - dap s6

DKXD: x> %

4x% +3Xx+3=4JX> +3x* +24/2x -1
S AX? +3X+3-4x/x+3 —2/2x-1=0
S AXE —AXNX+3+X+34+2X-1-2/2x-1+1=0

o (2x—Jm)2 +(\/2x—1—1)2 -0

- 2X—+/X+3 :0<:> 2X=+/X+3
V2x-=1-1=0 NJ2x-1=1

Vay nghiém phuong trinh 1la S = {1}

< x=1 (thoa man)

6.16. Giai phuwong trinh:
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V3K —Tx+9 —X? =2 =/3x2 —5x —1—~/x2 —3x +13
(Thi Hoc sinh gioi todn 16p 9, Yén Bdi, nam hoc 2007- 2008)
Huéng dan giai — dap s6

Phuong trinh dwa vé dang;:

J3%2 =5X—1-2(x~5) —/x? ~2 =/3x* ~5x~1—/x* ~2-3(x~5)

* Xx=5 la nghiém cta phuong trinh

Website: tailieumontoan.com

* Néu x>5=-2(x-5)>-3(x—-5)= vé&trai cia phwong trinh nh6 hon vé phai = véi x>5.

Phwong trinh da cho khong cé nghiém

* Néu x<5=-2(x-5)<-3(x-5)= v& trdi cia phwong trinh 16n hon vé& phai = véi x<5.

Phwong trinh da cho khong cé nghiém
Vay phuong trinh da cho ¢6 nghiém duy nhatL;a x=5

3

6.17. Giai phuong trinh x3+(x+l)\/x+1+2\/§:(x+ x+1+\/§)

(Thi hoc sinh gidi todn I6p 9, tinh Hai Dwong, niam hoc 2014-2015)
Huwéng dan giai - dap s6

DKXD: x>-1

it y=x+1;z=+2

Khi d6 (1) c6 dang x* +y* +2° = (x+y+2)’(2)

Chting minh duoc (2) < (X+Y)(x+2)(z+x)=0

1-45

*Véi Xx+y=0 X+Xx+1=0=/x+ :—x:x:_TS (thoa man)

e V6i X+2=0 x+/2 =0 x=—/2 (khong théa man)
* Vi y+z:0c>\/x+1+\/§:0, vO nghiém

Vay phuong trinh c6 nghiém x = #

6.18. Giai phuong trinh: xy/3—2x =3x* —6x +4.
(Thi hoc sinh gioi todn lop 9, TP. Ha N¢i, nam hoc 2014-2015)

Huéng dan giai — dap s6
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DKXD: x < %

Ta co: X4/3-2X =3x* —6X +4 < 2X4/3—-2Xx =6X*> 12X +8

& (5x° —10x+5)+(x2 —2x/3-2x +3—2x)=o

Xx-1=0
o 5(x-1Y+(x-+3-2x) =0
( ) ( ) {X—V3—2X:0

< x=1 (thdéa man)
Vay phuong trinh ¢6 nghiém duy nhat x=1

6.19. Giai phuong trinh: (vx+6-x—2) (1+\/x2 +4x—12) -8,

(Tuyén sinh I6p 10, THPT chuyén, tinh Nam Dinh, Niam hoc 2014-2015)
Huwéng dan giai - dap s6

DKXD: x>2

Dit V/x+6=a,/x-2=b(a>0,b>0)=a*~b*=8

Phwong trinh ¢ dang

a=b

~b)(1+ab)=a*-b? -b)(l+ab-a-b)=0
(a—-b)(1+ab)=a < (a-b)(1+ab-a-b) C>L+ab—a—b=0

Truong hop 1. Xét a=b = +/x+6 =+/x—-2 vO nghiém
Truong hop 2. Xét 1+ab—a-b=0<(a-1)(b-1)=0

{a:1 VX+6 =1< x=-5(khong thoa man DK)
N &
b=1"|J/x-2=1x=3(TM)

Vay phuong trinh c¢6 nghiém duy nhat x=3

Lién h¢ tai liéu word toan zalo va SDT: 039.373.2038
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Chuwong II. HAM SO BAC NHAT
Chuyén dé 7. KHAI NIEM HAM SO VA PO THI

A. Kién thitc cdn nhé

1. Dinh nghia

Gia st 6 hai dai lwong bién thién x va y, trong d6 x thudc tap s6 D. Néu véi moi gia tri cta x
thudc tap D c6 mot va chi mot gia tri twong Gng ctia y thudc tap s thuc R thi ta c6 mot ham s0.

Ta goi x la bién s va y la ham s6 cua x. Tap D la tip xac dinh ctia ham s0.

2. Cho cdc ham so

Mot ham s6 ¢6 thé dwoc cho bang céc cach sau:

+ Ham s& cho bang bang;

+ Ham s8 cho bang biéu do;

+ Ham s8 cho bang cong thtc.

3. D6 thi ham sé

Cho ham s6 y = f (x) xac dinh trén tap D. D6 thi ctia ham s& y = f (x) trén tap D la tap hop tat ca
cac diém M (X; f (X)) trén mat phang toa do Oxy véi moi x thude D.

4. Ham s6'dong bién, ham s6'nghich bién

Cho ham s& y = f (x) xdc dinh trén tap D.

Ham s§ y = f (x) dong bién trén tap D néu

VXX, €Dix <X, = f(x)<f(x);

Ham s6 y = f (x) nghich bién trén tap D néu

VXX, € Dix <x, = f(x)> f(X,).

B. Mot s6 vi du

Vi du 1. Cho bang tiéu thu dién nang cua mot ho gia dinh trong 12 thang nhw sau:

Thang 1 2 3 4 5 6 7 8 9 |10 | 11 | 12

Dién nang tiéu thu 1121 90 | 87 | 78 | 99 | 120 | 150 | 90 | 67 | 89 | 87 | 100
(kw.h)

Bang trén thé hién su phu thudc gitta dién nang tiéu thu (ki hiéu la y) va thoi gian x (tinh theo

thang)
Lién hé tai liéu word toan zalo va SDT: 039.373.2038
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Véimdi gia tri xe D={12,3,4,56,7,8,9,10,11,12} cé duy nhat mot gia tri y. Vay ta c6 mot ham s6.
Tap hop D la tap xac dinh cua ham s6 nay.
Cac gia tri y=112,90,87,... duwoc goi la cac gia tri ciia ham sd tuwong tng tai x=1,2,3,....
Nhan xét:
Mot ham s6 ¢6 thé duoc cho boi bang. Tuy nhién khong phai moi bang déu 1a ham s8. Chang han:

Bang ghi lai lirgng cdc loai do so mi cua mgt civa hang

Mau 4o Trang Xanh bo Vang Tim

S8 luong 2 14 3 0 6

Trong bang trén rd rang mdi mau 4o (X)déu duoc dit tuong tng voi mot va chi mot con s6'y. Tuy

nhién dé mau 4o (x) khong phai la s6 nén quy tac cho boi bang trén khong phai la mot ham s6.

Vi du 2. Cho hai s6 thuc x, y sao cho: Mdi gié tri x(-1< x<1) tuong tng véi y thoa man x* +y* =1
. Hoi quy tac dat twong timg x véi y néu trén cé phai la mot ham s6 khong?
Giai
Ta co: Véi x=0=y*=1< y=+1 . Nhu vay voi mot gid tri x=0 duwoc dat twong tng vdi 2 gia tri
y phan biét nén quy tac da cho khong phai la mot ham s6.
Nhan xét:

Mot ham s6 thwong duoc cho bdi cong thire. Tuy nhién qua vi du trén ta thdy khong phai moi
cong thitc déu biéu dién mot ham s6. Mot cong thitc dam bao la mot ham s6 khi mdi gia tri x thudc
tap xac dinh D déu dat twong ting v6i mét va chi mot gia triy.

Vi du 3: Chitng minh rang ham s§ y = f (x)=x°+3x+1 dong bién trén R .
Giai
V6imoi X <X, (%,X, €R) ta co:
f(x)-f(x)= (x23 —x13)+3(x2 %) =(%, —xl)(xf + X X, + X, +3)
2

Do X+ XX, + X,° +3=(x1+x—22j +3%+3>0 vOoi moi X, X, va X, —% >0 nén ta co:

f(%)—f(x)>0 Vx,x eR,X <X,

Lién hé tai liéu word toan zalo va SDT: 039.373.2038
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Ttr d6 ta c6 diéu phai chttng minh.
Nhan xét :
Dé xét tinh dong bién, nghich bién ctia ham s6 trén tap D.

Ngoai cach lam nhu trén, ta ¢ thé lam nhu sau : V6i x,X, € D batky, x, #X, .

+Neéu >0 thi ta ¢ ham s6 dong bién trén D.
X =%
f(x)-f
+Néu F0e)= (%) <0 thi ta c6 ham s6 nghich bién trén D.
=%

Vi du 4: Cho ham s8 y = f (x)=ax+b(a=0) (a b la cac tham s, x 1a s§ thuc). Chitng minh rang :

Ham s6 y = f (x) dong bién khi va chikhi a>0 ; ham s& y = f (x) nghich bién khi va chi khi a<0

Giai

f(xz)_ f (Xl) _ a(xz _Xl)

Véimoi x, X, phan biét thudc R ta co:
X; =X X; =%

=a.

f(xz)_ f (Xl)

X, =%

f(x)=-f(x)

X, =X

Ham s6 da cho dong bién < >0<a>0.

Ham s6 da cho nghich bién < <0< a<0.

Tl d6 ta c6 diéu phai chitng minh.
C. Bai tap van dung
7.1. Tim diéu kién xac dinh ctia cdc ham so:

X+2 X+1

a = b - @@
)Y 2X+1 )Y x?+3x—4

c)y=\/x+3—\/4—2x

Huwéng dan giai - dap s6

a)Hamso y = X+2

xac dinh © 2x+1#0<2x2-1< x;«»&—1
2x+1 2

b) Ham s6 y = xdc dinh < x> +3x-4z0< x#1 va x= -4

x?+3x—4

Lién hé tai liéu word toan zalo va SBT: 039.373.2038
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c) Ham s6 y =+/x+3 —+/4—-2x xac dinh

X+3>0 X>-3
= = & -3<x<L2
4-2x>0 X<2

7.2. Chtmg minh ring ham s& y = 2X—+11 nghich bién khi x > %
X —_
Huéng dan giai — dap s6

X+1
2x-1

Dat y=f(x)=

o \ 1 ria
Véimoi x, <X, va X, X, >=. Xét hiéu:
2

f(xz)—f( )_ ,+1 x+1

S 2x,-1 2% -1
:(X2+1)(2X1_1)_(X1+1)(2X2 _1): 3(% —%,)
(2% -1)(2%-1) (2%, -1)(2%-1)

Do x, <X, va xl,x2>% néntacd x —x,<0 va 2x, -1>0 va 2x,-1>0 .

Tt d6 dan dén f(x,)—f(x)<0 hay f(x,)< f(x).Suy ra ham s da cho nghich bién khi X>%
7.3. Chitng minh rang ham s3 y = 2x* + x—1 dong bién
Huéng dan giai — dap s6
bat y=f(x)=2x"+x-1
Véimoi x <X,. Xét hiéu:
f(x)-f(x)= 2(x§—xf’)+(x2 =% ) =(% —xl)[Z(xf +X2 +x1x2)+1}
:(xz—xl)[xf+x§+(x1+x2)2+1}
Do x, <X, néntacd X,—X >0.
Twr d6 dan dén f(x,)-f(x)>0 hay f(x,)> f(x).
Suy ra ham s6 da cho dong bién.
7.4. Cho ham s6 y =2x* -1 . C4c diém sau c6 thudc d6 thi ham s& khong?
a)A(L1) b)B(0;-1)

c)C(-L3) d)D(2;2)

Lién hé tai liéu word toan zalo va SPT: 039.373.2038
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Huwéng dan giai - dap s6

bat y=f(x)=2x"-1

a) Do 1= f (1) nén suy ra diém A thudc d6 thi ciia ham sg da cho.

b) Do —1= f (0) nén suy ra diém B thudc do thi ciia ham s da cho.

¢) Do 3#1= f(-1) nén suy ra diém C khong thudc d6 thi ciia ham s& da cho.

d) Do 2#7= f(2) nén suy ra diém D khong thudc d6 thi cia ham s& da cho.

Lién hé tai liéu word toan zalo va SPT: 039.373.2038



Chuyén dé 8. HAM SO BAC NHAT VA PO THI
A. Kién thitc cAn nhé

1. Dinh nghia

Ham s8 bac nhat 1a ham s§ dwoc cho bang cong thiic dang y =ax+b , trong d6 a, b 1a nhitng hang

sOvoi a#0 .

Ham s6 bac nhat c6 tap xac dinhla R .

2. Tinh chat

Tinh dong bién, nghich bién:

Vi a>0 , ham s6 dong bién trén R .

Vi a<0 , ham s6 nghich bién trén R .

D6 thi

- D06 thi ctia ham s6 y=ax+b (a=0) la mot duong thang goi la duong thang y =ax+b
s6 goc bang a va c6 dac diém:

- Khong song song va khong trung voi cac truc toa do;
s \ . gem a LS e e
- Cat truc hoanh tai diem A(—B; Oj va cat truc tung tai diém B (0; b) .

Quan hé giita 2 dwong thing

Cho hai duong thang (d):y=ax+b;(d"):y=ax+b’, ta cé:
+ (d) song song voi (d') < a=a" va b=b’;

+(d) trung v6i (d') <> a=a' va b=b’;
+ (d) vudng goéc véi (d') < aa'=-1;
+(d) cit (d') = a=a.

B. Mot s6 vi du

Vidu 1. Cho ham s6 y =(2m+1)x+5 (m la tham s0).

a) Xac dinh cac gia tri cia m d€ ham s6 trén la ham s6 bac nhat.
b) Tim cac gia tri cia m dé ham s6 trén 1a ham s6 dong bién.

Giai

a) Ham s§ y =(2m+1)x+5 1a ham s bac nhat <:>2m+1¢0c>m¢_71 .

. N6 cé hé



b) Ham s8 y =(2m+1)x+5 1a ham s6 dong biéh < 2m+1>0 < m>_71 .
Nhdn xét:
D& nhan dang ham sd bac nhat ching ta can luu y rang: Cong thic ¢6 dang y=ax+b (a=0) .
Chang han, ham s6 y =2x+1—x* c6 hé s6 2 # 0 nhung khong phai 1a ham bac nhat vi né khong c6
dang y=ax+b .
Viduy 2: Cho hai ham s§ y=(3m-1)x+2va y=(m+1)x—7 (v6im la tham s6).
Tim gid tri cia m d€ hai ham s& trén 1a ham bac nhat va d6 thi cia chting 1a hai duwong thang cat
nhau.

Giai

Cé4c ham s6 da cho la ham s6 bac nhat khi va chi khi:

(3m-1)=0 m%
=
(m+1)=0

m=-1

D6 thi ctia hai ham s8 da cho 1a hai duong thang cat nhau khi va chi khi:

(Bm-1)# (m+1) < 2m=2< m=1

Vay céc gia tri cia m thoa man dong thoi cac diéu kién m # %; m=-1va m=11agia tri can tim.
Nhan xét :

+Véi m :%, hai ham s6 da cho trd thanh y=2 va y:%X—T Khi d6 y=2 khong phai la ham s6
bac nhat nhung d6 thi ctia né ciing 1a mot duong thang va né song song véi truc hoanh, con ham

A A A, 4 ’ AN RN \ < < \ \ 7 ’ AN . 2 . \ A
sO bac nhat y= 3 X—7 c6 do thi la duong thang cat truc hoanh. Tt d6 ta c6 do thi cta hai ham s6

y=2 va y:%x—? cit nhau.

+ Twong tw v6i m=-1, hai ham s da cho tré thanh:y=-4x+2 va y=-7. Lap luan tuong tu ta
cling c6 d6 thi ctia hai ham s& nay cat nhau.

+ C4c duong thang y=2 va y=-7 hoc ¢ chuong III.

Vi du 3: Cho hai duong thang y =(1-3m)x+4 (d) va y=(n-3)x+n (d’).

a) Timm van dé (d) trung (d").



b) Tim m van d€ (d) song song (d').

Giai
1-3m=n-3 m=0
a) (d) trung (d') khi va chi khi {n—4 <:>{n_4

n«4

1-3m=n-3 n=4-3m
b) (d) song song (d’) khi va chi khi {n A <:>{
#

Nhan xét :
Dai voi bai toan trén, chiing ta can xac dinh r6 yéu cau cta dé 1a tim diéu kién dé 2 duong trung
nhau hodc song song ch khong yéu cau chung phai la ham béac nhat. Vi vay, néu dat diéu kién
1-3m#0 hodc n—3#0 thiloi giai sé khong dung.
Vidu 4. Chobahamsd: y=x+2 ¢6 do6 thila d,

y=-x-2 ¢6 do thila d,

y=-2x+2 c6 do thila d,
a) Vé do thi cua ba ham s6 da cho trén cing mot hé truc toa do.

b) Cho biét d, cat d, tai A, d,cat d, tai B, d, cat d, tai C. Tinh dién tich tam giac ABC.

Giai

a) Xem hinh 1.

W

i

— o

O Lo

H

Hinh [
b) Tt cau a, ta cé: A(-2;0),B(0;2),C(4;-6).

d, co phuong trinh y=-x-2.



Cho x=0 thi y=-2 do dé d, cat Oy tai M (0;-2).
Goi H la hinh chiéu cta diém C 1én Oy thi H (0;—6). Ta ¢ :

SABC =SABM +SMBC Z%BMOA‘F%BMCH =%42+%44=12

Nhan xét :
V6i phan b) ching ta c6 thé giai theo mot s6 cach khac. Chang han:
Cdch 2: Ta kiém tra thay d, L d ,= AB L AC . Lai co:

AB =+/AO? + BO? = 24/2; AC =+ AK? + KC? =6+/2.
(K 1a hinh chiéu vudng goc cuia C lén truc hoanh). Khi d6 S, = % AB.AC=12.

Cdch 3: Goi E 1a giao cia BC va truc hoanh. Tim duoc E(1;0). Khi dé:

Suac = Sase + Spec :%BO.AE+%CK.AE:1Z.

Vi du 5.

a) Viét phuong trinh duong thang di qua diém A(-4;1) va song song véi duong thang
y=-2X+5.

b) Xac dinh ham s8 y =ax+b biét rang d6 thi cta né di qua diém B(-1-2) va cit truc Oy tai diém
c6 tung d6 bang 3.

Giai

a) Phuong trinh duong thang song song véi duong thang y=-2x+5 c6 dang :

y=-2x+b (b=5) (d).

Vi (d) di qua diém A(-4;1) nén —2.(-4)+b=1< b =-7 (thoa man diéu kién b5).

Vay phuong trinh duong thang can tim 1a y = -2x-7.

b) Vi d6 thi cia ham s6 y =ax+b luén di qua diém B(-1,-2) néntacd: —a+b=-2 (1).

Vi d6 thi ctia ham s6 y =ax+b cit truc Oy tai diém c6 tung do béng -3 néntacod: b=-3 (2).

Te(l)va(2)suyra: a=-Lb=-3=y=-x-3.

Nhan xét :



Ngoai cach giai nhu trén, chiing ta c6 cling thé viét phuong trinh duong thang bang cach di tim 2
yéu t6, d6 la: Mot diém M (x,;y,) thudc duong thang va hé s8 goc k caa né. Khi d6 phwong trinh
ctia duong thang la: y =k (x—X,)+Y,.

Ap dung vao phan a, duong thing di qua diém C (-4;1) va song song véi duong thing
y=-2x+5 nén tir d6 suy ra duong thang can tim c6 hé sd géc k = -2 dong thoi di qua C(-4;1).
Nhu vay ta co: Phuong trinh can tim la: y=-2(x+4)+1< y=-2x-7.

Véi phan ¢, ta ciing ¢6 thé giai bang cach di tim 2 diém trén duong thang. Sau dé lam twong tw
phan a.

Vi du 6. Trong mit phang Oxy cho duong thang (d):y=(k-1)x+n(k #1) va hai diém A(0;2) va
B(—10) (v6ik,n la cac tham s6).

1. Tim cac gia tri cia k van de:

a) Duong thang d di qua hai diém A va B.

b) Puong thang d song song véi duong thang A:y=x+2-k

2. Cho n=2. Tim k d¢ duong thang d cat truc Ox tai diém C sao cho dién tich tam giac OAC gdp

hai Jan dién tich tam giac OAB.

Giai
1.
a) Duong thang (d) di qua diém A(0;2) & n=2. tv
Duong thang(d) di qua diém B(-10).
<0=-k+1+2<= k=3 A0:2)
Vay voi k=3;n=2 thi (d) di qua hai diém A va X B.
b) Puong thidng (d) song song voi duong thing / C B(-1:0)|[O 1 >
(A):y=x+2-k.

] 2

ko121 (k=2 Hinh 2
<

2-k=#n n=0

Vay véi k=2 va n=0 thi duong thang (d) song song véi duong thang (A) .

2. V&i n=2, duong thang (d):y=(k-1)x+2 cit Ox< k-1#0 < k #1 (thoa mén).



Giao diém cua (d) véiOxla C (ik;Oj ,

Céac AOAB va AOAC vuodng tai O nén S, :%OA.OC;SOAB :%OA.OB.

Ta c6 Soue =250, <> OC =20B

: (thoa man).

2
<:>|xc|:2.|x8|c>‘ﬁ‘:2.|—1|<:> ‘-

Vay voi k=0 hoac k=2 thi S,,. =25, -
Nhan xét :
V6i phan 1b, chiing ta thuong hay bo qua buiede kiém tra hang s twe do ctia hai dwong thang khac
nhau. Nhac lai, hai duong thang y=ax+b va y=a'x+b’ song song véi nhau khi va chi khi a=a’
va b=Db".
Vi phan 2, néu qua 1é thudc vao hinh vé hoc sinh ¢ thé thi€u mat mot truong hop.
Vi du 7. Cho duong thang d 1a @6 thi ctia ham s& bac nhat: y=mx—m+1 (m la tham sd)
a) Chting minh rang duong thang d luén di qua mot diém cd dinh khi m thay ddi.
b) Tim gia tri cia m dé khoang cach tir g&c toa dd O dén duwong thing d bang /2.
¢) Tim gia tri ctia m d€ khoang cach tlr géc toa d6 O dén duong thang d 16n nhat.
Gidi
a) Duong thang d ludn di qua di€ém M (x,;Y,) cd dinh khi Ay

d
va chi khi y, =mx,—m+1 véi moi m \
A

< m(%, —1)+(1-Y,)=0dung véi moi m

{xo—lzo {xozl hil
=3 =
1-y,=0 Yo=1 H

Vay duong thang d ludn di qua diém & dinh M (1;1). = = ‘;i
b) Diéu kién d€ y =mx—-m+1 la ham s6 bac nhatla m=0.
Goi A la giao diém cta d va truc Oy:
Vi x=0=y=-m+1=> A(0;-m+1)=> OA=|-m+1|=|m-1] Hinh 3

Goi B la giao diém cua d va truc Ox:



Véi y=0= x=m"1, B(m—_l;oj:oszm.
m m |m|

Do diém O cach duong thang d mot doan bgmg\/i nén duong thang d khong di qua O
< 0#-m+1hay m=1.
Ké OH 1 d. Ap dung hé thitc lugng trong tam giac vudng ta co:

1 1 1 1 m? m’+1 , m*-2m+1
2 = 7t 2 7t 2 2 <OH =——F——
OH OA- OB (m_l) (m_l) m--2m+1 m-+1

Ma theo gia thiét c6 OH =~/2.

m? —2m+1
= 2
m*+1

2o m+2m+1=0< m=-1 (thoa man).

c) Vi OH <OM (OM khong d6i do O va M ¢d dinh).

Ddu "="xayrakhi M=H<d LOM.

Goi y=ax+b la duwong thang di qua hai diém O, Msuy ra 0=b va 1=a+b.

Tit d6 ta c6 a=1b=0. Nhu vay ta duoc y=x la duwong thang di qua hai diém O va M, duong
thang nay c6 hé s6 goc k, =1.

Mad y=mx—m+1 nén hé s8 goc ctia duong thang d 1a k, =m.

Do d vudng goc véi OM suy ra k .k, =-1<1m=-1< m=-1 (thoa man).

Nhan xét :

V6i phan a, chiing ta c6 thé tém tat y tuong giai nhw sau:

Bai todn: Tim diém c6 dinh ctia duong thang cé phuong trinh: y =ax+b (trong d6 a,b 1a cac biéu

thirc phu thudc vao tham s6 m).

Cdch giai:

Budc 1: Goi diém c8 dinh can tim 1a M (X,;Y,) < Y, = ax, +b (1) ding véi moi m.

Budc 2: Bién doi (1) vé phwong trinh an m:

P.m+Q =0 dung v4i moi m (véi P, Q 1a biéu thirc khong phu thudc vao m).

Budc 3: St dung tinh chat:

P=0

Phueong trinh an m 1la: Pm+Q =0 dung véi moi m < {Q 0

Tir d6 tim dwoc (X;y) la toa d6 cua diém ¢ dinh.



V6i phan ¢, ngoai cach giai da trinh bay ta cling c6 thé giai bang cach stt dung bat dang thiec. Cu
thé nhu sau:

2 _ 2(m?+1)—(m?+2m+1 2 m+1)°
OH2:m 22m+1: ( ) 2( ):2—m +22m+1:2—( 5 ) <2voi moi m.
m*+1 m°+1 m°+1 m*+1

Déng thtic xay ra khi m+1 hay m=-1
Vi du 8.Trong hé truc toa do Oxy, cho ham s6 y=3x+m(1) . Cho di€m A c6 hoanh do béng 1
thudc d6 thi ciia ham s& (1). Xac dinh m d& diém A nam trong goc vudng thie IV.
Giadi
Do diém A thudc d6 thi ctia ham s6 (1) va c6 hoanh d9 bang 1 nén véi
x=1=y=3+m= A(Lm+3).

Diém A nam trong géc vudng thit IV ctia hé truc toa do Oxy

1>0 1>0
= = &S m< -3
m+3<0 m< -3

Vay m< -3 thod man yéu cau cua dé bai.
Nhan xét:
Hai truc toa do chia mat phang thanh 4 phan: Goc phan tu thi LILIILIV.

x>0
y>0

Diém A(X;y) ndm trong géc phan tw thi I khi va chi khi {

x<0
y>0

Diém A(x;y) nam trong géc phan tw thit I khi va chi khi {

x<0
y<0

Diém A(X; y) nam trong gdéc phan tu tha I khi va chi khi {

x>0
y<0

Diém A(X;y) ndm trong géc phan tu th IV khi va chi khi {

Vi du 9. Cho ham 6 y =(3m” +1)x+m’ -4

Chting minh khi m thay d6i thi d6 thi cua ham s6 ludn di qua mot diém c¢6 dinh.
Gidi

Goi diem M (x;y) la mot diém cta d6 thi, khi do:

M 8 dinh khi va chi khi y =(3m*+1)x+m’ -4 dtng véi moi m

< (3x+1)m? +x—y-4=0 dung voi moi m



3x+1=0 3
& &
X-y—-4=0 13

Vay M (-%; —% Ia diém c& dinh can fim.

Nhin xét:

Cdch gidi trén diea vao tinh chit:

Phuong trinh ax? +bx +c¢ =0 nghiém ding voi moi x khi va chi khi a=b=c=0.

Vi du 10. Cho ba diém A(0;2),B(-3;-1),C(2;4). Chting minh ba diém A, B, C thang hang.
Gidi

Goi d 1a duwong thang di qua hai diém A va B. Phuong trinh ctia d ¢6 dang 1a y = ax+b (1).

2=Db a=1
Do toa do ctia A, B thoa man (1) nén ta c6 hé: &
-1=-3a+b b=2

=>diy=x+2.

Lai c6:Diém C(2;4) thoa man phuong trinhd :y=x+2= C ed.Tlt d6 suy ra A, B, C thing hang.
III. Bai tap van dung

8.1. Cho 2 duong thang d:y=(m-2)x+3(m=2) va d’:y=-m’x+1(m=0) .

a) Timmdé d||d".

b) Tim m d€ d cit Ox tai A, cit Oy tai B sao cho BAO = 60°.

Huwéng dan giai - dap s6

_2—_m? m=1
a)d|d < m-=2=-m em+m-2=0< .
3#1 m=-2
3 3
b) A(——;OJ;B(O;3):>OA:—;OB:3.
m-2 Im-2|

Do BAO =60° néntanBAO=%=\/§c>|m—2|=\/§c>m=2ix/§.

8.2. Cho duong thang d cé phuong trinh y =(2m+1)x—2 (véi m= —% ), d cat Ox tai A, cat Oy tai

B. Tim m sao cho:

a) Khoang céch tir g&c toa d6 O dén duong thing d bang /2 ;



b) Dién tich tam giac AOB bang % .

Huwéng dan giai - dap s6
a) Ham s§ y = (2m +1)x—2 c6 db thi 1a duong thing d, diéu kién: m» —% .
Do d ct truc Ox tai difm A nén véi:

y=0=x=

2m+1: A(ﬁ;OJ:OA:ﬁ.

Do d cat truc Oy tai diém Bnén véi x=0=>y=-2= B(0;-2)=0B=2.

Goi H 1a chan duong vuong goc ké tir O lén AB suy ra OH la khoang cach tir goc O téi duong
thang d.

Suy ra OH = V2 . Mit khac, do tam gidc OAB vuodng tai O va OH la duong cao ke tir dinh goc
vuong neén ta co:

1 1 1 1 (2m+1)’ 1
=—+ S-=+=
OH? OA* OB* 2 4 4

S2=4m*+4m+2<<m*+m=0<=m=0

hodc m=-1 (thoa man diéu kién). Vay m=0 hodc m=-1.

b) Theo a, ta ¢ A( ;OJ;B(O;—Z):OAzi;OB:Z
2m+1 12m+1]
1 2 2m+1=4 3

:>SOAB=EOA.OB: 1<:>|2m+1|=4<:{

—= m=— hoac m=—E
2m+1 2 2 2

2m+1=-4 i
8.3. Xac dinh phuong trinh duong thang d’ biét rang né song song véi duong thang d cé phuong
trinh y =-x+1 va d’'di qua di€ém M (2;1).

Huéng dan giai — dap s6
Do duong thang d’ song song véi dueong thang d va duong thang d c6 hé s§ goc bang -1 nén ta c6
duong thang d’ cling c6 hé s goc 1a -1.
Tir d6 suy ra dudong thang d’cé phuong trinh dang: y=-x+c . Do diém M (21) thudc duong
thing d’' nén ta cé: 1=-2+¢ < ¢ =3 . Vay duwong thang d’ ¢ phuong trinh 13 y=—-x+3.

8.4. Cho hai duong thang d,:y=2x+4,d,:y= —%X+1, d, cat Ox tai A, cat Oy tai B; d, cat Ox tai C,

cat Oy tai D; d, va d, cat nhau tai M.



a) Chttng minh tam gidc MAC vudng tai M.
b) Tinh dién tich tam gidc MAC.

Huéng dan giai — dap s6

a) Hé s8 gbc cta hai dudng Ian Tuot 13 2; —% .

Ma tich cia chiing 1a 2.(—3 —inéntacdd, Ld,.

y ¢
Ttr d6 ta co tam giac MAC vuong tai M. ;J B
b) Tim dwoc M (—Egj dyf 3
55 .

Goi H 1a hinh chiéu vudng gdc cua M lén truc hoanh.

Tir d6 c6 MH = 2;AC =4 = S, = =MH.AC =22 |

> 2 5 A / Cx
8.5. Cho ba duong thang: 2 J W 2
dl:y:X+2;d2:y:2X+1;d3:y:(m2+l)X+m -1

a) Tim gia tri cia m d€ d, || d,;
b) Tinh cac gia tri cia m d€ ba dreong thiang trén cat nhau tai mot diém.
Huéng dan giai — dap s6

a) Duong thang d, :y = (m2 +1) x+m va duong thang d, : y = 2x+1 song song khi va chi khi

) ) m=1
m<+1=2 m-=1
= S m=-leom=-1
m=1 m=1
m=1

Vay m=-1 thoa man yéu cau cua dé bai.

b) Tim duoc A(1;3) 1a giao diém cua d, va d,.

Khi d6 3 duwong d,,d, va d, dong quy khi va chi khi:

Acd, <3=m’+m+lem’+m-2=0<m=1hodc m=-2.

8.6. Cho ham s6 y =(m+2)x+m-1.

a) Tim diéu kién cua m d€ ham sd nghich bién trén tap so thuc.

b) Tim diéu kién ctia m d€ d9 thi cit truc hoanh tai diém c6 hoanh d6 béang 3.

¢) Tim m dé do thi ctia cicham s6 y=-x+2,y=2x-1va y=(m-2)x+m-1 dong quy.



d) Tim m d€ d6 thi ham s tao véi truc tung va truc hoanh mot tam giac c6 dién tich bé“mg 2.
Huwéng dan giai - dap s6

a) Ham s6 y =(m+2)x+m-1 nghichbién <& m+2<0em<-2 .

b) D6 thi ciia ham s6 y=(m+2)x+m-1 cat truc hoanh tai di€ém c6 hoanh dd bang 3 tiic 1a diém

A(3;0) thudc d6 thi ctia ham s6: y =(m+2)x+m-1

< 0=3(m+2)+m-1<4m+5=0< m:—%

¢) Tim dwoc diém M (L1) 1a giao diém ctia hai duong thang y=-x+2 va y=2x-1.Khi dé:
D6 thi ctia cdcham s6 y =—x+2,y =2x-1,y=(m—-2)x+m-1 dong quy.

< Diém M (L1) thudc do thi cia ham s&: y=(m-2)x+m-1

<l=m-2+m-1lm=2

d) Gia st ham sd y = (m + 2) X+m-1 c6 do thi la duwong théng d, diéu kién: m = -2

Gia st d cit truc Ox tai diém A, khi d6 véi:

y:0:>x:1_m :A(l_m ;0):>OA:m
m+2 m+2 Im+2|

Gia st d cit truc Oy tai diém B
Khi d6 v6i x=0=y=m-1= B(0;m-1)= OB =|m—1]
Ma tam gidc OAB vuodng tai O nén ta co:

1 [1—m|

Sous =5 OAOB =2 |m+2|.|m—14 =4 (m-1)° =4m+2|

(m-1)°=4(m+2) [m*-6m-7=0 . i
= < m=-1 hoac m=7 (thoa man)

(m_l)z :_4(m+2)® m®+2m+9=0(VN)
Vay m=-1 hodac m=7
8.7. Cho ham s6 y =(m+5)x+2m-10 .
a) Chitng minh do6 thi ham so luén di qua moét diém ¢d dinh véi moi m.
b) Tim m d€ khoang cach tir O t6i d6 thi ham s 16n nhat.
Huéng dan giai — dap s6
a) Goi M (Xy; Y, )1a mot diém thude d6 thi cia ham s6 y =(m+5)x+2m-10.

Diém M c¢6 dinh < y, =(m+5)x, +2m-10 dtng v6i moi m.



< m(X, +2)+(5% — Y, —10) =0 dung véi moi m.

X, +2=0 Xp =—2
Q{SXO v, —1O=0<:>{y0 — 20

Nhu vy ta c6 diém ¢ dinh can tim la M (-2;-20).
b) Goi H 1a hinh chiéu vudng goc ctia O 1én duong thang d:

y =(m+5)x+2m-10
Khi &6 d6 dai doan thang OH la khoang cach tir O téi duong thang d. Ta co:
OH <OM (v6i OM khéng d6i do O va M ¢6 dinh).
Ddu "="xayrakhi H=M < d LOM .
Goi y=ax+b la duong thang di qua hai diém O, M suy ra 0=b va —20=-2a+b . Tir d6 ta c6
a=10;b=0 . Nhu vay ta dwoc y=10x la duwong thang di qua hai diém O va M, duong thiang nay
co hé s6 goc k, =10.
Mad: y=(m+5)x+2m-10 nén hé s8 goc cia duong thang d 1a k, =m+5 .
Do d vudng goc voi OM

Suy ra k. .k, =-1<10(m+5)=-1<10m+50=-1<m :—f—; (thda man)

51
Vay m=-—
W 10

8.8. Choham s6 y=(m-2)x+m+3.
a) Tim diéu kién ctia m d€ ham s6 luén nghich bién.
b) Tim m d€& d6 thi ctia ham s& cat truc hoanh tai diém c6 hoanh d6 bang 3.
) Tim m d€ cac d6 thi ctia cdc ham s8 y=-x+2;y=2x-1va y=(m-2)x+m+3 dong quy.
Huwéng dan giai - dap s6
a) Ham s6 y =(m—2)x+m+3 nghich bién khi va chikhi m-2<0< m<2.
b) Db thi ctia ham s8 y=(m-2)x+m+3 cét truc hoanh tai di€ém c6 hoanh d6 bang 3 ttc 1a diém

A(3;0) thudc d6 thi ciia ham s6: y =(m—2)x+m+3

<:>0=3(m—2)+m+3<:>4m—3:0<:>m:%



¢) Toa d6 giao diém ctia hai duong thing y=-x+2;y=2x-11a C (1,1) . Ba duong thing
y=-X+2,y=2x-1va y=(m-2)x+m+3 dong qui khi va chi khi duwong thang y=(m-2)x+m+3
di qua diém C(1;1)
<l=m-2+m+3<m=0
8.9. Choham s6 y=(m-1)x+m+3 .
a) Tim gia tri cia m d€ do6 thi cua ham s6 song song véi d6 thi ham s6 y =-2x+1 .
b) Tim gia tri cia m d€ d6 thi cia ham s6 di qua diém (1,-4) .
¢) Tim diém c6 dinh ma do6 thi ca ham s6 luon di qua véi moi m.
Huwéng dan giai — dap so
a) Ham s6 y =(m—-1)x+m+3 c6 d6 thi song song véi d6 thi ciia ham s&

m-1=-2
y=-2x+1< <Sm=-1
m+3#1

b) Ham s6 y =(m—-1)x+m+3 c6 do thi di qua diém c6 toa do (1,-4)

< -4=m-1+m+3<<m=-3

) Goi M (X,;Y,) 1a mot diém thude do thi cia ham s& y =(m-1)x+m+3
Diém M 6 dinh < y=(m-1)x+m+3 dtng véi moi m.

& m(X, +1)+ (=%, — ¥, +3) =0 dtng véi moi m.

X, +1=0 X, =-1
Q{—xo—yo+3:0®{yo =4
Nhw vay ta cé diém ¢§ dinh can tim la M (-1;4).
8.10. Cho dwong thang d c6 phuong trinh 1a y=mx—m+1 .
Chting to rang khi m thay ddi thi duong thang d ludn di qua mot diém ¢S dinh. Tim diém 8 dinh
ay.
Huéng dan giai — dap s6
Goi M (Xy;¥,) 1a mot diém thudc d6 thi cia ham s6 y = mx—-m+1

biém M ¢6 dinh < y, = mx, —m+1 dang véi moi m.

& m(% —1)+(1-Y,)=0 dung véi moi m.



{xo—lzo {xozl
& &
1-y,=0 Y, =1

Nhu vay ta cé diém c8 dinh can tim 1a M (1;1).



Chuyén dé 9.
UNG DUNG CUA HAM BAC NHAT
PE CHUNG MINH BAT PANG THUC
A. Kién thitc cAn nhé

Cho ham s6 bac nhat f(x)=ax+b, véi x, <x, . Ta co:

DF()20.Y e f(x)=0

X)>0,VX:X <X<X

(%) & v X,)20

Déne thiic xay rakhi - % hodc 1 2

ang thuwre xay ra khi fxl):O oac fxz):O
f(x)<0

Df(x)<0,VX:x <X<X

)T (x) & 2@{f(xz)go

Déng thtic xay ra khi {

Y nghia hinh hoc:

Website: tailieumontoan.com

Mot doan thang nam phia trén truc hoanh khi va chi khi hai diém dau mut ctia né ndm phia trén

truc hoanh.

Mot doan théng nam phia dwdi truc hoanh khi va chi khi hai diém dau mut cua né nam phia dwéi

truc hoanh.

Nhin xét:

Néu hé s6 a=0 thi f(x)=b (ham hang). Khi d6 céc tinh chat trén ciing dting do db thi cua ham

hang cling 1a mot dwong thang. Cac tinh chat khac ctia ham hang chting t6i sé trinh bay & chiwong

III ctia cudn sach nay.

B. Mot s6 vi du

Vi du 1: Cho 0<x,y,z<2 .Chitng minh rang 2(X+Yy+2)—(Xy+Yyz+2x)<4.

Giai
Bat dang thitc da cho twong duong:

2(x+y+z)—-(xy+yz+2x)<4d o x(2-y-2)+2(y+2)-yz—4<0

Coi x la bién s6 va y, z 1a tham s6, dat f(x)=x(2-y—-z)+2(y+z)-yz—4

Lién hé tai liéu word toan zalo va SPT: 039.373.2038
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Xét ham f (X) voi 0<x<2.Taco:

f(0)=2(y+z)-yz—4=(2-y)(z-2)<0

f(2)

Nhu vay, ta cd f(X)SO vOi moi x thdaman 0<x<2.

-yz<0

Déng thtic xay ra khi {
x=0 x=0 X=2 X=2
= hoac hoac hoac
y=2 2=2 0 0
Nhan xét:
Dé giai bai toan chiing minh bat dang thiic stt dung tinh chdt ham bac nhat ching ta chia thanh
cac budc sau:
Budc 1: Tao ra mdt ham s6 dang f (t)=at+b
Buoc 2: Xac dinh t,t, sao cho: t, <t<t, .
Budc 3:
1) Chting minh f(t,)>0 va f(t,)>0. Tt ddsuyra f(t)>0, voimoitthéaman t, <t<t, .
2) Chumg minh f (t)<0 va f(t,)<0.Twdésuyra f(t)<0, véi moit thoa man t, <t<t,.
Vi du 2: Cho 3 s6 thuc khéong am x, y , z thoa man: x+y+z=1
Ching minh rang: Xy + yz + Xz — 2xyz < %
Giai
Bat dang thitc can chiing minh tuong dwong véi
yz(1-2x)+x(1- x)—% <0(*)

Dat t=yz , coi t 1a bién va x la tham s0.

Ta dwoc VT (*) = f (t) =t(1-2x)+x—x* T

27
2 2 2
Theo bat dang thitc C6 — si: t=yz£(yzz) =(1_4X) :>0Sts(1_4x)
2
Ma f(O):x—xz—l:—(x—ij —i<0 (VxeR);
27 2) 108

Lién h¢ tai liéu word toan zalo va SDT: 039.373.2038
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—x) 3 2 1\
f{(1 X) J=_54x a4l (3-1) (6x+) (vx20)
4 108 108
e o (1-x)’
Suyra f(t)<0 v6imoitthéaman 0<t< 2
(1%
ye=-—
2 2
D&u bang xay ra khi { f (1=x) J:—E(X—EJ (X+1j:0
4 2 3 6
y=1
x=l 1
= 3ex=y=1=7
y=12

Nhan xét:

Vi cach lam twong ty ta 6 thé giai dwoc bai tong quat sau:
Cho héng sO m> —% vax,y, zla cac s6 thuc khong am théa man: x+y+z=1

+9

-y A m
Khi do6 ta ludon c6 0 < mxyz + Xy + yz + zx <

Vi du 3: Cho céc s6 dwong a, b, ¢ thda man a+b+c=1

Chting minh ring (b‘la +1j( 4b +1]( 4Cb+1]>25
+C C+a a—+

Giai
Bat dang thitc can chiing minh tuong duong

3a+1 3b+1 3c+1>

. . 25
l-a 1-b 1-c

< 27abc+9(ab+bc+ca)+4>25(ab+bc+ca)—25abc
< 52abc—16(ab+bc+ca)+4>0

< ab(52C—16)—16C(1—C)+4 >0 (*)

Do tinh d6i xting véi cac bién a, b, ¢ nén khong mat tinh tong quat, gia st a<b<c

Do a+b+c=1nén CZ%

Lién hé tai liéu word toan zalo va SDT: 039.373.2038
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2 2
Véi t=ab,0<t=ab< (azb) _ (1‘4C)

bat f (t) :t(520—16)—160(1—c)+4 =VT (*)
Ta lai co:

f (0)=16c* ~16¢ +4 = 4(2c 1) > 0.

(1_C)2 3 2 2
f - —13c® -14c +5c=c(13c —14c+5)

2
=13c (c—l] +£ >0 (VCZEJ
13 168 3

Tt d6 suy ra 52abc—16(ab+bc+ca)+4>0

ab=0

Volyviabd
f(O):4(2C—1)2=0 (VO ly vi ab duong)

Déng thtic xay ra khi {

Nhan xét:

Bai todn trén la hé so’cuia bai todn goc sau ddy:

7 A A A 2 ~ \ N A 2 ~ _9
Cho cac s0 khong am x, y, z thoa man x+ y+z =1 va hang s6 m thoa man -9<m< 7

Chtrng minh r%mg: 0< Xy +yz+zX+mxyz < %

Vi du 5: Cho 0<a,b,c<1.Chting minh rdng: (1-a)(1-b)(1-c)+a+b+c>1
Gidi

Coi a la bién va b, c la cac tham s&

Xéthams6 f(a)=(1-a)(l-b)(1-c)+a+b+c-1 véi 0<a<l
f(0)=(1-b)(1-c)+b+c—1=bc>0

R ) beeso

Suyra f(a)>0,véimoi 0<a<l

Dang thitc say ra khi (a,b)=(0,0) hoac (b,c)=(0,0) hoic (c,a)=(0,0).

Nhin xét:

Ttr bai todn trén ta co bai todn twong tu:
Lién hé¢ tai liéu word toan zalo va SDT: 039.373.2038
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Cho 0<a,b,c,d <1
Chting minh rang (1-a)(1-b)(1-c)(1-d)+a+b+c+d>1
Vi du 6: Cho cac s§ dwong x, y, z théa man x+y+z=1 . Chéing minh ring:
4(x3+y3+z3)+15xy221
Giai
Xét biéu thiic
P=4(x*+y*+2°)+15xyz -1
=4(x+y) —12xy(x+y)+42° +15xyz -1
=4(1—z)3—12xy(1—z)+4z3+15xyz—1
= xy(272-12)+3(42° -4z +1)

Dt t=xy , coi z la bién ta dugc ham s8: P = f (t)=t(272-12)+3(4z° -4z +1)

Lai c6 0<t:xy<(x+y)2 :(1_2)2
. <= y

f(0)=4(2z-1)° >0 véimoiz.
f (1_2)2 3 2 2 2 ‘s .
— =277°-18z2 +32:32(92 —62+1):3z(3z—1) >0 véimoisd duong z.

Tt désuyra P>0

2 L . 1
Dang thttc xdy rakhi x=y =12 =3
Nhan xét:
P=4(x3+y3+23)+15xyz—1

4(x3+y*+7° —3xyz)+27xyz -1

(
4(x+ y+z)(x2+y2 +22—xy—yz—zx)+27xyz—1
(

xz+y2+zz—xy—yz—zx)+27xyz—1

I
N

= 4[(x+ y+ z)2 —3(xy+yz+ zx)}+27xyz -1

=27xyz—12(xy +yz +2x)+3

Dén day, ta thay bai todn trén chi la h¢ qua cuia bai todn sau:
Lién h¢ tai liéu word toan zalo va SDT: 039.373.2038
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M A _9 \ \ 4 A A A 2 ~ . 7 7
Cho hang s6 m> 7 Vaxyz la cac s thuwec khong am thoa man: x+y+z=1 . Khi do ta co

m +
0<mxyz+Xxy+yz+zx <

C. Bai tap van dung
9.1. Cho cac sd duong a, b, c thoaman a+b+c=3
Chting minh rang a® +b? +c? +abc > 4
Huwéng dan giai - dap s6
Bat dang thitc can chitng minh trong dwong a? +b® +c® +abc-4>0 (*)
Do a+b+c=3<a+b=3-c .Ttr do ta co:
VT (*)=a’ +b* +c? +abc—4

=(a+b)2—2ab+cz+abc—4

(3—c)” —2ab+c? +abc -4
=ab(c-2)+2c*-6c+5
Do vai tro cta a, b, ¢ nhu nhau nén khong mat tinh tong quat ta c6 thé gia st c<b<a .Ma
a+b+c=3=c<1
Xét ham soO bac nhat bién t la:

2 2
f(t)=t(c—2)+2c? —6C+5 ,voi t=ab va 0<t=ab£(a2b) :(3‘4‘3)

9) 1 3V 1
Ta cé: f(O):202—6c+5:2(c2—3C+Z)+E:2(c—§j +§>O véi moi c.

>0 voi moi c.

f[(s_cf]: (3-c)’ (6-2)+26 60 +5= ¢ ~3c+2_(c-1)’(c+2)
4 4 4 4

2
Tt d6 ta co: f(t)ZO voimoi 0<t< (3_40)

2
Suyra f(t)>0 véimoi 0<t< (3_40) . Ttec 12 bat déng thiec (*) ding

Lién h¢ tai liéu word toan zalo va SDT: 039.373.2038
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Déng thitc xay ra khi {ab =

(c-1)°(c+2) 0
" =
9.2. Cho cac s0 thiec khong am x, y, z thoa man x+y+z=1
, : 3 9 1
Chttng minh rang xy + yz + zx 2 Xyz < 2
Huwéng dan giai - dap s6
Bat dang thiic can chitng minh tuwong duong xy + yz + 2x —% Xyz oo (*)

Taco:Do x+y+z=1<x+y=1-z .Khidd

9 1
VT (%) = ——Xyz -
(*) = xy + yz+2x 4xyz 2

9 1
=xXy|1l-—z [+Z(X+Y)——
y( 4) )
9 1
=Xy|1l-—z |+z(1-2)-—
y( 4J -2
Do vai tro x, y, z nhu nhau nén khong mat tinh tong quat ta c6 thé gia sw
z£y£z:>z§1:>z<£:>gz—1<0 hayl—gz>0
3 9 4 4

Xét ham s6 bac nhat bién tla:

9 1 (x+y) (1-z)
f(t):t(l__ZJ—(ZZ—U-—j,Véit:Xy vaO<t=xy< y) _
4 4 4 4

2
Taco: f(0)=- zz—z+i =— z—1 <0 véimoizs1
4 2 3

f[(1—2)2]:(1—2)2 (l_%zj_(zz_Z+%j:_923—622+z :_2(32—1)2 <0

4 4 16 16

Tt hai diéu trén ta ¢6 (*) dung
g L . 1
Dang thirc xay rakhi x=y=z= 3
9.3. Cho cac s6 khong am x, y, z thdoaman x+y+z=1

Lién hé tai liéu word toan zalo va SDT: 039.373.2038
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Huwéng dan giai - dap s6

Do vai tro X, y, z nhe nhau, ta gia st X<y<z
,>1

Ma x+y+z=1=4 3
X+y=1-z

Bat dang thitc can chiing minh tuong dwong véi:
3x° +3y° +32° +18xyz—1>0  (*)
Xét biéu thuc:

VT (*) = 3(x3 +vi+ 23)+18xyz -1

3(x+ y)3 —9xy(Xx+y)+3x>+18xyz -1

3(1- z)3 —9xy(1-2z)+3x° +18xyz -1
= xy(27z—9)+(9z2 —9z+2)

Dat t=xy , coi t 1a bién va z la tham s0 ta dwoc ham so:

f(t)=t(272-9)+(92° -9z +2), vdi 0<t=xys(x+4y) :(1_42)2

Taco: (0)=(32+2)(32-1)20 voimoiz>
f[%}:(sz—l)s >0 véimoisd duong z

Tt hai diéu trén ta ¢6 (*) dung

Déng thirc xay ra khi x =y = z :%

Lién hé tai liéu word toan zalo va SDT: 039.373.2038
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Chuong 3 HE HAI PHUONG TRINH BAC NHAT HAI AN

Chuyén dé 10. PHUONG TRINH BAC NHAT HAI AN. HE HAI PHUONG
TRINH BAC NHAT HAI AN

A. Kién thitc cin nhé

1. Phuong trinh bac nhét hai an x va yla hé thie dang ax + by = ¢ (1), trong d6 a, b, ¢
la cac s§ da biét (a#0 hodcb#0 )

o Néu x,; y,thoa man (1)thi cip s6 (x,;y,)duoc goi la mot nghiém cua phuong
trinh (1)

2. Phuong trinh bac nhat hai an ax + by = cludn c6 vo s6 nghiém. Tap nghiém ctia n6
duoc bidu dién béi dudng thang ax + by = ¢, ki hiéu la (d)

3.Néu a=0va b=0 thi duong thing (d) chinh 1a d6 thi ctia ham s&

=25
YT

e Néu a#0 va b=0thi phwong trinh trd thanh x =< , va dudng thing (d) song
a

song hodc trung vdi truc tung

e Néu a=0 va b=0 thi phwong trinh trd thanh y :% , va duong thang (d)song
song hodc trung voi truc hoanh.

+by =
4. Cho hé phuong trinh bac nhat hai an (1) { b
ax—+ y =C

e Néu hai phuong trinh &y c6 nghiém chung (X,;Y,) thi (X,;¥,) dwoc goi la nghiém
ctia hé (1)

Lién hé tai li¢u word toan SPT va zalo: 039.373.2038
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e Néu hai phuong trinh da cho khong cé nghiém chung thi ta néi hé (1) v nghiém.
Giai hé phuong trinh 1a tim tap nghiém ctia n6

5. Tap nghiém ctia hé phuong trinh (1) dwoc bi€u dién boi tap hop cac diém chung

ctia hai duong thang .Vay :(d): ax+by=c va (d'): a'x+b'y=c' .Vay:
e Néu (d) cdt (d’)thi (1) c6 mot nghiém duy nhat.

e Néu (d)//(d") thi hé (1) v nghiém.

e Néu (d)trung véi (d')thi hé (1) vo sd nghiém.

6. Hai hé phuwong trinh duoc goi la twong dwong véi nhau néu chiing c6 cung tap

nghiém.

B. M6t s6 vi du

vl
Vi du 1: Tim cong thitc nghiém tdng quat ctia modi phuong '
trinh sau va biéu didn hinh hoc tap nghiém ctia né. |
!
a) 2x-y=3 __1[__+_+._._
b) 4x+0y=8 /
1E
c) Ox-3y=6 /1
|
Gidi
1 3
a) 2Xx—-y=3 ©y=2x-3< X=Ey+E
1 3
L a A N ~ \ xeR L JX=oY S
Ta c6 tap nghiém ctia phuong trinh da cho la {y oy 3hoac 27 2

Lién hé tai li¢u word toan SPT va zalo: 039.373.2038
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Biéu dién hinh hoc tap nghiém:

s A 4x =8
b) ' | 4x+0y=8 < & Xx=2
v % =2 ye R
|
Ta co6 Jr . tap nghiém cta phuwong trinh da cho la:
X=2 B . ‘
yeR I
Biéu dién hinh hoc tap nghiém
XeR
c) 0x-3y=6 & Sy=-2
-3y=6
. N i . - . |xeR
Ta co tap nghiém ctia phwong trinh da cho la: {y _ 5

Biéu dién hinh hoc tap nghiém

Lién hé tai li¢u word toan SPT va zalo: 039.373.2038
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=l
Tk

Vi du 2: Tim nghiém nguyén cua cac phuong trinh sau:
a) 5x+3y=2
b) 38x+117y =15
c) 21x-18y =4
Gidi

e Tim cach giai. D€ tim nghiém nguyén ctia phuwong trinh ax+by =c, ta thuwong
biéu thi an ma hé s6 cua nd cd gia tri tuyét d6i nhoé theo an kia. Chéng han &
cau a:

- Biéu thi an y theo an x

- Tach riéng gid tri nguyén o biéu thitc chira x

- D4t diéu kién d€ phan s6 trong biéu thiic ctia X bang s& nguyén t, ta duoc
mot phuong trinh bac nhat hai dn x vat

- Ct tiép tuc lam nhu trén cho dén khi cac an déu biéu thi dwdi dang da thirc
v6i hé s6 nguyén

e Trinh bay loi giai

25X

a) 5x+3y=2= y:—:1—2X+XT_1 néu X la s6 nguyeén thi 1-2x la sd nguyeén

Lién hé tai li¢u word toan SPT va zalo: 039.373.2038
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yeZcXT_leZ

bat

XT_lzt (teZ):>x—1:3t:>X:3t+1

Do d6 y=1-2(3t+1)=-5t-1

x=3t+1
Vay nghiém nguyén tong quat ctia phuong trinh da cho la: <y =-5t-1
te’

b) 38x+117y =15

L _15-117y 153y

38 -3y + néu y la s6 nguyén thi —3yla s6 nguyén

15-3y 15-3y

Xel &

eZ .bat

t(teZ)

_ —38t+15 t

—15-3y=38t =y 5-13t+

Taco:teZ &5-13teZ
yeZQ%eZ. Dét%:m(mez):t:3m
Do d6: y=5-13.3m+m=5-38m
Suy ra: x =-3(5-38m)+3m=117m-15
X=117m-15

Vay nghiém nguyén tong quat ctia phuong trinh da cho la: < y=5-38m
meZ

c) 21x-18y =4

Lién hé tai li¢u word toan SPT va zalo: 039.373.2038
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Vi X,y la s6 nguyeén thi vé trai chia hét cho 3, vé phai khong chia hét cho 3.
Vay khong ton tai s6 nguyén (x; y)théa man phuong trinh.
e Nhan xét: Cau c, ta chi can chti y dén tinh chia hét ctia hé so cac an.

Tong qudt. Xét phuong trinh ax+by=c, trong d6 a, b, ¢ la cac s6 nguyén va
UCLN (a;b;c)=1. Nguoi ta da chiing minh duoc néu UCLN(a;b)=1thi phuong

trinh ludn c6 nghiém, néu UCLN (a;b) =d #1thi phwong trinh luén v nghiém.

Vi du 3: Trén duong thang 8x—13y +6=0, hay tim cac diém nguyén (la diém c6 toa

d6 12 s8 nguyén) nam gifta hai deong thang x=-15 va x =40
Gidi

e Tim cach gidi. Ban chét cta bai toan 1a tim nghiém nguyén cta phwong trinh

8x—13y+6 =0va chi lay cac gia tri ciia x sao cho-15<x<40 . Do vay:

- Budc 1. Tim nghiém nguyén tong quat cua phwong trinh

- Budc 2. Xét mién gia tri —15 < x < 40 d€ tim nghiém.

e Trinh bay 10i giai:

Gia st M(xy)véi x;yeZ la diém thudc duong thang 8x—13y+6=0 suy ra x;yla

nghiém nguyeén ctia phwong trinh nay.

Ta c6 8x—13y+6=0 = x=—"C_oy B¥3Y 4\ v 1a & nguyén thi 2yla 6
nguyén XeZ@ﬂeZ
6+3y 8t—6

Dit t(teZ):>6+3y:8t:y:T:3t—2—%
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Taco:teZ 3t-2€Z

yeZQ%eZ.Dét :m(mez):t:Sm

t
3

Do d6 y=33m-2-m=8m-2; x=2(8m-2)-3m=13m-4

x=13m-4
Nghiém nguyén tong quat cua phuwong trinh la: < y=8m-2
meZ
Do -15<x<40 :>—15<13m—4<40:>—%< m<£11—:

Vi meZ nén me{0;1;2;3}. Ttr d6 tim duoc bén diém nguyén la (-4;-2); (9;6);

(22;14);(35;22)

Vi du 4: Chttng minh rang trong hinh chit nhat giéi han béi cac duong thang

X=6;x=42 ;y=2;y=17khong c6 diém nguyén nao thudc duong théng 3x+5y=7
Giai

e Tim cdch gidi. Ban chat cua bai toan la chiing t6 phuwong trinh 3x+5y =7 khong ¢

nghiém nguyén thoa man 6 < x<42va 2<y <17. Do vay:
- Budc 1. Tim nghiém nguyén tong quat cia phwong trinh.

- Budc 2. Xét mién gid tri ~15<x<40va 2<y <17 dé€ tix d6 chiing to khong ton tai x

va y nguyeén.
e Trinh bay 10i giai
Gia st M(xy)véi x;yeZ la diém thudc duong thang 3x+5y=7 suy ra xy la

nghiém nguyeén ctia phwong trinh nay.
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Ta c6 3x+5y=7 :>7_—35y:2—2y+1+Tyné'u y la s6 nguyén thi 2yla s6 nguyén

XeZ@l—;yeZ

Dit “Ty=t(tez):>1+y=3t:>y=3t—1

Do d6 x=2-2(3t-1)+t=-5t+4

Xx=-5t+4
Vay nghiém nguyén tong quat ctia phuong trinh da chola: { y=3t-1
teZ

Néu ton tai diém nguyén thudoc duong thiang 3x+5y=7thoa man dé bai thi

6<x<42va 2<y<17,suyra 6<-5t+4<42va 2<3t-1<17
e ‘ 2
Ttr do ta co: 1<t<—§

biéu nay khong xay ra.

Vay trong hinh ch@ nhat giéi han boi cac duong théng X=6;X=42
;¥ =2;y=17khong c6 diém nguyén nao thudc duong thang 3x+5y =7

Vi du 5: Khong giai hé phuong trinh, chi dwa vao cac hé s6 ctia cac phuwong trinh

trong hé hay cho biét s6 nghiém ctia hé phuwong trinh sau va giai thich tai sao?

— 2 1
y=5-X y=—3%*
a) b)
y=3x-1 y=—2x+3
3
2x—y=1
2 2
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Giai

y=ax+b (1)

thi s06 nghiém cta
y=a'x+b" (2) e

e Tim cach giai. Hé phuong trinh viét dudi dang;: {
hé phuong trinh la s6 giao diém ctia phuong trinh (1) va (2) do vay:
-Neéu a=a' thi hé phuwong trinh c6 nghiém duy nhat.

-Néu a=a’, b=b’thi hé phwong trinh v6 nghiém.

-Néu a=a’ , b=b"thi hé phwong trinh c6 v6 s6 nghiém.

e Trinh bay 1oi giai

a) Hé phurong trinh c6 mot nghiém vi hai duong thang c6 phuong trinh da cho trong
hé 1a hai duong thang c6 hé s8 goc khac nhau (nén ching cat nhau tai mot diém duy

nhat)

b) Hé phuong trinh v6 nghiém vi hai duong thang c6 phuong trinh da cho trong hé

1a hai duong thang khac nhau va cé cting hé s6 géc ( nén ching song song véi nhau)

c) Hé phuong trinh v6 s8 nghiém vi hai dwong thang c6 phuong trinh da cho trong

hé 1a hai dwong thang triing nhau va tring véi duong thang y =2x-1

Vi du 6: Khong giai phwong trinh, chi dwa vao cac hé s6 cua cac phwong trinh trong

hé, hay cho biét s6 nghiém ctia hé phuong trinh sau va giai thich tai sao?

X—2y=-4 b X—2y=4
3x+2y=12 —2X+4y=-8

x-y=1
€)
{—4x +4y=-5
Giai
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Tim cach giai: Can lvu y dén ti sO0 —; o va — deé rut ra két luan vé s6 nghiém cua
a c

hé phuong trinh. Cu th€ la:

- Néu 3 # gth‘l hé phuong trinh ¢6 nghiém duy nhat

o a b c .o . A A
-Néu —= o #— thi hé phuong trinh vo nghiém
a c
xo8_b ¢ S A N
-Néu —= P thi hé phwong trinh c6 v6 s6 nghiém
a C
Trinh bay 1oi giai

a) Ta co: %7& _?2 Hé c6 nghiém duy nhat

b) Ta co: %z%zzi. Hé ¢6 v s6 nghiém

c) Ta co: i=_—1;«r&i. Hé v6 nghiém
-4 4 -5

Vi du 6: Cho duong thang (m—2)x+(m-1)y =1(m la tham s6)

a) Chiing minh rang duong thang luén di qua mot diém c8 dinh véi moi gid tri cta

m.
b) Tim gia tri ciia m dé€ khoang cach tir O d&én duong thang la 16n nhat
Giai
a) Diéu kién can va du dé€ duong thang (m—-2)x+(m-1)y=1(1)di qua diém cd dinh
N (XY, ) 1& (m=2)%, +(m-1)y, =1v6i moi m
< M, —2X, + My, — Y, =1voi moi m
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< (% + Yo )M—(2X, + Y, +1) =0 v6i moi m
+Y,=0 X, =—1
o) BtV 1%
2X,+Y,+1=0 Y, =1
Vay duong thang luén di qua mot diém cd dinh N (-11) véi moi gid tri cia m

A m=2t (m- 1y =1
2 3

-

b) - Xét m=2, phuong trinh duong thang 1a: y=1. Khoang cach tir O téi duong

thang 1a 1.

- Xét m =1, phuong trinh dwong thang 1a: x = -1 . Khoang cach tir O t6i duong thang
1al.

- Xét m ¢ {2;1} . Goi A 14 giao diém cta duong thang (1) véi truc tung

Ta co: x=0:y=L, do do OAZL
m—1 |m—1|

Goi B 1a giao diém cua duong thang (1) véi truc hoanh

Tacd y=0=x=——, dodé OB=——
m-2 Im -2

Goi h 1a khoang c4c tir O dén duong thang (1)

Tacc'):L: ! !

hz W+Wz(m—l)2+(m—2)2=2m2—6m+5
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Vay khoang cach 16n nhat tir O dén dudng thing 1a v2 khi m = % (viv2>1)

C. Bai tap van dung
10.1. Tim céc sO tu nhién n sao cho:
a) n chia hét cho 9 va n+1 chia hét cho 25

b) n chia hét cho 21 va n+1 chia hét cho 165

¢) n chia hét cho 9; n+1chia hét cho 25 va n+2 chia hét cho 4

Huéng dan giai — dap s6

a)n chia hét cho 9, dat n = 9k (ke N)
n+1chia hét cho 25 dit n+1=25m(me N)

25m-1 2m+1

Suy ra: 9k +1=25m =k = 3m-— 5

2m+1

VimeN,keN < e N.

om+1 t-1

Dat 5 =t (teN):>2m+l:9t:>m:4t+T.

ViteN,meNQ%eN.

Dit %:y (yeN) =>t-1=2y=t=2y+1.
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Suy ra: m=4.(2y+1)+y=9y+4=n+1=25(9y+4) =n=225y+99 (yeN) thi n

chia hét cho 9 va n +1chia hét cho 25.
b) n chia hét cho 21, dat n=21k (ke N)
n+1 chia hét cho 165, dat n+1=165m (m IS N)

Suy ra: 21k +1=165m

165m — 21k =1. V€ trai chia hét cho 3, v€ phai khong chia hét cho 3, suy ra khong ton
tai sO tw nhién m, k thoa man 165m — 21k =1. Vay khong ton tai s6 tw nhién n dé n

chia hét cho 21 va n +1chia hét cho 165.

c) Theo cau a, n chia hét cho 9; n+1 chia hét cho 25 thi n =225y +99 (yeN)

Pé n+2 chia hét cho 4= 225y +99+2:4,

Dt 225y+101=4x (xeN) = x:56y+25+yT+1.

ViyeN xeN < y:leN. DatyT”=t(zeN) — y+l=4t=y=4t—1.

Do d6 n=225(4t—1)+99=900t—126 (r € N) thin chia hét cho 9, n+1 chia hét cho 25

va n+ 2 chia hét cho 4.

5n+2

10.2. Tim sO tw nhién n dé& la s tw nhién

Huwéng dan giai - dap s6

17t-2 2t-2

5n+2: _g 22
5

Dit t(teN) =5n+2=17t <n=

2t -2
5

TacdoteN ©3teN,neN < eN
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2t-2

Dat T=m(meN) & 2t—-2=5m <:>t=5m+2

:2m+1+m.
2

Tacé meN < 2m+leN,teN @%eN.Dét%:k(keN) — m =2k

Suyra:t=22k+1+k=5k+1

5n+2

Do d6 n=3.(5k+1)+2k =17k +3 (ke N) thi 12 s6 tw nhién

10.3. Trén duong thang 11x+18y =120, hay tim cac diém nguyén (1a diém c6 toa do
la s6 nguyén) nam gitra hai dwong thang y=-18va y=30
Huéng dan giai — dap s6
Gia st M(x;y)véi x;y € Zla diém thudc duong thing 11x +18y =120
Suy ra x;y la nghiém nguyén cta phwong trinh nay.
Ta nhan thay 18y va 120 chia hét cho 6 nén 11x chia hét cho 6 = x:6
Dit x =6k (k € Z) thay vao (1) va rat gon ta duoc: 11k +3y =20

=y= 20 _311k =7-4k + % néu k la s6 nguyén thi 7 -4k la s6 nguyén.

k-1

-1 e Z Dbat
3

=t (teZ)=>k=3t+1.

Do d6 y=7-4.(3t+1)+t=3-11t; x =6k =6.(3t+1) =18t +6

X=18t+6
Nghiém nguyén tong quat cua phwong trinh la: < y =3-11t
teZ

Do —18<y<30:>18<3—11t<30:>—%<t<£

11
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Vi teZ nén te{-2-101} . Tk d6 tim dwoc bon difm nguyén Ila

(-30;25);(-12;14);(6;3);(24;-8)

10.4. Giai va bién luan phuong trinh nghiém nguyén theo s nguyén m
a) 6x—11y=m+2

b) 3x—(m-2)y=m+1

Huéng dan giai — dap s6

a) BX—11y =M+2= 6x=m+2+11y; x=2y+ " +H2=Y
Dit m+T2_y:t:> y=m+2-6t (reZ)
Do d6 x=2(m+2-6t)+t=2m+4-11t.
X=2m+4-11t
Vay nghiém nguyén tong quat ctia phuong trinh la: {y =m+2 -6t
teZ.

b) 3x—(m—-2)y=m+1
Truong hop 1. Xét m-2=3k =>m=3k+2 (keZ)
Phuong trinh c6 dang: 3x—3ky =3k +3= x+ky =k +1

x=k+1-k
Suy ra nghiém nguyén tong quat cua phuwong trinh la: {y 7 /
eZ.
Truong hop 2. Xét m—2=3k+1=>m=3k+3 (keZ)

Phuong trinh ¢6 dang: 3x—(3k +1)y =3k +4= x =ky +k +1+yT+1.
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Dit y+1

=t (teZ) =>y=3t-1

Do d6 x=k(3t—-1)+k+1+t=(3k+1)t+1
x=(3k+1)t+1

Suy ra nghiém nguyén tong quat ciia phuong trinh la: 1y =3t-1
teZ

Truong hop 3. Xét m—-2=3k+2=>m=3k+4 (keZ)

Phuong trinh ¢6 dang: 3x—(3k +2)y =3k +5= x =(k +1)y+k+2—yT+1.

Dit y+1

=t (teZ) =>y=3t-1

x=(3k+2)t+1
Suy ra nghiém nguyén tong quat cia phuong trinh la: 1y =3t-1
tel.

10.5. Chiing minh rang trong hinh chit nhat gi¢i han béi cac duong thang x =-5;

x=23; y=6; y=60 khong c6 diém nguyén nao thudc duong thang 11x +8y =73
Huwéng dan giai - dap s6

Gia st M(x;y)véi x;y € Z la diém thudc duong thang 11x+8y =73

Suy ra X;y la nghiém nguyén cua phurong trinh nay.

- 3(3—-x
Ta c6 11x+8y =730 y = 131X g 8(3=%)

3-X

bat
8

=t(teZ):>X=3—8t.

Do d6 y=8-(3-8t)+3t=5+11t
Lién hé tai liéu word toan SDT va zalo: 039.373.2038
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X=3-8t
Vay nghiém nguyén tong quat ctia phuong trinh da cho la: < y =5+11t
teZ.

Néu ton tai diém nguyén thudc duong thing 3x+5y =7 thoa man dé bai thi

5<x<23vab<y<60,suyra-5<3-8t<23 va 6<5+11t <60.
N O L1 oy A .
Ttr d6 ta co: —3 <t<lva ' <t<5. Diéu nay khong xay ra.
Vay trong hinh chit nhat giéi han boi duong thang x = -5; x = 23; y =6; y = 60 khong
c6 diém nguyén nao thudc duong thang 11x +8y = 73.
10.6. Xac dinh nghiém ctia hé phuong trinh sau bang phuong phap hinh hoc.

3x-2y=1 3x-2y=-1
a) b)
x=3y=-2 2x+y=4

Huéng dan giai — dap s6

Rat y tir moi phuong trinh da cho d€ ¢6 ham s6 bac nhat cua bién s6 x , sau d6 biéu

dién béng phuong phap hinh hoc r6i xac dinh nghiém ctia hé.

a) X-2y=12y=3x-1< y:g —%.

X=3y=-2&3y=X+2& y:%x+§.

Lién hé tai li¢u word toan SPT va zalo: 039.373.2038
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B ]
X 0 ]
Ly | 1
2
i, _ _
i 0 T | —
) 2 1
L3

X-2y=-12y=3x+1< yzgx—%.

2x+y=4< Yy =-2X+4.
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X 0 I

y l 2
5

X L0 1

y ' 4 i

Nghiém ctia hé phuong trinh 1a: (X;y)=(1;2)
10.7. Cho hai phuong trinh mx -2y =3 va 3x—5y=n+8. Biét rang hai phuong trinh
c6 vO sO nghiém chung. Hay tinh m—n

Huwéng dan giai - dap s6

Tt cdc phuong trinh da cho, suy ra: Y =%X —% (d) vay zgx _nT+8 (d')

Hai phuong trinh trén 6 v6 s6 nghiém chung khi (d)va (d')tring nhau, tic la

m 3 . n+8 3 6 . 1
—=—va =—suyram=—van=—_.
2 5 5 2 5 2
Véym—nzg—_—lzﬂ.

2 10

Lién hé tai li¢u word toan SPT va zalo: 039.373.2038
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h |-

10.8. Tim cdc gia tri cua a d€ hé phuong trinh sau v6 nghiém:
x+ay=1
ax—3ay=2a+3
Huéng dan giai — dap s6

0.y=1 =1
Xét a =0, hé phuong trinh ¢ dang: {X iR {X

=
0.x-3.0.y=2.0+3 yed

Hé phuong trinh vo nghiém.

Xét a # 0, hé phuong trinh vo nghiém khi: a_—a #*
1 a 1 2a+3#a

Sa_2a+3 =3 { khong ton
tai.
Vay véi a =0, hé phuong trinh da cho v nghiém.

10.9. Vi gia tri nao ctia a thi mdi hé phuwong trinh sau c6 nghiém duy nhat? vo

nghiém?

-y=0 -y=0
2) xX—y b) ax—y
ax+3y=5 2x+3y=1
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Huéng dan giai — dap s6
A A vo1q. @ 3
a) Hé c6 nghiém duy nhat khi 1 * =) < a# -3

Heé v6 nghiém khi a = -3.

b) Hé c6 nghiém duy nhat khi & # % < a = ‘%'

s s \ x+2ay=1
10.10. V6i gia tri nao cta a thi hé phwong trinh:
(3a—l)x—ay =1
a) C6 nghiém duy nhat
b) V6 nghiém

c) V6 s6 nghiém

Huéng dan giai — dap s6

X+2.0y=1 x=1
a) Xét a =0 hé c6 dang o vO nghiém.
(3.0-1)x-0y=1 |-x=1
Xét a0, hé c6 nghiém duy nhét khi 3a_1¢;—a<:>3a—1¢_71<:>a¢%.
a
A 1) oa A .
Vay a ¢ {0; E} thi hé c6 nghiém duy nhat.
b) Véi a =0 thi hé vd nghiém.
Xét a0, hé cé nghiém duy nhét khi 3a_1=;—2¢%<:>3a—1:_71<:>a:%.

Vay a¢ {O; %} thi hé vo nghiém.
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c) Khong co gia tri nao cua a dé€ hé vo s6 nghiém.

10.11. Khong giai phuong trinh, chi dwa vao cac hé s6 cta cac phuong trinh trong hé,

hay cho biét vi sao cac hé phuong trinh sau twong duong.

x+y=1 x=2y=2
va
x+y=3 —2y+4y=1

Huéng dan giai — dap s6
Hai hé phuong trinh tuwong duong vi chung déu vo nghiém

10.12. Khong giai phuong trinh, chi dira vao cac hé s6 ctia cac phwong trinh trong hé,

hay cho biét vi sao cac hé phuong trinh sau khong tuong duong.
x+y=2 . x—y=1
a) va
x+y=-1 x+2y=4
2x-y=1 +3y=5
b) Y va 77
y=2x-1 2x—-y=3
Huwéng dan giai - dap s6

a) Hé thit nhat vo nghiém, hé th hai c6 nghiém duy nhat. Vay hai hé phuwong trinh

khong teong duong.

b) Hé tht nhat vo sd nghiém, hé tht hai c6 nghiém duy nhat. Vay hai hé phuwong

trinh khong teong duong.

10.13. Tim céc gia tri cia m va n dé€ hai hé phuwong trinh sau twong duong

X—y=2 | mx+y=4
va
X+y=4 x+(n-1)y=6

Huéng dan giai — dap s6

Lién hé tai li¢u word toan SPT va zalo: 039.373.2038
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Hé th nhat c6 nghiém duy nhat x=3; y =1
Muoén cho hai hé twong duong thi hé thi hai cting phai c6 nghiém x=3; y =1

m3+1=4 {m:]_

Suy ra: {3+(n—1).1:6<:> n=4

10.14. Trén ciing mit phang toa dd Oxy cho hai duong thang (d)va (D) lan lwot c6
phuong trinh y =2x-5va y=(m-2)x-m-1
a) Chting minh rdng duong thing (D)luén di qua mot diém cd dinh thudc duong
thang (d)véi moi gia tri cia m
b) Tim gid tri ctia m d€ géc toa d cach dwong thang (D)mot khoang cach 16n nhat
(Thi Hoc sinh giéi I6p 9, tinh Kontum, ndm hoc 2012 - 2013)

Huwéng dan giai - dap s6

a) Diéu kién can va du dé duong thang y=(M-2)X—m-1 di qua diém c& dinh
N (X;¥e) 1ay, Z(m—Z)XO—m—lvc'ri moi mM< Yy, =mx,—2X,—m-1véi moi m

< (% =1)m—(2%,+ Y, +1)=0 v6i moi m

XO - 1 = 0 XO = 1
p— =
2X, +Y,+1=0 Yo =—3.
Vay duong thang ludn di qua mot diém cd dinh N (4-3) véi moi gid tri ciia m.

X, =1 :
Véi {yo 3 thay vao phuong trinh duong thang (d), ta thdy thoa man
0= 79

—3=2.1-5 nén N thudc duong thang (d)

b) — Xét m =2 phuong trinh duong thang la: y =-3
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Khoang cach tir O téi dwong thang 1a 3.
- Xét M #2 Goi A la giao diém cta dwong thang (D) véi truc tung.
Tacé X=0=>y=-m-1dodé OA=|m+1.

Goi B la giao diém cua duong thing (D) vdi truc hoanh.

Tachy=0mx="*1 4o a6 op= M*H
m-2 Im-2)|

Goi h 1a khoang cach tir O dén duong thang (D).

11 1 (m-2y
Tacdt w=—5+—== 5+ 5
h® OA® OB" (m+1)" (m+1)

m—4m+5 1 (3m-7)° _ 1
= =4 2

(m+1)’ 10 (m+1) 10
Suy ra: h? <10 = h <+/10.

Vay khoang cach 16n nhét tir O dén dwong thing 1a 10 khi m = % (vi 10 >m)

Lién hé tai li¢u word toan SPT va zalo: 039.373.2038
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Chuong 3. HE HAI PHUONG TRINH BAC NHAT HAI AN

Chuyén dé 11 PHUONG PHAP GIAI HE PHUONG TRINH BAC NHAT HAI AN
A. Kién thitc cAn nhé

1. Quy tac thé

Quy tac thé dung dé bién d6i mot hé phuong trinh thanh mot hé phuwong trinh tuong dwong.

Quy tac thé gom hai buée sau:

e Budc 1: Tt mot phuong trinh ctia hé da cho (coi 1a phuong trinh thit nhat), ta biéu dién
mot an theo an kia r6i thé vao phuong trinh th hai d€ duoc mot phuwong trinh méi (chi con

mot an)

e Budc 2: Dung phuong trinh méi dy dé thay thé cho phuwong trinh thit hai trong hé (phuong
trinh thit nhat cting thuong duoc thay thé boi hé thirc biéu dién mot n theo an kia ¢6 duoc &

buwdc 1)
2. Tém tat cach giai hé phuong trinh bang phuong phéap thé

e Dung quy tic dé bién ddi hé phuong trinh da cho d€ dwoc mot hé phuwong trinh méi, trong

d6 ¢ mot phueong trinh mot an.
e Giai phwong trinh mot an vira co, roi suy ra nghiém cua hé da cho.
3. Quy tac cdng dai s6

Quy tac cong dai s& dung dé bién d6i mot hé phuong trinh thanh hé phuong trinh twong

duong. Quy tic cong dai s§ gom 2 budc sau:

e Budc 1: Cong hay trir ting v€ hai phwong trinh cua hé phuwong trinh da cho dé duoc mot

phuwong trinh mai.
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e Budc 2: Dung phuong trinh mdéi dy thay thé cho mot trong hai phuong trinh cta hé (va git

nguyén phwong trinh kia).
4. Tém tat cach giai hé phuwong trinh bang phuwong phap cong dai s6

e Nhan hai v€& ctia mo6i phuong trinh véi mot s6 thich hop (néu céan) sao cho cac hé s6 cua

mot &n nao d6 trong hai phuong trinh ctia hé bang nhau hodc d8i nhau.

e Ap dung quy tic cong dai s6 d&€ duoc hé phurong trinh mdi, trong d6 c6 mdt phrong trinh

ma hé s§ ctia mot trong hai an bang 0 (ttic 1a phuong trinh mot an)
e Giai phwong trinh mot an vira thu dwgc roi suy ra nghiém ctia hé da cho
5. Phuong phap doi bién

B. M6t s6 vi du

1.3
, 1 \ y-2
Vi du 1: Giai hé phuong trinh

——Lzll
X 2-y

(Thi HSG Todn Iop 9, tinh Vinh Long, nam hoc 2012 -2013)

Giai
Tim cach giai. Bai todn néu quy dong mau rdi khit mau ctia mdi phuwong trinh thi sé tao ra
phuong trinh bac hai c¢6 hai an nén khoé giai. Quan sat ky dé bai, chung ta thdy, hai phuong
trinh c6 phan mau giong nhau. Do d6 nén dung phuong phap dit an phu dé dua vé hé
phuong trinh don gian hon.
Trinh bay 1oi giai
Diéu kién x#0;y =2
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-3b=2 -3b=2 =5
Hé phuong trinh cé dang { ¢ {a {a

= =
2a+b=11 6a+3b =33 b=1

1 2+2+2yz+4:3
+y- +

Vi du 2: Giai hé phuong trinh Y ey
x+y 8 1

xX+y-2 x+2y -
(Tuyén sinh lop 10, Dai hoc sw pham TP H6 Chi Minh, 2012 - 2013)

Giai
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Tim cdch gidi. Quan sat dé bai, chiing ta thay can dung phuwong phap doi bién. Tuy nhién cac

tw thirc van con chita an, do d6 ching ta can bién doi tach phan nguyén truede khi doi bién.

Trinh bay loi giai
Diéu kién: x+y=2 va x+2y=0

1 +x+2y+4_
xX+y-2 xX+2y

3

x+y 8 1
xX+y—-2 x+2y

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



1 4 1 4
2+1+ : =3 2+ 7
+ j— f—
- X+y xX+2y - X+y xX+2y
2 8 2 8
1+ - =1 - =
xX+y—-2 x+2y xX+y—-2 x+2y
bat ! ! v

:u; =
x+y-2 x+2y

u=1
+4v =2 +4v =2
Hé phuong trinh c6 dang: e ST 1
2u—8v =0 u—4v=0 y=—
4
L
+y-2 +y-2=1 +y=3 =2
Suy ra: Y = Y o Y & * (TMDK)
I x+2y=4 x+2y=4 y=1
x+2y 4

Vay nghiém ctia hé phwong trinh la (x; y) = (2;1)

Vi du 3: X4c dinh ham s6 f (x)biét f(x)+2.f(lj =x voi x#0
X

Giai
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Tim cdch gidi. Bai toan nay goi la giai phuwong trinh ham. Ta can chuyén vé dang giai hé

phuong trinh. Tir dé bai chung ta coi f(x)va f ( ! jl‘a an thi ta da c6 mot phuong trinh. D&

X

A - A \ ’ . ’ A A?e . \ ?. AN \\J /4 :/ l
xuat hién phuong trinh thit hai, chiing ta nén doi vai tro ctia bién bang cach thay xbang — .

Ttr d6 ta co 10i giai sau.
Trinh bay loi giai
N 1 1 1
Thay xbang —ta dugc f(—j +2f(x)=—
X x x
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Ttr d6 ta c6 hé phuong trinh:

f(X)+2f(§j=x<:> f(x)+2.f(ij:x :>3f(x)=g_x
f[_j”'f( )== 4.f(x)+2f(;J:% x
:>f(x):2;xx2

Vi du 4: Trong mat phéng toa d6 Oxy cho ba diém A(—I;S); B(3;—1); C(—3;5). Chttng minh

rang ba diém A, B, C thang hang.
Gidi
Tim cach giai. Trong mat phang toa do, d€ chitng minh ba diém thang hang ta thuc hién:
- Budc 1. Viét phuong trinh duong thang di qua hai diém.
- Budc 2. Chuing to toa do diém tha ba thoa man phuwong trinh vira tim dwoc.
Trinh bay loi giai
D4t phuong trinh duong thang (d)di qua hai diém phan biét A(-13)va B(3;-1) la

, |—a+b=3 —4a=4 a=-1
y=ax+b.Ta co: &

&
3a+b=-1 3a+b=-1 b=2
Suy ra phuong trinh duong thing (d)1a: y = —x+2

Xét x =-3=y=(-3)+2=5=C(-35)thudc duong thang (d) = A, B, C thing hang

C. Bai tap van dung
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2x—3+\/y+5 ~ 5
11.1. Giai hé phuong trinh: 4\ y+5  \2x-3 (V6i x>5y>-5)

3x+2y=19
(Thi hoc sinh gidi todn 9, tinh Kién Giang, nam hoc 2012 - 2013)
Huéng dan giai — dap s6

Ap dung bat dang thitc Co-si cho vé trai cia phuong trinh thit nhat:

2x -3 +\/ Y¥S 5, d&u bang chi xay ra khi:
y+5 2x -3

2x =3 =\/y+5 & 2x-3=y+5
y+5 2Xx—3

2x-3=y+5 2Xx—y =28 X=5
Hé c6 dang;: { y @{ Y <:>{

3x+2y =19 3X+2y=9 y =2

11.2. Giai hé phuong trinh:
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4 5 5 XY oy
x+y-1 y-2x-3 2 x+1 y-3
a) b)
3. 1 1 2x 3y _
x+y-1 y-2x-3 5 x+1 y-3
3 Y __
+2 +1
C) * Y
X 2 5
+—=—=

Huwéng dan giai — dap s6

a)Diéu kién: x+y =1y —2x #3.
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bat

4u+5v:§ 5 19u:§ uzi
R . , 2 4u+5v=— 2
Hé phuong trinh c6 dang: - = 2 & = 1
u—-v=— 15u—-5v=7 4u+5v =— V=—
10
1 1 10
= — X=——
Xx+y-1 2 X+y-1=2 X+y=3
Suy ra: y = y = y = 3 (TMDK)
1 1 y—-2x-3=10 -2x+y =13 19
y—-2x-3 10 3
10
A «A 2 A \ \ __? X:_Z
Vay nghiém cua hé phuwong trinh la:
y=2 =9

b) Diéu Kién: x = -1,y = 3. Dat L:U;L:v
x+1 y-3

. . ) 5u+v=27 15u+3v =281
Heé phuong trinh c6 dang: oy =4 & &

17u =85 u=5
=
2u-3v=4 S5u+v=27 v=2
X
1 X =5X+5 x—_—5
Suy ra: - 4 (TMDK)
y 2 y=2y-6 _
y=6
y—-3

Vay nghiém caa hé phuong trinh 1a: 4

c) biéu kién: x = -2;y = —1.
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— 2 __ ST F RN N U (R SR S
X+2 y+1 X+2 y+1 X+2 y+1
X 2 5 2 2 5 2 2 8
— = 1= = -2 =
X+2 y+1 3 X+2 y+1 3 X+2 y+1 3
bat ! =u; ! =V.
X+2 y+1
3u+v=0 3u+v=0 21
Hé phuong trinh c6 dang: = =403
- P 8 e —2u+2v=—§ u—vzﬂ
3 3 v=-1
11
"3 X+2=3 x=1
Suyra: { X2 3 PN (TMDK)
1 _ 4 y+l=-1 y=-2
y+1
2
et a . x+1 y+2
11.3. Giai hé phuong trinh
3x 4y
+—2 =2
x+1 y+2
(Thi hoc sinh gioi Todn 9, tinh Déng Nai, nam hoc 2008 - 2009)
Huwéng dan giai — dap s6
Diéu kién: x = -1y # 2.
12 5 |2 4 2,
X+1 y+2 X+1 y+2 X+1 y+2
LA 3o ,4- 8 5 | 3, 8 ;g
X+1 y+2 X+1 y+2 Xx+1 y+2
Dat ! 2 V.

X+1 y+2

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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u-2v=-3 4u—-8v =-12 u=-1
Hé phuong trinh c6 dang: { { {

= &
3u+8v=5 3u+8v=5 v=1

1
T (x+1=-1 [x=-2
Suy ra: X+l = = (TMDK) la nghiém ctia phuong trinh.
1 _ 1 y+2=1 =-1
y+2

11.4. Trong mat phang Oxy cho ba duwong thang:
(dl):Zx—y+3=0

(d,):15x+3y+5=0

(dy):3mx—3y+4m+15=0

a) Tim m d€ 3 duong thang chi c6 mot diém chung

b) Véi gia tri m vira tim dwoc hdy tinh dién tich va chu vi tam gidc tao boi (d,)vodi cac truc

Ox;0Oy.

Huéng dan giai — dap s6

) Toa do giao diém (d,); (d,) 1a nghiém ctia hé phuong trinh 2x-y+3=0
a Oa a0 g1a0 diem ; an 1em Ccua he umwon Trin
o8 ! 2 B¢ - P & 15X +3y +5=0
wo_2
2X—-y=-3 6x—-3y=-9 3
N PN N .
15x+3y=-5 15x+3y=-5

Suy ra giao diém cua (d,); (d,) 1a M (—géj

Ba duong thang (d,); (d,); (d;)cé mot diém chung
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< M e(d,) hay 3m.(—§j—3.%+4m+15=0<:>m:—5

b) Do d6 duodng thang (d,) c6 phuong trinh 1a:

3.(-5)x-3y+4.(-5)+15=0<15x+ 3y +5=0.

(d,) cat truc tung tai diém x=0=y = —% = A(O; —gj

(d,) cat truc hoanh tai diém y=0= x = —% = B(—%;Oj.

Do dai AB la: AB =+/0A* +OB? = g

Suy ra dién tich AAOB la: S = E.OA.OB = EEE _> (dvdt)
2 2 33 18

Chu vi AAOB la: C=0A+0OB+ AB =

+\/%_6+\/2—
3

w| o

1
_I__
3
11.5. Xac dinh ham s6 f(x) biét: f(x)+x.f(—x)=x+1
Huwéng dan giai — dap s6
Thay x bang —x ta dwoc: f(=X)—x.f(X)=-x+1

f(X)+xf(—x)=x+1
Ttr d6 ta c6 hé phuong trinh :
f(—x)-x.f(x)=—x+1

:{f(X)JFX'f(_X):)Hl :>(x2+1).f(x)=x2+1

X2 f (X)+xf (=x)=x*—x

= f(x)=1

Lién hé tai liéu word toan SPT va zalo: 039.373.2038

3 6 (dvdd).

Website: tailieumontoan.com



Website: tailieumontoan.com

(a-1)x—by=2a-b-2
11.6. Cho hé phuong trinh
(c+4)x+cy=12b—4a+44

Tim céc s0 a, b, ¢ d€ hé phuong trinh c6 v6 s6 nghiém, trong d6 c6 nghiém x =1 va y =3
(Thi hoc sinh gioi Todn 9, Tinh Hai Dwong, ndm hoc 2006 - 2007)

Huéng dan giai — dap s6
X =1; ¥y =3 la nghiém ctia hé phuwong trinh nén ta c6 :

(a-1).1-3p=2a-bh-2
(c+4).1+3c=12b-4a+44

a=1-2b a=1-2b
IS
c=3b-a+10 c=5b+9

Thay vao hé phuong trinh ban dau ta duoc:
(1-2b-1)x—by =2(1-2b)-b-2
(Bb+9+4)x+(5b+9)y=12b—4(1-2b)+44

2bx + by =5b
& )

(5b+13)x+(5b+9)y =20b+40

e Truonghopl. Xét b=0thi a=1c=9

R . , 0.x-0.y=0
Hé phuong trinh cé dang : 13x + 9y = 40

Hé phwong trinh ¢ v6 s6 nghiém.

xeR
Tap nghiém cta hé phuwong trinh la : 40-13x
y =
9

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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e Truong hop 2. Xét b # 0 hé phuong trinh (1) tuong duwong véi :

2X+Yy=5
(5b+13)x+(5b+9)y = 20b+40

y=5-2X
1 (5b+13)x +(5b+9)(5-2x) = 20b + 40

y =5-2x
=

(5b+5)x=5b+5
Hé phuong trinh ¢ v6 s6 nghiém khi b= -1
Suyraa=3c=4

Vay hé phuong trinh ¢6 vd s6 nghiém, trong dé c6 nghiém x=1y=3 khi

(asbic) e {(1,0;9);(3:-14)}

11.7 Cho f(x)=x"—ax’+b .Tim a va b d€ f(x) chiahétcho x*-3x+2
Huéng dan giai — dap s6

Dt thuong cua f(x) va X* —3x+2 la g(x)suy ra:

f(X)=(X*-3x+2)g(x) < x*—ax’ +b=(x-1)(x—2)g(x) véi moi x.

e Chon x=1tadwoc:1l-a+b=0=a-b=1
e Chon x=2 tadwoc:16-4a+b=0=4a-b=16

a-b=1 {Sa:15 {a:S

Tir d6 ta c6 hé phurong trinh : = =
4a—-b=16 a-b=1 b=4

11.8. Viét phuong trinh dwong thang (d) biét(d) di qua hai diém:

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



a) A(2:3) va B(1;4)
b) A(3;-6) va B(-2;4)
) A(4-2) va B(-1;3)
Huéng din giai - dap so
a) D4t phrrong trinh duwong thang (d)1a: y=ax+b
Puong thang (d) di qua hai diém A(2;3)va B(L;4)nén ta co:
2a+b=3 a=-1 a=-1
{a+b=4 Q{a+b=4©{b=5 '
Vay phuong trinh duong thang (d)la: y=-x+5

b) D4t phuong trinh duong thang (d)la: y =ax+b

Duong thang (d) di qua hai di€m A(3;-6) va B(-2;4) nénta co:

3a+b=-6 5a =-10 a=-2
= = .
-2a+b=4 -2a+b=4 b=0
Vay phuong trinh duong thang (d)la: y=-2x

c) D4t phuong trinh duong thing (d)la: y =ax+b

DPuong thang (d) di qua hai diém A(4;-2)vaB(-13) néntacd:

4da+b=-2 5a=-5 a=-1
= = :
-a+b=3 —a+b=3 b=2
Vay phuong trinh duong thang (d)1a: y = —x + 2

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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11.9. Trong mat phéng toa do Oxy. Chttng minh réng ba diém A, B, C théng hang trong

treong hop sau:
b) A(1;1);B(0;—1);C(2;3)
) A(2:0):B(4:-1);C(-2:2)
Huéng dan giai — dap so
a) D4t phuong trinh duong thing (d) di qua hai diém phéan biét A(L1) vaB(0;-1) la:

la+b=1 a=2
y=ax+b Tacod =

0a+b=-1 " |b=-1

Suy ra phuong trinh duong thang (d)la: y =2x-1.

Xét x=2=>y=22-1=3=C(2;3) thudc duwong thang (d)
= A,B,C thang hang.

b) D4t phuong trinh dwong thang (d) di qua hai diém phan biét A(2;0) vaB(4;-1) la:

2a+b=0 2a=-1 a:—l
= = 2
da+b=-1 2a+b=0

y=ax+Db Tacc'){

Suy ra phuong trinh duong thang (d) la: y = —% X +1.

Xét x=-2=y=1+1=2= C(-2;2) thudc duong thang (d)

= A,B,C thang hang.

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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Chuong 3. HE HAI PHUONG TRINH BAC NHAT HAI AN

Chuyén dé 12 GIAI TOAN BANG CACH LAP HE PHUONG TRINH
A. Kién thirc cin nhé

Céc budc giai todn bang cach 1ap hé phuong trinh:

Budc 1: Lap hé phuwong trinh:

- Chon cac an so va dat diéu kién thich hop cho cac an so.

- Biéu dién cac dai luong chua biét theo cac dn sd va cac dai lwgng da biét.
- Tt d6 lap hé phuong trinh bi€u thi sw trong quan gitra cac dai lugng
Budc 2. Giai hé phuong trinh

Budc 3. Kiém tra xem trong cac nghiém cua hé phuong trinh, nghiém nao thoéa man diéu

kién ctia an, nghiém nao khong thoa man, roi tra 1oi.
B. M6t s6 vi du

Vi du 1: M6t ca nd chay trén song trong 7 gio, xudi dong 108 km va nguoc dong 63 km.
Mot Tan khac, ca nd d6 cling chay trong 7 gio, xudi dong 81 km va nguoc dong 84 km.
Tinh van tdc riéng ctia ca nd va van tdc dong nudc. (bi€t van toc riéng ctia ca nd va van toc

dong nudc khong doi)

Gidi
Tim cdch gidi. Bai todn nay 1a bai toan chuyén dong trong dong chay. Ban can nhé rang:
e Van t6c xuo6i dong = van toc riéng + van téc dong nude

e Van t6c nguoc dong = van tdc riéng — van téc dong nuwdc

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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Sau do6 viét thoi gian xudi dong, thoi gian nguoc dong theo quang duong xudi va nguoc

tte d6 thiét 1ap dwoc hé phuong trinh.

Trinh bay loi giai

Goi van téc riéng ctia cand la x(km / h, x > 0)

Van toc ctia dong nudcla y(km/h, 0<y < x)

Suy ra van toc xudi dong ctia cand 1a x + y(km / h)
Van t6c ngugc dong ctiacand la x—y(km/ h)

Theo dé bai, ca n6 chay trén song trong 7 gio, xuo6i dong 108 km va nguoc dong 63 km, ta

108 63
+

X+y Xx-—Yy

c6 phuong trinh: =7 (1)

Theo dé bai, ca no chay trén song ciing trong 7 gio, xudi dong 81 km va nguoc dong 64km,

ta c6 hé phuwong trinh: + 84 _ 7 (2)
X+y x-y
108 N 63 _ 5
X+y X-—
T (1) va (2) ta c6 hé phwong trinh: 4 7 XY
81 84
+ =7
X+y X-Yy
108a+63b =7
Dat L _ aj; L _ b . Hé phuong trinh c6 dang: ¢
xX+y xX—=y 8la+84b =17
g 1
Y +y=27 =24
Giai ra ta dwoc 27 suy ra Ty et (thoa man)
b 1 x—y=21 y=3
21

Vay van toc riéng ctia cand la 24km / h

Va van toc cua dong nuwdc la 3km / h

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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Vi du 2: M6t manh vuon hinh ch nhat ¢6 chu vi34m, néu tang chiéu dai thém 3m, tang

chiéu rong thém 2m thi dién thich tdng thém 45m”. Tinh chiéu dai va chiéu réng ctia manh
vuron.
Giai

Goi chiéu dai manh vuon hinh ch nhat 1a x(m,x>0) va chiéu rong manh vuon hinh cht

nhatla y(m,y >0)
Theo dé bai, chu vi manh vueon hinh chit nhat la 34m, ta c6 phwong trinh:
2(x+y)=34 (1)

Theo dé bai, néu tang chiéu dai thém 3m, tang chiéu rong thém 2m thi dién tich tang thém

45m*, ta c6 phuong trinh: (x+3)(y+2)=xy+45  (2)

Tt (1) va (2)ta c6 hé phuong trinh:

{( 2(x+y)=34 @{Hy:n

x+3)(y+2)=xy+45 2x+3y=39

2
Giai ra ta dwoc: { (thoa man)

Vay chiéu dai manh vuon hinh chit nhat la 12m, chiéu rong manh vuon hinh ch nhat la

5m

Vi du 3: Hai nguoi lam chung moét cong viéc trong 12 ngay thi xong. Nhung khi lam
chung dugc 8 ngay thi ngwoi thit nhat di lam viéc khac, nguoi th hai lam ti€p cong viéc
do trong 10 ngay nita thi xong. Hoi néu moi nguoi lam mot minh xong cong viée do hét

bao nhiéu thoi gian?

Giai
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Tim cdch gidi. Bai toan nay la bai toan vé cong viéc dong thoi. D€ giai loai toan nay, ching

ta coi toan bd cong viéc la 1 don vi.

. 1 A . x
Suy ra: nang sudt = ——— .Lap phuong trinh theo mau:
thoi gian
Tong cdc niang sudt riéng = nang suét chung
Trinh bay loi giai:

Goi nguoi th nhat lam mot minh xong cdng viéc thoi gian la x(ngdy,x > 12)

Goi nguroi thir hai lam mgt minh xong cong viéc thoi gian la y(ngdy, y > 12)

\ NIRRT IR L .
1 ngay nguoi thir nhat lam dugc — cong viéc
x

1 ngay ngudi tht hai lam dwoe — cong viee
y

Theo dé bai, hai nguoi lam chung 12 ngay thi xong, ta c6 phuwong trinh:

Theo dé bai, ho lam chung dwoc 8 ngay, nguoi thi nhat nghi, nguoi thit hai lam cong viéc

do trong 10 ngay ntra thi xong, ta c6 phuong trinh: 8[1 + lj + 10_ le 8 +§ =1(2)
XY y Xy
I 1 1
—_—t—_—=—
\ \ A . y 12

Tt (1) va (2)ta c6 hé phuong trinh: e 18
—+—=1
XY

Giai ra ta dwoc: {x B 0 (thoa man)

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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Vay thoi gian nguoi thit nhat lam mot minh xong cong viéc hét 20 ngay; thoi gian nguwoi

thit hai lam mot minh xong cong viéc hét 30 ngay
Vi du 4: Trong mdt 16p hoc chi ¢6 hai loai hoc sinh kha va gioi. Néu c¢6 1 hoc sinh gioi
chuyén di thi % s0 hoc sinh con lai 1a hoc sinh gidi. Néu ¢ 1 hoc sinh kha chuyén di thi %
s0 hoc sinh con lai 1a hoc sinh gioi. Tinh s6 hoc sinh cta 16p.

Giai
Goi s6 hoc sinh gidila x vas6hocsinh khala y (x;y € N;x.y hoc sinh)

Chuyén 1 hoc sinh gidi di thi s6 hoc sinh gidila x —1hoc sinh

A \ e A 7 . “ 2. A? . \ 1 A . \ . \ . « 2.
Theo dau bai, néu co 1 hoc sinh gioi chuyén di thi P sO hoc sinh con lai la hoc sinh gioi, ta

c6 phrong trinh: x-1 " :% (1)
X+y-—

Chuyén 1 hoc sinh kha di thi s6 hoc sinh kha 1a y -1 hoc sinh
Theo dau bai, néu c6 1 hoc sinh kha chuyén di thi % s0 hoc sinh con lai 1a hoc sinh gioi, ta

c6 phrong trinh: al = ! (2)

x+y—-1 5
x—-1 1
-1 6 [5x-y=5
Tt (1) va (2)ta c6 hé phuong trinh: Y Y
x 1 4x—-y=-1
x+y—-1 5

=6
Giai ra ta duwoc: {x 55 (thdéa man diéu kién)
y =

Vay s6 hoc sinh cua 16p la 6 +25 =31 hoc sinh

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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Vi du 5: Hai thi xa A va B cach nhau 90km. Mot chiéc 6 t6 khoi hanh ttr A va mot chiéc mo

to khoi hanh tir B cing mot ltic va nguoc chiéu nhau. Sau khi gap nhau xe 6 t6 chay thém
30 phtt nita thi d&én B, con xe m6 t6 chay thém 2 gio nita thi dén A. Tim van t6c ctia mdi xe

( Gia stt rang hai xe chuyén dong déu)
(Thi hoc sinh gi6i I6p 9, tinh Vinh Long niam 2012 - 2013)
Giai
Goi dia diém gdp nhau la C
Goi van téc 6 to 1a x(km / h,x >0)
van t6c mo to 1a y(km / h,y > 0)
Quang duong 6 to di tir C dén B la: %x(km)
Quéng duong md t6 di tir C dén A la: 2y (km)
Theo dé bai, ta c6 phuwong trinh: %x +2y=90 (1)

Theo dé bai, thoi gian 6 to di tit A dén C bang thoi gian mo t6 di tir B d&&n C nén ta c6

2 o
phuong trinh: o2 o 4y’ = x* (2)
X y

Tt (1) va (2)ta c6 hé phuong trinh: < 2

lx+2y=90 {x+4y=180
<~
x’ =4y’

Y=2y (vi x>0, y>0)

60
Giai ra ta dwoc: * (thoa man)
y =30

Vay van toc 6 to la 60km / h , van toc mo t6 1a 30km / h

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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Vi du 6: C6 muoi sau nguoi di du trai nghi mat @ mot khu rieng ngoai 6 thanh phd. Ho

chia nhau mang theo 19kg vat dung va luong thuc... Mdi nguoi dan 6ng mang theo 3kg,
moi nhdm hai ngudi dan ba mang theo 1kg, mdi nhdm ba dita tré mang theo 1kg. Tinh s

dan 6ng, dan ba va tré em di du trai.
Giai

Tim cdch gidi. Bai toan yéu cau tim s6 dan 6ng, dan ba va tré em nén ta c6 thé chon ba an.
Tt dé bai ta thiét 1ap duwoc hai phuong trinh: Phwong trinh th nhat 1a phuwong trinh can
bang s6 nguoi, phrong trinh thit hai can bang khéi lweong. Vi diéu kién an s 12 s8 tu
nhién, nén ta co thé gidi han mién gia tri cta mdi an dé tim nghiém (thuc chat 1a giai hé

phueong trinh nghiém tw nhién).

Trinh bay loi giai

Goi s6 dan 6ng, dan ba va tré em lan luot la x,y,z(ngudi, x,v,zeN; x,y,z<16)

Theo dé bai, c6 tat ca 16 nguoi di du trai he, ta c6 phuong trinh: x+y+z=16

Theo dé bai, mbi nguoi dan dng mang theo 3kg, modi nhém hai ngudi dan ba mang theo

1kg, mdi nhdm ba dtra tré mang theo 1kg, ta c6 phuong trinh: 3x + % +§ =19 (2)

Tt (1) va (2)ta c6 hé phuong trinh:

x+y+z=16 x+y+z=16 x+y+z=16
y z = =
3x+5+§:19 18x+3y+2z=144 16x+y=82

Taco 16x+y=82 ma y>0 nén 16x <82 = x < 5,125

Mat khac y <16 nén 16x >66 = x >4,125 do d6 x=5

Tt d6 ta tinh dwoc y =2, z=9 (thdéa man)

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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Vay s6 dan 6ng, dan ba va tré em lan luot 1a 5 nguoi, 2 ngwoi, va 9 nguoi.

C. Bai tap van dung

12.1. Mot 0 t6 di trén quang duong AB v6i van toc50 km / h, roi di ti€p trén quang duong
BC véi van toc 45km / h . Biét quang duong tong cong la 165 km va thoi gian di trén quang
duong AB it hon thoi gian di trén quang duong BC 1a 30 phat.Tinh thoi gian 6 t6 di trén

quang duwong AB va BC
Hudng dan gidi — ddp s6
Goi thoi gian 6 to di trén quang duong AB va BC lan luot 1a x,y(h,x >0,y >0)

Suy ra quang duong AB 1a 50x km va quang duong BC la 45y km, nén ta c6 phuong

trinh: 50x +45y =165 (1)

Theo dé bai, thoi gian di trén quang duong AB it hon thoi gian di trén quang duong BC la

30 phut (:%hj ta c6 phuong trinh: y—x = % (2)

50x + 45y =165

Tt (1), (2) ta co hé phuwong trinh: 1
—-X==
y 2
3
Gidirataduwoc: { 2 (thoa man).
y=2

Vay thoi gian 6 to di trén quang duwong AB va BC lan luot la % gio va 2 gio.

12.2. Mot thira rudng hinh ch@ nhat. Néu tang chiéu dai thém 2m, chiéu rong thém 3m thi
dién tich tdng thém 100m?. Néu giam ca chiéu dai va chiéu rong di 2m thi dién tich giam
di 68m?. Tinh dién tich thtra ruong do

Huéng ddn gidi — ddp s6
Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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Goi chiéu dai thtra rudng la x(m,x > 0) va chiéu rong cua thira rudong la y(m, y > O)

Theo dé bai, néu tang chiéu dai thém 2m, chiéu rong thém 3m thi dién tich tang thém

100m* ta c6 phuwong trinh : (x+2).(y+3)=xy+100 (1)

Theo dé bai, néu giam ca chiéu dai va chiéu rong di 2m thi dién tich giam di 68m?, ta c6
phuong trinh: (x—-2)(y—-2)=xy—68 (2)

Tt (1) va (2) ta c6 hé phuong trinh :

(x+2).(y+3)=xy+100©{3x+2y=94
(x—2)(y—2)=xy—68 X+y=36

X =
Giai ra ta duwoc: { 12 (thoa man).

Vay chiéu rong cta thita rong la 14m, chiéu dai cta thtta ruéng la 22m, do d6 dién tich ctaa

thtra rudng la 14.22 = 308m*.

12.3. Néu hai voi cung chay vao mot bé khong c¢d nudce thi sau 90 phut day bé. Néu mo voi

thit nhat chay trong 15 phut r6i khoa lai va mé voi tht hai chay tiép trong 20 phut thi

T T . A AR 1R
dwoc c bé. Hoi néu moi voi chay riéng thi bao lau day bé ?

Huéng ddn gidi — ddp s6’
Goi thoi gian voi thi nhat chay mot minh day béla x (phuat, x>0)

thoi gian voi th hai chay mot minh day bé'la y (phat, y>0)

suy ra 1 phtit, voi thit nhét chay dwocla = bé
X
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1 phiit vdi thit hai chay duwoc a — b&
y

Theo @& bai, hai voi cting chéy vao bé thi 90 phitt @y bé, ta c6 phuong trinh — + % = 9—10
Xy
(1)

Theo dé bai, néu m¢é voi thi nhat chay 15 phut r6i khda lai va mo voi thit hai chay ti€p

trong 20 phut thi dugc % bé, ta ¢4 phuong trinh : E+§:% (2)
Xy

1 1 1
Xy 90

\ \ A . Xy

T (1 2)t hé ph trinh :

u (1) va (2) ta co hé phuwong tri 5 20 1
- — ==
X 'y 5

X=225 | .

Giai ra, ta duoc: (thdéa man).

y =150

Vay thoi gian voi thit nhat chay mot minh day bé la 255 phut.
Thoi gian voi tht hai chay mot minh day bé'la 150 phut.

12.4. Hai t6 chttc du dinh lam 700 san pham. Thuc t€, t6 mot veegt miic 20% va to hai vuot
muic 15% nén trong thoi gian quy dinh ca hai t6 da vuot muc 120 san pham. Tinh sd san

pham mdi t6 dy kién lam.
Huéng dan giai — dap s6
Goi s6 san pham t6 mét du kién lam 1a x (san phdm, xe N)
SO san pham t6 hai du kién lam 1a y (san pham, yeN)
Theo dau bai, hai t6 dy dinh lam 700 san pham, ta c6 phwong trinh :
Xx+y=700 (1)
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Theo dé bai, thuc t€, td mot vt mirc 20% va td hai vieot mitc 15% nén trong thoi gian

quy dinh ca hai t6 da veegt mttc 120 san phdm, ta c6 phuong trinh :

0% 1Y 120 (2)

100 100
X+y =700

Twr (1) va (2) ta c6 hé phuong trinh : § 20x 15y 120
—_—t — =
100 100

0
Giai ra ta duwoc: (thoa man).
y =400

Vay s6 san pham t6 mot dy kién lam 1a 300 san pham, san pham td hai du kién lam la 400

san pham.

12.5. D€ lam xong mot cong viéc. Néu cong nhan A va B cung lam thi mat 6 gio. Néu cong
nhan B va C cung lam thi mat 4 gio 30 phat. Néu cong nhan C va A cung lam thi mat 3 gio

36 phut. Hoi néu ca ba cong nhan cung lam thi bao lau xong cong viéc ?
Huéng dan gidi — ddp s6’
Goi thoi gian cong nhan A lam mdt minh xong cong viéc hét x (gio, x>0)
thoi gian cong nhan B lam mot minh xong cong viéc hét y (gio, y>0)
thoi gian cong nhan C lam mot minh xong cong viéc hét z (giv, z >0)
Theo dau bai, néu cong nhan A va B cung lam thi mat 6 gio, ta c6 phuwong trinh :

1+1=£ (1)
X y 6

Theo dau bai, néu cong nhan B va C cung lam thi mat 4 gio 30 phuat [= %hj ,ta c6 phurong

trinh : l+1=E (2)
z y 9
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Theo dau bai, néu cong nhan C va A cung lam thi mat 3 gio 36 phut (: % hj , ta co

1 1 5
hwong trinh: —+==— (3
p g 7718 3)

1 1 1
—_—t — ==
X y 6
\ \ LA \ 1 1 2
Tt (1), (2) va (3) ta c6 hé phuong trinh : —+—=§
zy
1 1 5
—_—t—=—
x z 18
Cong vé€ vdi vé ta duoc: 2 i+£+1 =g<:>i 1+1:1 4)
Xy z) 3 x 'y z 3

Tt (1) va (4), ta cod : l+—=—<:>z=6
6 z 3

Tfr(Z)Vé(4),tacc'):g+£:1<:>X:9
9 x 3
T1‘Jf(3)vé1(4),tacc’):i+1=l<:>y=18
18 y 3
X=9
Suy ra: < x =18 (thoa man)
2=6

Vay thoi gian cong nhan A lam mot minh xong cong viéc hét 9 gio, thoi gian cong nhan B
lam mot minh xong cong viéc hét 18 gio, thoi gian cong nhan C lam mot minh xong cong
viéc hét 6 gio

12.6. C6 480 hoc sinh duw trai he tai 3 diém, 10% so hoc sinh cua dia diém (I ), 8,5% hoc
sinh cua dia di€ém (1) va 15% s6 hoc sinh cua dia diém (/I1') di thim mot vién bao tang.
Vién bao tang cach dia di€ém (7) 60 km, cac dia diém (/) 40 km va cach dia diém (/1) 30

km. D€ tra vira du tién xe (gia 100 dong cho mdi ngudi di 1 km) s8 nguoi di tham vién bao
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tang da gép dong déu mdi nguoi 4000 dong. Hoi cé bao nhiéu nguoi ¢ mbi dia diém da di
thdm vién bao tang.
(Thi hoc sinh gioi Todn I6p 9, TP. H6 Chi Minh nam 1993 - 1994, vong 1)
Huéng dan gidi — ddp s6’
Goi x,y,z (nguoi) lan luot 1a s6 nguoi ca cac dia diém (1), (1), (1) di tham vién bao
tang (X,y,zeN)

Tong s tién xe 1a : 100.(60x +40y +302) =4000( X+ Yy +2) nénsuy ra z = 2X

Tong s6 hoc sinh duw trai la : 10x +% y +2—3Oz =480 =10x <480

48 + X

= x<48 va y=40-2x+ . Viy la sd ty nhién

Do d6 48+ x:60 ma 48+ X <96 (vix<48) = 48+ X =60 < x =12

48+12

2=2x=24 va y=40-212+ =17 (thda man)

S6 nguoi cua cac dia diém (1), (1), (1) di tham vién bao tang la 12 hoc sinh, 17 hoc
sinh, 24 hoc sinh.

12.7. Trong mot cudc dua xe mod t6, ba tay dua da khoi hanh cing mot Itic. Moi gio nguoi
thit hai chay chdm hon nguoi thit nhat 15 km va nhanh hon nguoi th ba 3km nén nguoi
tht hai dén dich cham hon nguwoi thit nhat la 12 phat va sém hon nguoi thie 3 1a 3 phat.
Tim van tdc ctia ba tay dua mo to trén

Huéng ddn gidi — ddp s6’
Goi van t6c nguoi thit haila x(km / h,x > 3)

va chiéu dai quang duong dila y(km,y >0)
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Suy ra van tdc tay dua mo to tht nhat1a x+15 (km / )

Van tdc tay dua xe mo to thirba la: x—3 (km/ h)

y oy _1 X
R 1A . 75y =x" +15
Theo dé bai ta c6 hé phuwong trinh: {* X455 )=t g
x _y_ 1 |60y=x*-3x
x=3 x 20
_6 6
15y =18x Y5 y=_x x=75 .
AP . = 5 2= _9OV1X>3
yEL Ty 6O.gx:x2—3x 72x = x2 —3x &

Vay van toc mo to th nhat la 75km / h, van toc mo to thi haila 75+15=90km [ h, van toc

mo to thiebala 75-3=T72km/ h
12.8. Ba chiéc binh c6 thé tich tong cong la 120 lit. Néu d6 day nwdc vao binh thit nhat roi
rét vao hai binh kia thi hodc binh tht ba day nudc, con binh thit hai chi duoc %th@ tich
cua no, hodc binh thit hai day nuwdc con binh thit ba chi dwoc %thé’ tich cua no. Hay xdc
dinh thé tich ctia mdi binh.

Huéng ddn gidi — ddp s6’

Goi thé tich binh tht nhat 1a x(lit, x>0), thé tich binh thit hai 1a y(/it,y>0) , thé tich binh

tht ba la Z(ll’t,z>0)

Theo dé bai, ba chiéc binh c6 thé tich tong cong la 120 lit, ta cd phuong trinh:

x+y+z=120 (1)
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Theo dé bai, néu d6 day nwdc vao binh tht nhat roi rét vao hai binh kia thi hoac binh tha

DA 4 \ N\ ’ . ? 1 A? 7 ? 4 ~ N\ ’ . (A 4 \
ba day nudc, con binh thit hai chi dwoc 5 thé tich cua no, hodc binh thit hai day nudc con

. . . | . .
binh thit ba chi dwoc 3 thé tich ctia no, ta c6 phuong trinh:

2

Tw (1),(2) va (3)ta c6 hé phuong trinh:

x+y+z=120
x:ly+z
2
x:y+lz
3

man)

f—g

1
Ey+z+y+z=120

1 1

—y+z=y+—z
Y TETYTS
=tz

>

<~

=ly+z (2) ; x=y+%z (3)

3y+4z =240 x=50
3y—-4z=0 << qy=40

N e
2}’

(thoa

Vay thé tich binh th nhat 1a 50 1it, thé tich binh thi hai la 40 lit, thé tich binh th ba 1a 30

lit

12.9. Hai dia diém A va B cach nhau 360 km. Cung liic d6 mot xe tai khoi hanh tir A chay

vé B va mot xe con chay tir B vé A. sau khi gdp nhau xe tai chay tiép 5 gio nira thi téi B va

xe con chay tiép 3 gio 12 phit nita thi téi A. Tinh van t6c moi xe.

Goi dia diém gdp nhau la C

Hudng dan gidi — ddp s6

Goi van toc xe taila x(km / h,x >0)

van toc xe con la y(km /h,y>0)

Quéng duong xe tai di tir C dén B 1a: 5x(km)
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Quéng duong xe con di tir C dén A la: ? y (km)

Theo dé bai, ta c6 phuong trinh: 5x + ? y =360 (1)

Theo dé bai, thoi gian xe tai di tit A d@&n C bang thoi gian xe con di tit B dén C nén ta c6

16
<Y
phurong trinh: =2 — = RN Ey2 =5x’ (2)
X y 5
16
Tt (1) va (2)ta c6 hé phuong trinh: x 507 360
25x% =16y’

Kéthop véi x>0, y>0

x =40

Giai ra ta duoc
y =150

Vay van toc xe taila40 km / h, van toc xe con la 50 km / h

12.10. C6 ba ddi xay dung cung lam chung mot cong viéc. Lam chung dwoc 4 ngay thi doi
III dwoc diéu dong lam viéc khac, hai d6i con lai cung lam thém 12 ngay ntta thi hoan
thanh cong viéc. Biét rang nang sudt ctia d6i I cao hon ning suat ctia ddi IT; ning suét cta
d6i III 1a trung binh cdng ndng suat cua doi I va nang suat caa déi II. Néu mdi doi lam mdt
phan ba cong viéc thi phai mat tat ca 37 ngay méi xong. Hoi néu moi doi lam mot minh thi

bao lau xong cong viéc trén?
(Tuyén sinh 16p 10, THPT Ning Khiéu DHQG TP.H6 Chi Minh, ndm hoc 2003 — 2004)
Hudng dan gidi — ddp s6
Goi thoi gian d6i I lam mot minh xong cdng viéc 1a x(ngay,x > 0)
thoi gian d6i I lam mot minh xong cong viéc 1a y(ngay,y >0)
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thoi gian doi III lam mot minh xong cong viéc la z(ngdy,z > 0)

Theo dé bai, lam chung dwoc 4 ngay thi doi III dugc diéu dong lam viéc khac, hai ddi con

lai cung lam thém 12 ngay ntta thi hoan thanh cong viéc, ta c¢6 phuwong trinh:
4.(l+l+1j+12(l+lj:1 (1)
Xy z Xy

Theo dé bai, ndng sudt ctia doi III la trung binh cdng nang suat cua doi I va nang suat cua

d6i 11, ta 6 phuong trinh: * = l(l n 1) 2)
z 2\x vy

Theo dé bai, néu mdi doi lam mot phan ba cong viéc thi phai mat tat ca 37 ngay méi xong,

ta c6 phuong trinh: §+ % +§ =37 (3)

wr: Np o A < T
Theo dé bai, nang suat ciia d6i I cao hon ning sudt cua doi Il tircla: —>— < x<y (4)

XY

4.[l+l+lj+12(l+lJ=l (1)
Xy z Xy

\ s 1A \ I 11 1

Tt (1),(2) va (3)ta c6 hé phuong trinh: ¢ — = —(—+—j (2)
z 2\{x Yy
Tidiioay (3)
3 3 3

Tt (2)ta co: 1122 thevao (1) ta duoc: 4(%+lj+12.2=1<:>z=36
X y z z z z

1 1 1
J— R R— =1

Thay vao phuong trinh (2) va (3), ta duoc: | x " y 18 {)‘3’ 8(x+)
x+y=75 x+y=175

xy=1350 (5)
= {x +y=75 (6)
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T (6), ta c6: y =75-x thay vao (5) ta duoc:
x(75-x)=1350 < x* =75x +1350=0

& (x—45).(x-30)=0< x =45, x=30

Vi x =45thi y =75-45=30 khong thoa man (4)

V6i x =30 thi y=75-30=45, thoa man (4)
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Vay thoi gian do6i I lam mot minh xong cong viéc doi I hét 30 ngay, doi I hét 45 ngay, doi

III hét 36 ngay

12.11. Trong cdi binh ¢6 dung nudc. Néu ta rot %lucyng nudc tir binh thit nhat sang binh

7 . A . V4 1 4 A . 7 2 N\ ’ . \ ’ \ AN e \ 4
tht hai; r6i rot " leong nwedce hién tai cd 6 binh thit hai sang binh thtt ba va cudi cung rét

1 7 2 \ 7 2 7 A, \ X \ 7 ’ e [
—Oluzong nudc 6 binh thit ba sang binh thit nhat thi trong mai binh c6 9 lit nwdc. Hai luc

dau trong moi binh c¢6 bao nhiéu lit nuwdc?

Hudng dan gidi — ddp sé

bat lvgng nudce luc dau trong binh th nhat, binh thit hai, binh thit ba Ian luot la x,y,z

Theo dé bai ta c6 hé phuong trinh:

1[ 1( 1 ﬂ 27 11
X——x|+—|z+—| y+—x||=9 — Vy4+—7z=9
( 3 j o 40 3 40" 40° 10° _12
el i R R ;
zZ =
1 1 1
1 1 1 1 1 _ —x+—y+—z=1
{Z+Z(Y+EXJ:|—E|:Z+Z())+§X):|_9 120 40)’ 10

Vay luong nudc lic dau trong binh th nhat, binh thit hai, binh thi ba lan luot 1a 12 lit, 8

lit, 7 lit.
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12.12. A néi v6i B : Tudi ctia tdi hién nay gap ba Ian tudi ctia anh vao ltc tudi tdi bang tudi

anh hién nay. Ltc tudi anh bang tudi toi hién nay thi tong s6 tudi cta hai chiing ta la 98.

Tim tudi cta A va B hién nay.

Huwéng dan giai - dap s6
Goi tudi cua A va B hién nay [an luot 1a x,y(tuo”i, x,ye N,x> y)
Luc A ¢6s6 tudila y thi B c6 sd tudila: y—(x—y)hay 2y—x
Luc B c6 s8 tudila x thi A ¢6s8 tudila: x+(x—y) hay 2x—y

S o x=3(2y-x) | fx=42
Theo dé bai ta c6 hé phuong trinh: = ( thoa man)
2x—y+x=98 y=28

Vay tudi cua A 1a 42, tudi cua B 1a 28

12.13. Boan duong AB dai 160km, mot 6 tO di tir A dén B va mot xe may di tie B dén A
khoi hanh vao cung mot thoi diém, sau mot thoi gian hai xe gdp nhau tai diém C, doan
duong AC dai 120km. Khi di t6i B 6 t0 lién quay lai ngay va dudi kip xe may tai diém D.
Tinh van t6c mdi xe, biét ké tir khi khoi hanh tdi lac hai xe gép nhau tai diém D 1a 4 gio va

van tdc hai xe khong doi.

(TS I6p 10, chuyén todn tinh Ninh Binh, nam hoc 2010 - 2011)
Huwéng dan giai - dap s6

Goi van tdc 6 t6 va xe may lan luot la x,y(km /h,x,y> O)

Vi cung thoi gian di tt A dén C va thoi gian di tit B dén C nén ta c¢6 phuong trinh:
120_40

— =3 1
» y<:>x y (1)
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Vi khi t6i B 0 t0 lién quay lai ngay va dudi kip xe may tai diém D va ké tir khi khoi hanh

t6i Itic hai xe gdp nhau tai diém D 1a 4 gi0, ta c6 phuong trinh: 4x—4y =160 (2)
=3 =60
Tt (1) va (2)ta c6 hé phuong trinh: { e {x thoa man diéu kién

<~
4x -4y =160 y=20

Vay van tdc 0 t6 va xe may lan luot la 60km / h, 20km [ h
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Chuyén dé 13. HE PHUONG TRINH BAC NHAT NHIEU AN

AKIEN THUC CAN NHO
e Hé phuong trinh bac nhat ba dn la hé phuong trinh ¢ dang;:
ax+by+cz=d
a,Xx+b,y+c,z=d,
ax+hy+c,z=d,
Diéu kién a;;a,;a,;b;;b,;0,;c;¢,; ¢, khong dong thoi bang 0.
bé€ giai hé phuong trinh bac nhat ba an, ching ta thuong dung phuong phap thé, phwong phap
cong dé€ giam bdt an. Pua vé hé phuong trinh bac nhat hai an.
e Tuong te nhu vay, hé phuong trinh bac nhat n an la hé phuwong trinh c6 dang:

ax +bx, +..+cx, =d;
a,X +b,X, +...+¢,X, =d,

a X +bX, +..+¢c,x, =d,

Diéu kién a;a,;...;8,;0,;0,;...;0,5..¢,;C,;.; €, khong dong thoi bang 0.
Tuwong tu nhuw trén, ta cling lam giam bét s§ 4n bang cach dung phwong phép thé, phuwong phap
cong.
Tuy nhién phu thudc vao mdi bai, ta cé nhitng cach giai thich hop va ngan gon.
B. Mot s6 vi du

X+y+z=11 (1
Vi du 1: Giai hé phuong trinh sau: {2x-y+z=5 (2)

3xX+2y+z=14 (3)

Gidi
Tim cdch gidi. Phuong trinh bac nhat ba an. Ta c6 thé khtr b6t mot n d€ duwa vé hé phuong trinh
bac nhat hai an bang phuong phap cong hodc phrong phap thé:
e Cich 1. Dung phuong phap cdng dé khit an z, dua vé hé phuong trinh hai an x, y.
o  Cich 2. Ttr phuwong trinh (1) biéu dién z theo x va y thé vao phuong trinh (2) va (3) ta ciing
duoc hé phwong trinh hai an x, y.

Trinh bay loi giai
Cdch 1. Tt phuong trinh (1) va (2) ta co: x—2y =-6
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Tt phwong trinh (2) va (3) ta cd: x+3y =9

Tit d6 ta c6 hé phuong trinh: {:;;;’:;6 o {ii:i o {;:2
Thay vao phuong trinh (1) ta tinh duwoc z =8.

Vay nghiém cta hé phuong trinh 1a (x;y;2)=(0;3;8).

Cdch 2. Tt phuong trinh (1) ta dwoc: z=11-x-y.Thay vao phwong trinh (2) va (3) ta dwoc:

2X—-y+11-x-y=5 X—2y=-6 X—2y=-6 x=0
& = &
3X+2y+11-x-y=14 2X+y=3 4x+2y =6 y=3

Thay vao phuong trinh (1) ta tinh dwoc z=8
Vay nghiém ctia hé phuwong trinh 1a (x; y; Z) =(0;3;8).

X+y+z=22 (1)
Vi du 2: Giai hé phuong trinh sau: {x+3y+z=20 (2)

X+y+3z=18 (3)

Giai

Tim cdch gidi. Ngoai cach giai nhw vi du 1. Quan sat dac diém cac hé s& cia mdi phuwong trinh, ta
nhan xét rang néu cong ting vé ctia ba phuong trinh, ta dwoc phrrong trinh méi ¢6 hé s8 ctia 4n
giong nhau. Do vay ta c6 10i giadi hay va gon hon.
Trinh bay loi giai
Tt cac phuong trinh trén cta hé, ta cong v€ véi ve ta duoc
5(X+y+2)=60=x+y+z=12 (4)
Tt phrong trinh (4) thay vao cac phwong trinh (1); (2); (3) ta dugc:

2X+12=22 x=5
2y+12=20=-y=4
27+12=18 z=3

Vay nghiém cta hé phuong trinh 1a (x;y;z) =(5;4;3).

X ¥y z_
Vi du 3: Gia stt hé phuwong trinh: 43 2

X y

—+—+—-=1

3 10 5

Co nghiém (x;y;z). Ching to x+y+z khong ddi
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(Thi HSG Toan lop 9, TP. Da Nﬁng, Ndm hoc 2009 —2010)

Giai

Z‘E‘EZIC) x—dy-z=12 (1)
X,y 10x+3y+6z2=30 (2)
3

Ttr phuong trinh (2) va (1), 1ay vé trir v€ ta duoc:

7T(Xx+y+2)=18=x+y+z :% khong doi.

Cdch 2: Tt phuong trinh (1) ta c6: z=3x-4y-12 (3). Thé vao phuwong trinh (2) ta dwoc:
10x+3y +6.(3x—4y—12)=30

<10x+3y+18x—-24y-72=30

> 28x—21y =102 = x = 102+ 21Y
28
3.(102+21 49y
Thay vao (3) ta co: z=u—4y—12:>z=M
28 28
Xét x+y+z=202+2Ly 749V =30 18 500 dsi
28 28 7

Vi du 4: Tim gia tri nho nhat cua biéu thitc A=x-2y+3zbiét x, y, z khong am va thdéa man hé

2X+4y+32=8
3X+y—-3z=2

phuong trinh: {
(Thi HSG Todn Iép 9, TP. H6 Chi Minh, Nam hoc 2011 —2012)
Giai

e Tim cdch giai: Tk gia thiét ta thdy hé phuwong trinh bac nhat ba an ma chi c6 hai phuwong
trinh, do d6 hé phuong trinh ¢6 v sd nghiém. Suy luan, ta c6 thé coi mot an nao do la tham so,
biéu dién hai an con lai theo tham s& d6. Chang han biéu dién x, y theo z. Ciing tir d6 biéu thitc A
viét dudi dang da thiic chira z. T diéu kién X, y, z khong am, ta xac dinh dwgc mién gia tri cua z.
Tt d6 ta co loi giai sau:

o Trinh bay loi giai
Ta ci: {2x+4y =8-3z (1)

X+y=2+3z (2)
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Ttr (2) ta co: y =3z+2-3x. Thay vao phuong trinh (1) ta duoc:

2x+4(3z+2—3x):8—32<:>x:%z

Do do y:3z+2—gz:2—§z.
2 2

—z20
x>0 2 3 A
Kéthop vdi y20& 2—5220<:>ogzgE (3)
220 z>0

Suy ra: A=x-2y+32=§z—2(2—gz)+3z=%z—4.

Két hgp vdi (3) ta co: A:%z—42%.0—4:—4

Vay gia tri nho nhat cua A la -4 khi z=0,x=0,y=2;
C. Bai tap van dung

13.1. Giai hé phuong trinh sau:

2x-y+3z=4 (1) X—2y+3z-5=0 (1) X+y+2z7=4 (1)
a) {3x—-2y+2z=3 (2) b) 42x-5y+4z-3=0 (2) c) «2x-3y+3z=6 (2)
Sx+4y=9 ©) 3x—4y+2z-7=0 (3) Xx—-3y+4z=6 (3)

Huéng dan giai — dap s6

. . . , |4X-2y+62=8
a) Tt phuong trinh (1) va (2) ta c6 —=5x-4y=1
9x-6y+6z2=9

Két hgp voi phuong trinh (3) ta ¢ hé phwong trinh:

S5x—-4y=1 10x =10 x=1
= = .
S5Xx—+4y =9 5X+4y =9 y=1

Thay vao phuong trinh (1) ta tinh duoc z =1.
Vay tap nghiém cta hé phuong trinh 1a (x;y;2) =(311).
b) Ttt phuwong trinh (1) ta c6: x=2y-3z+5 thay vao phuong trinh (2), (3) ta duoc:

2.(2y-3z+5)-5y+4z-3=0 y+2z=7 y=3
=N = .
3.(2y—3z+5)-4y+2z-7=0 2y-72=-8 7=2

Ttr phwong trinh (1) ta c6: x=2.3-3.2+5=5.
Lién hé tai liéu word toan SDT va zalo: 039.373.2038



Website: tailieumontoan.com
Vay tap nghiém cta hé phuong trinh 1a (x;y;2) =(5;3;2).

¢) Tt phuwong trinh (1) ta c6: x=4-y—2z thay vao phuong trinh (2), (3) ta dugc:

2.(4-y-22)-3y+3z=6 [Sy+z=2 y=1
& 2= .
4-y-27-3y+4z=-6 4y-2z=10 z=-3
Tt phuong trinh (1) ta c6: x=4-1-2.(-3) =09.
Vay tap nghiém cta hé phuong trinh 1a (x;y;z) =(9;1-3).
2x+y+z+t=11 (1)
X+2y+z+t=12 (2)

X+y+2z+t=13 (3)
X+y+z+2t=14 (4)

13.2. Giai hé phuong trinh sau:

Huéng dan giai — dap s6
Tt cac phuong trinh trén cta hé, ta cong vé€ véi vé ta duoc:
5(Xx+y+z+t)=50=x+y+z+t=10 (5)

Tt phuong trinh (5) thay vao cac phuwong trinh (1), (2), (3), (4) ta duoc:

Xx+10=11 x=1
y+10=12 y=2
= :
z+10=13 z=3
t+10=14 t=4
Vay nghiém cua hé phuong trinh 1a (x;y;z;t) = (1 2;3;4).
13.3. Giai hé phuong trinh:
X+y+z+t=4 (1) X+y+z—-t=8 (1)
) X+y—z—-t=8 (2) b y+z+t—-x=6 (2)
a
X—y+z-t=12 (3) z+t+x—-y=4 (3)
X—-y—-z+t=16 (4) t+x+y—-z=2 (4)

Huéng dan giai — dap s6
a) Ttr phwong trinh (1) va (2) cdng vé& v6i vé: 2.(x+y)=12= x+y =6.
Tt phwong trinh (3) va (4) cdng v€ v6i vé: 2.(x—y)=28= x—y=14.

X+y=6 x=10
T d6 ta c6 hé phuong trinh: { =0 {

X—y=14 y=-4

Thay vao phuong trinh (1) va (3) ta duoc:
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6+z+t=4 Z+t=-2 z1=-2
= & :
14+z-1=12 Z-t=-2 t=0
Vay nghiém cta hé phuong trinh 1a: (x;y; z;t) = (10;-4;-2;0).
b) Ttx hé phuong trinh, cong v€ véi vé ta dugc:
2(x+y+z+t)=20=> x+y+z+t=10 (*)

Ttr phuong trinh (*) két hop véi hé phuong trinh ta co:

10-2t=8 t=1
10-2x=6 X=2
10-2y=4 y=3
10-2z=2 z=4

Vay nghiém ctia hé phuong trinh 1a: (x;y;z;t) =(2;3;4;1).

13.4. Giai hé phuong trinh sau:

X+y+z=6 (1) X+y-z=4 (1)
y+z+t=9 (2) y+z-t=5 (2)
a) yz+t+u=12 (3) b) <z+t-u=6 (3)
t+u+x=10 (4) t+u—x=12 (4)
u+x+y=8 (5) u+x—-y=8 (5)

Huwéng dan giai - dap s6
a) Tt hé phuong trinh da cho, cong v€ véi vé ta duoc:
3(Xx+y+z+t+u)=45=x+y+z+t+u=15 (6)
Tt (6) va (1) suy ra: 6+t+u=15=t+u=9
Thay vao (4) ta cé: x=1
Thay vao (3) tacd: z=3
Thay vao (1) ta dugc: y=2
Thay x=1;z=3 vao (3) ta dugc: t =4
Thay z=3;t=4 vao (4) ta dugc: u=5
Vay nghiém cta hé phuong trinh 1a: (x;y;z;t;u) =(12;3;4;5).
b) Ttx hé phuong trinh cdng vé vdi vé ta duoc:
X+y+z+t+u=35 (6)

Tt phuong trinh (1) ta cé: X+y=4+72
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Tt phuong trinh (4) ta cé: t+u=12+x
Thay vao phuong trinh (6) ta co: 4+2+2+12+x=35=x=19-2z
Thay vao phuong trinh (1) ta c6: 19-2z2+y-z=4=y=3z-15
Thay vao phuong trinh (2) ta c6: 3z-15+z-t=5=1t=4z-20
Thay vao phuong trinh (3) ta c6: z+4z-20-u=6=u=52-26
Thay vao phuong trinh (4) ta co: 42-20+52-26-19+22=12=1z=7
Tt d6 ta tinh duoc: x=19-2z=5

y=32-15=6

t=47-20=8

u=57-26=9
Vay nghiém cta hé phuong trinh 1a: (x;y; z;t;u) =(5;6;7;8;9).
13.5. Giai hé phuong trinh sau:

X+3y+5z+3t=34 (1)
X+y+2z+t=13 (2)
X+2y+5z+4t=36 (3)
X+3y+8z+5t=51 (4)

X+y+z+t=10 (1)
X+2y—-z+t=6 (2)
X+3y+z—-t=6 (3)
X—y+2z+2t=13 (4)

Huéng dan giai — dap s6
a) Tt phuong trinh (1) va (2) ta cé: 2y+3z+2t =21 (5)
Tt phwong trinh (1) va (3) tacd: y—t=-2 (6)
Tt phwong trinh (1) va (4) ta c6: 3z+2t=17 (7)
Tt phwong trinh (6) = y =t -2 thay vao phuong trinh (5) ta duoc:
2(t-2)+3z+2t=21=3z+4t=25 (8)
Tt phuong trinh (7) va (8) ta co hé phuong trinh :

3z+2t=17 z=3
= .
3z+4t=25 t=4
e Tw do ta tinh dwoc: y=t-2=4-2=2.
e Thay vao phuwong trinh (1) ta c6: Xx+3.2+5.3+3.4=34= x=1.
Vay nghiém cta hé phuong trinh 1a: (x;y; z;t) =(1,2;3;4).

b) Ttt phuwong trinh (1) va (2) ta co: y—2z=-4 (5)
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Tt phwong trinh (1) va (3) ta cé: 2y-2t=—4=y-t=-2 (6)
Tt phwong trinh (1) va (4) ta cé: 2y—-z—-t=-3 (7)

Tt phuong trinh (5) = y =2z -4 thay vao phuong trinh (6):
27-4-t=-2=1=2z-2 thay vao phuong trinh (7) ta co:
2(2z-4)-2-(22-2)=-3=12=3

Tir d6 ta tinh duwoc: y=23-4=2; t=23-2=4.

Thay vao phuong trinh (1) ta c6: X+2+3+4=10= x=1.
Vay nghiém cta hé phuong trinh 1a: (x;y; z;t) =(1;2;3;4).

13.6. Giai hé phuong trinh:

X_y_ z x—2_y+1_£
a){5 7 3 b){ 3 4 7
2x—-y+4z=30 4x—-y-2=3

Huéng dan giai — dap s6
Xy 2
a)Dat —==Z=—=k suyra x=5k; y=7k; z=3k
it £=7=3 y y

Ma 2x—-y+4z=30 nén 10k -7k +12=30<15k =30 = k =2

x=5.2=10
Vay nghiém cua hé phuong trinh la: {y=7.2=14.
1=32=6
b) Dit ngzyTﬂzézk suy ra x=3k +2; y =4k —1; z =7k,

Ma 4x—y—-z=3 nén 4(3k+2)—(4k-1)-7k =3 <= k =-6.

x=3.(-6)+2=-16
Suy ra <y=4.(-6)-1=-25.
z2=7.(-6)=-42

Vay nghiém cta hé phuong trinh 1a: (x;y; z) = (—-16;-25;-42).
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Chuyén dé 14. HE PHUONG TRINH

QUY VE HE PHUONG TRINH BAC NHAT

A. Mot s6 vi du
Mot s6 hé phuwong trinh khong phai la hé phwong trinh bac nhat, sau mét s6 budc bién doéi thich
hop, chiing ta c6 thé giai duoc bang cach dwa vé hé phuong trinh bac nhat hodc tim dwoc nghiém
mot cach gian don. Sau day 1la mét sd vi du minh hoa:

X+Xy+y=9
Vi du 1. Giai hé phwong trinh < y+yz+z=4

Z+2Xx+x=1
(Thi HSG Todn I6p 9, TP. Da Nang, Niam 2011 —2012)

Giai
X+Xy+y=9 [x+xy+y+1=10 [(x+1)(y+1)=10 (1)

y+yz+z=4<y+yz+z+1=5 <<(y+1)(z+1)=5 (2)
Z+2x+x=1 Z+IX+X+1=2 (z+1)(x+1)=2 (3)

Tt phuong trinh (1), (2), (3) nhan vé€ véi vé, ta duoc:

(x+1)(y+1)(y+1)=10 (4)

x+1)° (y+1)" (y+1)" =100
() (2] (2] =100 (1) (y+1)=-10 5)
o  Truong hop 1. Xét phuong trinh (4): (x+1)(y+1)(y+1)=10

z+1=1 z2=0
Két hgp voi phuong trinh (1), (2), (3) tacd: {x+1=29x=1.
y+1=5 y=4

o Truong hgp 2. Xét phuong trinh (5): (x+1)(y+1)(y+1)=-10

z+1=-1 z2=-2
Két hgp voi phuong trinh (1), (2), (3) ta cd: {x+1=-2 << x=-3.
y+1l=-5 y=-6

Vay tap nghiém cta phuong trinh la: (X;y;z) e {(1; 4;0),(-3;-6; —2)}.
Nhan xét. Thong thuong bai todn c6 thé giai bang phuong phap thé : Tt phuong trinh (1) va (2)
biéu dién x theo y va z theo y thé vao phuong trinh (3). Ta thu dwgc phuwong trinh mot an (an y).

Cach giai d6 dting, nhung dai, ¢4 thé dan dén sai lam. Quan st k¥, chting ta thay hé s3 ctia an cd
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vai trd nhw nhau trong moi phuong trinh. Vi vay ta ¢ thé thém bét dé phan tich thanh nhan ti va
6 cach giai nhu trén.
) o \ {|x+1|+|y—1|:4 1)
Vi du 2. Giai hé phuong trinh:
[x+1]=3y-3 2)
Giai
Tim cdch gidi. Dac diém ctia hé phuong trinh la chita ddu gia tri tuyét d6i. Do vay ta can nhé téi
mot s6 cong thire sau:
e A>0vdimoiA, dau béng xay ra khi A>0

AnéuA>0
[} |A|:{ ’
—-AnéuA<0

Trinh bay 10i gidi. Nhan xét: [x+1]>0 nén suy ra 3y-3>0< y>1.
Do vay |y—]4 =y-1.
Két hop vo6i phuwong trinh (1) ta c6: 3y-3+y-1=4< y=2.

X+1=3 X=2
Suy ra: [x+1|=32-3=3¢< =

X+1=-3 X=-4

Vay tap nghiém cta phuwong trinh la (X;y) e {(2; 2),(-4; 2)}
6(x+y)=5xy

Vi du 3: Giai hé phuong trinh: <12(y+2)=7yz
4(z+x)=3zx

(Thi hoc sinh gioi Todn I6p 9, tinh Thanh Héa, ndam hoc 2007 — 2008).

Giai
e Nhan xét: x=y =7z=0 la mot nghiém ctia hé phuwong trinh da cho.

o Xét xyz # 0, hé phuong trinh viét dwéi dang;:

M=E 24_3:5(1)
Xy 6 X y 6
y+z_ 7 1.1 7
yz 12 y z 12
ﬂ:é l+£:§(3)
ZX 4 z X 4

Tt phuong trinh (1), (2), (3) cong v€ véi vé ta duoc:
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2 £+1+£ :E@£+£+1:E(4)
X y z 6 X y z 12

Tt phrong trinh (1) va (4) ta co: %+1 = g =z=4
z

1 7 13
Tt ph trinh (2) va (4) tacd: —+—=—=>x=2
t phuong trinh (2) va (4) ta co NRETRT

Ttr phuong trinh (3) va (4) ta cé: 1 +% = g =>y=3
y

Vay hé phuong trinh ¢6 hai nghiém (x;y;z) = {(O; 0;0);(2;3; 4)}
Nhan xét: Ttruede khi chia hai vé€ cho an s0, ching ta can xét truong hop x=y=z=0 trudc. Tranh
mat nghiém cta hé phuwong trinh.

(x+y)(x+2)=8 (1)
Vi du 4: Giai hé phuong trinh sau: {(y+x)(y+2z)=16 (2)
(z+x)(z+y)=32 (3)

Giai
Tt hé phuong trinh, nhan vé voi vé ta duoc:

(x+Yy).(x+2).(y+2)=4096

(x+y).(x+2).(y+z)=64
(x+y).(x+2).(y+2)=-64

Trieong hop 1: Xét (x+Y).(x+2).(y+2)=64 (4)

8.(y+z)=64 y+z=8 (5)
Két hop cac phuong trinh (1), (2), (3) ta c6: 416.(x+2)=64 < x+z2=4 (6)
32.(x+y)=64 (x+y=2 (7)

Tt cac phuong trinh (5), (6), (7) cong vé€ véi vé ta duoc:

2.(x+y+2)=l4 o x+y+2=7
Két hgp cac phuong trinh (5), (6), (7) ta duwoc mot nghiém la: {y=3 .

Trieong hop 2. Xét (x+Y).(x+2).(y+2)=-64 (8)

Két hgp cac phwong trinh (1), (2), (3) ta co:
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8.(y+z)=-64 y+z=-8 (5)
16.(x+2)=-64 < {x+z2=—4 (6)
32.(x+y)=-64 |x+y=-2 (V)

Tt cac phuong trinh (5), (6), (7) cong v€ véi vé ta duoc:

2.(x+y+z)=-ld x+y+2=—7

x=1
Két hgp cac phuong trinh (5), (6), (7) ta duwoc mot nghiém la: {y =-3.
z=-5

Vay nghiém cta hé phuong trinh 1a: (x;y;z) e {(—1; 3;,5),(5-3; —5)}.

X+y=3
Vi du 5: Giai h¢ phwong trinh sau: § d )
X“+6xy+8y° =0

Gidi
Tim cdch gidi. Quan sét ki, chiing ta nhin thady phuong trinh (2) ¢6 thé phan tich thanh nhan tt. Tte

dé ta c6 thé st dung:

Trinh bay loi giai

X+y=3 X+y=3
&
x> +6xy+8y? =0  |(x+2y)(x+4y)=0
X+y=3 . | x+y=3
= hoac .
X+2y=0 X+4y=0

e Giai he {x+y @{y <:>{X

X+2y=0 X+y=3 y=-3

o x+y=3 3y=-3 X=4
e Giai he = <
X+4y=0 X+y=3 y=-1

Vay tap nghiém ctia h¢ phuong trinh la: (x;y) e {(6;-3);(4;-1)}

(x+y)(x+y+z)=72 (1)
Vi du 6. Giai hé phuong trinh < (y+2)(x+y+2)=120 (2)
(x+z)(x+y+2)=96 (3)

Giai
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Ttr phuong trinh (1), (2), (3) cong v€ véi vé ta duoc:

=12
2 ? 288 VYO
(Xx+y+2) S (X+y+12) c{x+y+z:—12

o Truong hop 1: Xét x+y+z=12 (4). Két hgp vdi hé phuong trinh ta duoc:

(x+y)12=72 X+y=6 (5)
(y+2)12=120< 1y+2=10 (6)
(z+x)12=96 z+x=8 (7)

Tir (4) va (5) ta cd: 2+6=12<2=6

Tir (4) va (6) ta cé: x+10=12 < x =2

Tir (4) va (7) ta cd: y+8=12 < y =4.

Vay (X;y;2)=(2;4;6) la nghiém ctia hé phuong trinh.

o Truwong hop 2. Xét x+y+z=-12 (8). Két hgp hé phuong trinh ta duoc:

(x+y)(-12)=72 X+y=-6 (9)
(y+12)(-12)=120 =< y+z=-10 (10)
(z+x)(-12)=96 z+x=-8 (11)
Tt phuong trinh (8) va (9) ta dwoc: z-6=-12<2=-6
Tt phuong trinh (8) va (10) ta dwoc: x-10=-12 < x=-2
Tt phwong trinh (8) va (11) ta dugc: y-8=-12 < y=-4.
Suy ra (x;y;z)=(-2;—4;-6). la nghiém cua hé phwong trinh. Vay tap nghiém cta hé phuong trinh
la:
(xy:z)e{(24:6),(-2-4,-6)}
B. Bai tap van dung
3xy =2.(x+Y)
14.1. Giai hé phuong trinh: <5yz =6(y+2)
42x=3.(z+x)
(Thi hoc sinh gioi Todn I6p 9, Quang Ngai, nam hoc 2008 —2009)
Huwéng dan giai - dap s6
e Nhan xét: x =y =7z=0 la mot nghiém ctia h¢ phuwong trinh da cho.

o Xét xyz # 0, hé phuong trinh viét dwéi dang;:
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Tt phuong trinh (1), (2), (3) cong v€ véi vé ta duoc:

(1 1 1} 11 1 1
2l —+—+—|=——+—+
Xy

X Yy z 3 B @)

1_n
z 6

Tt phuong trinh (1) va (4) ta co: %-f-l = 1_61 =17=3
z

Tt phuong trinh (2) va (4) ta co: i+% = 1—61 =x=1
X

Tt phuong trinh (3) va (4) ta co: £+% = % =>y=2
y

Vay hé phuong trinh ¢6 hai nghiém (x;y;z) 1a (0;0;0);(1;2;3)

xy 12

x+y_€
yz 18
y+z 5
zx 36

Z+X_E

14.2. Gidi hé phuong trinh:

(Thi hoc sinh gioi Todn I6p 9, TP H6 Chi Minh, niam hoc 2006 — 2007)

Huwéng dan giai - dap s6
Do X,Y,z#0 nén hé phuong trinh twong duwong vai:

X+y 5

- 1_}_1:3 (1)
xy 12 Xy 12
vz 5 115
yz 18 y z 18
ﬂ:g 1.}.&:2 (3)
zx 36 X z 36

Ttr phuong trinh (1), (2), (3) cong v€ véi vé ta duoc:

oL,1 1) 10 1, 1,1 10
18 x y z 36

X y z

Lién hé tai liéu word toan SPT va zalo: 039.373.2038

Website: tailieumontoan.com



Website: tailieumontoan.com

Tt phuong trinh (1) va (4) ta co: > + 1 :12)—9 =17=9
z
1

12 6
. . \ .1 5 19
Tt phuong trinh (2) va (4) ta co: — +E e = Xx=4,

Tt phuong trinh (3) va (4) ta co: l+E B = y=6.

36 36
Vay hé phuong trinh ¢6 hai nghiém la (X;y;z)=(4;6;9)
xX*-3x-2=2-y
14.3. Tim X;y;z thoamanhé sau: < y*-3y-2=4-2z
2°-37-2=6-3x
(Thi hoc sinh Todn 16p 9, Ninh Binh, nam hoc 2007 — 2008)
Huéng dan giai — dap s6
2
X*—3x-2=2-y (x=2)(x+1) =2~y
Taco: |y -3y-2=4-2z={(y-2)(y+1) =2.(2-2)
°-82-2=6-3x  |(z7-2)(z+2)’ =3.(2-X)

Nhan tirng vé€ ctia ba phwong trinh ta duoc:
(x—2).(y—2).(z—2).(x+l)2 .(y+1)2 (z +1)2 =—6.(x-2).(y-2).(z-2)
& (x=2).(y=2)(2-2){ (x+1)"(y+1)".(2+1)° +6 | =0

X=2

< (x-2).(y-2).(z-2)=0|y=2
z2=2

V6i x=2 thé vao phuong trinh, ta duwoc y=2,2=2.
Twong ty v6i y =2 hodc z =2, thay vao phuong trinh ta déu cox=y=z=2.

Vay hé c6 nghiém (x;y;z)=(2;2;2).

(
(x+y)(x+z)=12

(y+x)(y+z)=15 (Vle y, z 1a cac s6 thue duong)
z+Yy)(z+x)=2

14.4. Gidi hé phuong trinh
(Thi HSG Todn lop 9, tinh Bic Ninh, nam 2012 —2013)

Huwéng dan giai - dap s6
Ttr hé phuong trinh, nhan vé véi vé ta duoc:
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2 2 2 (x+y).(x+2).(y+2)=60
(x+y) .(x+2) .(y+2) =3600 <
(x+y).(x+2).(y+2)=-60
Truong hop 1. Xét (x+Yy).(x+2).(y+2)=60 (4)
Két hgp cac phwong trinh (1), (2), (3) ta co:

12.(y+12)=60 y+z=5 (5)
15.(x+2)=60 < {x+z=4 (6)
20.(x+y)=60 (x+y=3 (7)
Tt cac phuong trinh (5), (6), (7) cong v€ véi vé ta duoc:
2.(x+y+z)=12x+y+2=6
x=1

Két hgp cac phuong trinh (5), (6), (7) ta duwoc mot nghiém la: {y =2
z2=3

Truong hop 2. Xét (x+Yy).(x+2).(y+2)=-60, khong xay ra vi x>0,y >0,z>0.
Vay hé cé nghiém (x;y;z)=(12;3).

X+y—2=4:z-2
14.5. Giai hé phuong trinh: {y+z-2=4./X-2

Z+X-2=4y-2
Huwéng dan giai - dap s6

Cong vé vdi vé ta duoc:

2X+2y+22-6=4J2-2+4/x-2+4,Jy -2

S X+Y+2-3=2V2-2+2Jx-2+2,/y-2

o (Vx—2-1) +(Jy—2-1) +(vz-2-1) =0

JX-2-1=0 (4=3
odJy-2-1=0=1y=3
Jz-2-1=0 z=3

Vay nghiém cta phuong trinh la: (x;y;2)=(3;3;3).

y—4x=5

14.6. Giai hé phuong trinh:
2|y —2x|+|x+y-1=7
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Huwéng dan giai - dap s6
Tt phwong trinh (1) ta c6: y =4x+5 thé vao phuwong trinh (2) ta duoc:

2|4x+5-2x|+|x +4x+5-1 =7 < 2.[2x+5/+[5x +4|=7 (*)
X , 5
o Truong hop 1. Xét x<—§
Phuong trinh (*) < -2(2x+5)—(5x+4)=7

< —4x-10-5x-4=7T< x:—% (thoa man)

Tt (1), suy ra: y:4(—zj+5:—E
3 3

N ., 5 4

o Truong hop 2. Xét _ESXS_E

Phuong trinh (*) < 2(2x+5)—(5x+4) =7 < 4x+10-5x—4=7 & x =1

Tt (1), suy ra: y=4.(-1)+5=1.
N . 4
o Truong hop 3. Xét X>_§
Phuong trinh (*) < 2(2x+5)+5x+4=7
< 4x+10+5x+4=7 <X :—g (thoa man)

T (l)suyra y= 4(—%+5) :%.

Vay hé phuong trinh da cho ¢6 nghiém (x;y) la:

(%;—%);(—1;1);(—

X2 +4y* —4xy =1
Xx-y=1

[ X BN

;HJ.

14.7. Giai hé phuong trinh: {

Huéng dan giai — dap s6

2
(x-2y) 1<:> {X y hodac {X y

Hé phuong trinh <
x—y=1 x-y=1 x—y=1
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e Giaihe { y = {y <:>{

x-y=1 x-y=1 y=0
e Giaihe YT YT X
x-y=1 x-y=1 y=2

Vay tap nghiém ctia h¢ phuong trinh la: (x;y) €{(1,0);(3;2)}.
14.8. Giai hé phurong trinh:

2 x—y|+y=8(1) b x—3y+4=0 (1) . x+1+|y-1=5 (1)
Xx—4y=6 (2) [Bx—2y|+2y =4 (2) x+l=4y-4 (2

Huéng dan giai — dap s6
a) Tt phwong trinh (2) ta co: x=4y+6 thay vao phuong trinh (1) ta dwoc
[4y+6—y|+y=8<[3y+6|+y=8
e Truong hop 1: Xét y <2, ta dugc phrong trinh
—3y-6+y=8«<-2y=14< y=-7 suyra x=4.(-7)+6=-22

e Truong hop 2: Xét y>-2, ta dwoc phuwong trinh

3y+6+y=8c>4y=2<:>y=% suy ra x=4%+6=8.

Vay tap nghiém cta hé phuong trinh 1a (x;y) e {(—22; -7); (8,%)}
b) Tt phuong trinh (1) ta co: x =3y —4 thay vao phuwong trinh (2) ta duoc
[3.(3y-4)-2y|+2y=4<|7y-12|+2y =4
\ . 12 .
e Truong hop 1: Xét y < - ta deoc phuong trinh

12-7y+2y =4 -5y=-8 y=2 suyra x=32-4=2

e Truong hop 2: Xét y > %, ta dugc phuong trinh

7y-12+2y=4<9y=16 < y:% suy ra X:3.%—4:%

¢) Tt phuwong trinh (2) thay vao phuong trinh (1) ta dugc:
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4y-4+|y-1=5
e Truong hop 1: Xét y <1, ta dwoc phuwong trinh
4y—-4+1-y=53y=8< y=§ (khong théa man)
e Truong hop 2: Xét y >1, ta dwoc phuwong trinh
4y—-4+y-1=55y=5< y=2 (thoa man)

x-1=4 Xx=5
Suy ra |X—1|:4.2—4:4<:> =

Xx-1=-4 Xx=-3
Vay tap nghiém ctia h¢ phuong trinh 1a (x;y) € {(5;2),(-3;2)}.
(x+y)(y+2z)=187 (1)
14.9. Giai hé phuong trinh: < (y+2)(z+x) =154 (2)
(z+x)(x+y)=138 (3)
Huwéng dan giai - dap s6
Ttr phuong trinh (1), (2), (3) nhan vé€ véi vé ta duoc:

(x+y)(y+z)(z+x)=2618

(x+y) (y+2) (z+x) =6853924 & (x+y)(y+2)(2+x) = ~2618

Website: tailieumontoan.com

* Truong hop 1. Xét (x+y)(y+2)(z+x)=2618 (4) két hop voi hé phuong trinh ta duoc:

z+x=14 (5)
X+y=17 (6)
y+z=11 (7)

Tt phuong trinh (5), (6), (7) cong v€ véi vé ta duoc:
2(x+y+2)=42=x+y+2=21 (8)

Tt phuong trinh (8) va (5) taco: y+14=21<y=7
Tt phwong trinh (8) va (6) tacd: z+17=21<z2=4

Tt phwong trinh (8) va (7) ta cd: x+11=21<x=10

Nén (x;y;z)=(10;7;4) la nghiém mot cia phuong trinh.

* Truong hop 2. Xét (x+y)(y+2)(z+x)=-2618 két hop v6i hé phuong trinh ta duoc:

z+x=-14 (9)
X+y=-17 (10)
y+z=-11 (11)

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Ttr phuong trinh (9), (10), (11) cOng v€ vdi ve ta duoc:
2(x+y+z)=—42x+y+z=-21 (12)

Tt phwong trinh (12) va (9) tacd: y-14=-21< y=-7

Tt phwong trinh (12) va (10) ta co: z-17=-21<z=-4

Tt phwong trinh (12) va (11) ta c6: x-11=-21< x=-10

Nén (x;y;z)=(-10;-7;-4) la mdt nghiém ctia phuong trinh.

Vay nghiém cta hé phuong trinh 1a: (X y;2) € {(10;7;4);(-10;-7;-4)}.

Xy—X—-y=5
14.10. Gidi hé phwong trinh: {yz-y-z=11
IX—2—-X=1
Huwéng dan giai - dap s6
Xy —X—y+1=6 (x-1)(y-1)=6 (1)
yz—y-z+1=12<4(y-1)(z-1)=12 (2)
IX—2—-Xx+1=8 (z—1)(x—1):8 (3)

Ttr phuong trinh (1); (2); (3) nhan vé véi vé ta duoc:

(x-1)(y-1)(z-1)=24
(x-1)(y-1)(z-1)=-24

Truong hop 1. Xét (x-1)(y-1)(z-1)=24 (4)

(x—l)z(y—l)z(z—l)2 :576<:>{

Tir phuong trinh (1) va (4) ta co: 6(z-1)=24<2=5

Tt phuwong trinh (2) va (4) ta ¢6: 12(x—-1)=24 < x=3

Tir phuong trinh (3) va (4) ta co: 8(y-1)=24 < y=4

Suy ra (X;y;2)=(3;4;5) 1a mot nghiém ctia hé phuong trinh.
Truong hop 2. Xét (x-1)(y-1)(z-1)=-24 (5)

Ttr phuong trinh (1) va (4) ta cé: 6(z-1)=-24<z=-3

Ttr phuong trinh (2) va (4) ta cé: 12(x-1)=-24 < x=-1

Ttr phuong trinh (3) va (4) ta cé: 8(y-1)=-24 < y=-2

Suy ra (x;y;z)=(-1-2;-3) la mdt nghiém ctia hé phuong trinh.

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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Vay tap nghiém cua hé phuong trinh: (X; y; Z) € {(3; 4;5);(—1; -2: —3)}.

XyZ _,
X+Yy
14.11. Giai hé phuong trinh: i 1l
y+z 5
RN
X+z 2

Huwéng dan giai - dap s6

Nz, [,
X+Y X+Y

oz gl | s
y+z 5 y+z 5
vz 41|z 3
X+z 2 X+z 2

e Xxyz =0 khong phai la nghiém cua phuwong trinh

e Xét xyz #0 hé phuong trinh viét duéi dang;:

xty 1 (1,11 o
Xyz 2 yz xz 2
+z 5 1 1 5
L2 2 iz =22 )
Xyz 6 XZ Xy 6
ﬂ:g i+i=g (3)
Xyz 3 yz xy 3

Tk phuong trinh (1), (2), (3) cdng v€ vdi vE ta duoc:

2(i+i+i]=2<:>i+i+i:1 4)
Xy yz xz Xy yz xz

Két hgp phuong trinh (4) vdi cac phuong trinh (1), (2), (3) ta duoc:

1 1 1 1
v 27t w2
% y xy=2 (5)
1 5 1 1
_+E:1<:> —:€© yz=6 (6)
Z Z
y y xz=3 (7)
1 2 1 1
—3—=1 —
Xz 3 Xz 3

Tt phuong trinh (5); (6); (7) nhan vé véi vé ta duoc: x*y°z° =36 < {

Truong hop 1. Xét xyz=6 (8)
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Két hgp phuong trinh (8) vdi cac phuong trinh (5), (6), (7) ta duoc:

2.2=06 z=3
6Xx=6<=<x=1
3.y=6 y=2

Truong hop 2. Xét xyz=-6 (9)
Két hgp phuong trinh (9) vdi cac phuong trinh (5), (6), (7) ta duoc:

2.2=-6 z=-3
6X=-6<x=-1
3.y=-6 y=-2

Vay tap nghiém cta hé phuong trinh: (X;y;z) e {(1; 2;3);(-%-2; —3)}.
X*+y?=2(x+y)=0
14.12. Giai hé phuong trinh: {y*+2*-2(y+2)=0
2+ x*=2(z+x)=0
Huwéng dan giai - dap s6
(x—l)2 +(y—1)2 =2 (1)

(y-1)"+(z-1)°=2 (2
(z—l)2 +(x—1)2 =2 (3)

X2 +y?=2(x+y)=
y +2°-2(y+2)

0

0=
2+ x*=2(z+x)=0
Tt phuong trinh (1), (2), (3) cong vé€ véi vé ta duoc:

2| (x=1) +(y-2) +(2-1)" | =6 = (x-1) +(y-1)" +(2-1)" =3 (&)

Ttr phuong trinh (4) két hop v6i cac phuong trinh (1), (2), (3) ta duoc:

(z—l)2+2:3 (z—l)2
(x—1)2+2:3© (x—l)2 =1
(y—1)2+2=3 (y—1)2=1

1

Vay tap nghiém (X;y;z) ctia hé phuong trinh la:

s={(0;0;0);(0;0;2);(0;2;0);(2:0;0);(0;2:2);(20;2);(2:2;0);(2, 2, 2)}

14.13. Giai h¢ phuong trinh: {iz i >;2=:y;+ y

(Tuyén sinh 16p 10, THPT chuyén, Dai hoc Vinh, nam hoc 2015 — 2016)
Huwéng dan giai - dap s6

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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o {Xz_y2+x_y:0©{(x—y)(x+ y+1)=0

x> +y*=5 x*+y*=5
Xx—y=0 X= N
e Truong hop 1. Xét 2y S y2 @X:y:iio.
X“+y =5 X“+y =5 2

X+y+1=0 (1)

e Truong hop 2. Xét
0P {x2+y2:5 )
Ttr phuong trinh (1) ta 6 y =-1-x, thé vao phuong trinh (2), ta duoc:

-1
X2 +(-x-1)} =5 x2+x—2=0<:>(x—1)(x+2)=0<:>K_ .
Voi x=1=>y=-1-1=-2.
Voi x=-2=y=-1-(-2) =1

Vay tap nghiém (x;y) cua hé phuong trinh la:

ST R

2 2 2 2
20(x+y)=9xy
14.14. Giai hé phuong trinh: {20(y+2)=11yz
12(z+ x) =52x
(Tuyén sinh 16p 10, THPT chuyén, Dai hoc Vinh, nam hoc 2012 —2013)
Huéng dan giai — dap s6
e Nhan xét x =y =1z=0 la mot nghiém ctia hé phuong trinh da cho.

e Xét xyz #0 hé phuwong trinh viét dwdi dang:

uzi £+£=i (1)
xy 20 X y 20
yrz 111 1o,
yz 30 y z 30

Z+X 5 1 1 5
=== [StT=5 0
ZX 12 z X 12

Tt phuong trinh (1), (2), (3) cong vé€ véi vé ta duoc:

11 1) 37 1 1 1 37
2] —+—+—|=—<—+—+ —:—()
X y z 30 x y z
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9 1 37
Tt phuwong trinh (1) va (4) ta co: —+—=— =z =6.
t phuong trinh (1) va (4) ta co 07" 50

11 1 37
Ttr phuwong trinh (2) va (4) ta c6: —+—=—=x=4.
p g (2) va (4) 20" 50

5 1 37
Ttr phuwong trinh (3) va (4) ta c6: —+—=—=y =5.
p g (3) va (4) 127y 60 y

Vay hé phuong trinh c6 hai nghiém (x;y;z) la {(O; 0;0);(4;5; 6)}

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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Chuyén dé 15. HE PHUONG TRINH CHUA THAM SO

A. Kién thitc cin nho
Trong qua trinh giai hé phuwong trinh chita tham s6, dé thoa man diéu kién nao d6 vé nghiém sd
cta hé phwong trinh, ching ta can nhé mot s6 kién thic sau:
1. Phuong trinh ax+b=0 (1)
e Phuong trinh (1) c6 nghiém duy nhat < a#0.
e Phuong trinh (1) vo nghiém < a=0, b=0.
e Phuong trinh (1) v0 s6 nghiém < a=, b=0.

ax+by=c

2. Dai véi hé phuong trinh: { ) , ,
ax+by=c

7 . A A V4 “A 14 ~ 2 ~ a b \ C A? 7 A, A A ~ - A 2
Véi diéu kién a',b’,c¢’ khac 0. Can lwu y dén ti s6 —,,Fva — dé rat ra két luan veé sd nghiém cta
a C

hé phuong trinh. Cu thé la:

e Néu i, # g thi hé phuong trinh c¢6 nghiém duy nhat.
a

o a b oc .o y LA A
e Néu —=—#— thi hé phwong trinh c6 v6 nghiém.
a c
x @& _b ¢ ... S A N 1
e Néu —= P thi hé phurong trinh c6 v6 s6 nghiém.
a C

B. Mot s6 vi du
Vi du 1: Giai va bién luan hé phuong trinh hai an x va y sau day theo tham sd m.

mx+2y=m+1 (1)
2x+my=3  (2)

(Thi hoc sinh gidi todn 9, TP H6 Chi Minh nim hoc 1991 — 1992. Vong 1)

Gidi
Tim cdch giai. Giai va bién luan hé phuong trinh la xét tat ca cac trwong hop theo gid tri ctia tham
s0 m va két qua bai toan tng voi gia tri d6. Bai toan thwong co nhiéu cach giai. Trong bai nay nén
dung phuong phap thé duwa vé phuong trinh mot 4n. Chang han tir phrong trinh (1) biéu thi y
theo x, thé vao phuwong trinh (2) ta duoc phuong trinh mét an (an x), s6 nghiém ctia hé phuong
trinh phu thudc vao phuwong trinh nay.
Trinh bay loi giai.
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—m*x+m?+m
mx+2y =m+1 y:——mx+m+1 2x+ 2 =3
2X+my=3 < 2 @ 1

y= 2x+my =3 y—mX+m+2
2
4X—m’X+m*+m=6 ( )x——m -m+6
< —mx+m+1 < —mx+m+1 (*)
y=— y=
2
e Néum=2
0x=0 XxeR
Taco ()=  -2x+3< y_—2x+3
2 2
e Néu m=-2
0.x=4 Xed
Taco (*) < 2x-1< 2x—1
y= > y= >

e Néu m=+2

M —m4+6 =(m+3)(2—m) L M+3

Tac () < 4-m* (2+m)(2—m)<:> m+2
-mXx+m+1 —mx+m+1 y = 1

B 2 y= 2 m+2

Két luin:
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XxeR

e m=2 hé phuong trinh ¢4 vd sd nghiém. Cong thirc nghiém tong quat la: —2x+3
y =

e m=-2 hé phuong trinh v6 s0 nghiém

~ m+3
m+ 2

e m= 12 hé phuong trinh c6 nghiém duy nhat

y:m+2

(m-1)x—my =3m-1(1)

Vi du 2: Cho hé phuong trinh:
2X—y=m+5 (2)

a) Gidi phwong trinh voi m=2

b) Tim m dé hé phuwong trinh c6 nghiém duy nhat sao cho x* -y* <4.

Giai

Lién hé tai liéu word toan SDT va zalo: 039.373.2038
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a) Vi m = 2 thé vao hé phuong trinh.

X—2y=5

Hé phuwong trinh <
ep ng trin {2x—y=7

X=3
= {y _ la nghiém ctia hé phuwong trinh.

b) Tim cdch gidi. Buéc dau ching ta tim diéu kién ctia m dé€ hé phuong trinh c¢6 nghiém duy nhat
bang phuong phap thé hodc ti s6 cac hé s6 (trong cau nay dung phuwong phap thé). Sau d6 thay
nghiém vao x* -y’ <4 ta dugc bat phuong trinh chita m. Giai bat phwong trinh an m xong, ta két
hop véi diéu kién dé bai roi két luan.
Trinh bay loi giai. T phuong trinh (2) = y=2x-m-5
Thé vao phwong trinh (1):
(m=1)x-m(2x-m-5)=3m-1a (m+1)x=(m+1)’
biéu kién dé hé c6 nghiém duy nhat m#-1= x=m+1=y=m-3
X> -y =m*+2m+1-m*+6m-9=8m-8<4
=8m<12=m<15.
Vay m<15 va m=-1thi X’ -y*<4
Vi du 3: Tim gia tri cia m dé€ hé phuong trinh sau v6 nghiém:

X+2my =1

{(Sm—l)x—my =1
Giai

N 7 * 2 e 7 . A - A 14 WA 7 ~ 2 ~ a b \ C ~? 7 N, A A ~
Tim cdach giai. Vi diéu kién a',b’, ¢’ khac 0. Can lwu y dén ti s6 _';F va — deé rut ra két luan ve he
a Cc

phuong trinh vo nghiém. Cu thé la: Néu i, = % # 3, thi hé phuong trinh v6 nghiém. Tuy nhién
a C

trwede khi xét ti s6, chuing ta can xac dinh cac truong hop riéng a’'=0, b'=0, ¢'=0.
Trinh bay loi giai

X =
e Xét m=0 hé phuong trinh co dang: { 1 hé phuong trinh v6 nghiém.
—X =

1 X+ 2 y=1
e Xét m= 3 hé phuong trinh c6 dang;: 1 hé phuong trinh c¢6 nghiém duy nhat.
—_ g y =1
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o Xétme 0;1 . Hé phwong trinh v6 nghiém < 1 =2—m¢1
3 3m-1 -m
@L:—2@1:—6m+2<:>m:£.
3m-1 6

Vay voi me {0; %} thi hé phuwong trinh vo nghiém.

m-1)x+y=2
Vi du 4: Cho hé phuong trinh {( Jx+y
mx+y=m+1

a) Giai hé phuong trinh khi m = 2.
b) Chting minh rang véi moi gia tri ctia m thi hé phuong trinh luén c¢6 nghiém duy nhat thoa man
2x+y<3.

Gidi

X+y=2
a) Voi m = 2, hé phuong trinh < y o x=y=1
2X+y=3

2-y
-1 =2 = Xx=m-1
b) {(m Jx=y . <:>{ la nghiém.

- m-1 ot
mx+y=m+1 MX+y =m+1 y=—m"+2m+

Xét 2x+y=2m-2-m?+2m+1=3-(m-2)" <3. Diéu phai chting minh.

Vi du 5: Tim gia tri nguyén ctia n d€ hé phuong trinh sau c6 nghiém nguyén duy nhat

nx+2y=n+1 (1)
2X+ny=2n-1(2)

(Thi HSG Todn I6p 9, tinh Déng Thdp, nam 2009 —2010)

Gidi
Tim cdch gidi. Giai hé phuong trinh dé hé c6 nghiém nguyén la tim nghiém (x;y) ma x, y déu la
s6 nguyén. Trong bai nay, dau tién chiing ta tim nghiém (x;y) theo n. Sau d6 tim s6 nguyén n sao
cho x, y nhan gia tri nguyén.
Trinh bay loi giai.

T (1) suy ra: y= Lz—nx thay vao (2) ta duoc:

N n(n+1-—nx)

2X =2n-1
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S AX+n?+n—-n?x=4n-2

& (4-n*)x=-n*+3n-2

< (2-n)(2+n).x=(n-1)(2-n) (*)

Hé phuong trinh c6 nghiém duy nhét < Phuong trinh (*) c6 nghiém duy nhat
< (2-n)(2+n) =0 n==+2.

(n-1)(2-n) n-1

Véi n# 12, tit phuong trinh (*) ta co: x = (2=n)(2+n) =

n—lj_irﬁ+2n+n+2—n2+n

n+2) 2 n+2
_2n+1
n+2
x=n_1=1— 3
Nghiém duy nhat la n+2 n+2.
_2n+1_2_ 3
n+2 n+2

X, y nguyén < n+2e U(3)

MaU(3) ={1;3;-1-3} nén n+2e{1;3;-1;,-3}
< ne{-11-3-5}.

C. Bai tap van dung

(m-1)x—(m-1)y=m-37

(m la tham s0)
X+2y=3m+1

15.1. Cho hé phuong trinh {

a) Véi m nao thi hé phwong trinh c6 nghiém duy nhat.
b) Tim m nguyén dé hé phuwong trinh c6 nghiém nguyén x; y nguyén va x+y bé nhat.
(Thi HSG Todn I6p 9, tinh An Giang, nam hoc 2011 —2012)

Huéng dan giai — dap s6
a) T phwong trinh (2) ta c6: x =3m+1-2y, thé vao phuong trinh (1) ta cé:
(m-1)(3m+1-2y)—(m-1)y=m-37 < (m-1)y =m’ —m+12 (*)
Hé phuong trinh ¢6 nghiém duy nhat < phuong trinh (*) ¢6 nghiém duy nhat

m-120< m=1.
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2 —
b) V&i m =1, tit phwong trinh (¥) ta c6: y = m-m#lz m 12

m-1 m-1
Suy ra: x=3m+1-2 m+£ :m+l—i
m-1 m-1
x:m+1——24
= o ~1 1a nghiém ctia hé phuong trinh,
m-1

X,yeZ ma meZ = m-1e U(12) . Suy ra:

m-1 |-1 -2 -3 -4 -6 12 )1 2 3 4 6 12

m 0 -1 -2 -3 -5 -11 |2 3 4 5 7 13

Ma x+y= 2m+1—£.
m-1

Thr truc ti€p ta duwoc: m=-11 thi x+y=-20 dat gia tri nho nhat.

mx—y=2 (1)

15.2. Tim tdt ca cac s6 thue m dé hé phuwong trinh
3x+my=5 (2)

c6 nghiém (x;y) thoa man
x>0va y>0.
(Thi HSG Todn I6p 9, tinh DakLac, ndm hoc 2011 —2012)
Huwéng dan giai - dap s6
Tt phuong trinh (1) ctia hé suy ra: y =mx-2, thay vao phuwong trinh (2) ta duoc:

3x+m(mx—2)=53x+m’x-2m=5< x(3+m2)=5+2m

=X

~5+42m  5+2m’ _2_5m—6
3+m?’ 3+m? 3+m?

x>0:>5+2m>0:>m>_75.
6
y>0:>5m>6:>m>€.

Vay m> g thi hé phrong trinh c¢6 nghiém thoéa man x> 0;y > 0.

X+2y=-1

(m la tham s0)
3X+my=1

15.3. Cho hé phuong trinh {

a) Tim m dé€ hé phuong trinh c6 nghiém. Tim nghiém d6.
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b) Xéc dinh gia tri nho nh&t ctia P =(x+2y +1)2 +(3x+ my—l)2 .

(Thi HSG Todn Iop 9, tinh An Giang, nam 2012 —2013)

Huéng dan giai — dap s6

A . 3x+6y=-3
a) Hé phuong trinh < =my-6y=4
3X+my=1
~m+2
= y(m—-6)=4=m#6 thi h¢ phuong trinh c6 nghiém: 6‘4”‘.
y:m—6
o . 2 2 1 > 8_8
b) Néu m=6 thi P=(x+2y+1) +(3x+6y—1) :E(lox+20y—2) +§2§

Néu m#6 thi P:(x+2y+1)2+(3x+my—1)2 > 0.

Gia tri nhé nhat cia P1a 0 khi x = m+2;y: 4

6-—m m-6

Xx—my=2 (1)
mx—y=2(2)

15.4. Cho hé phuong trinh {
a) Giai va bién luan hé phuong trinh theo tham s6 m.
b) Tim cac s& nguyén m dé cho hé c6 nghiém duy nhét (x;y) voix; y la cac s nguyén.
Huéng dan giai — dap s6
a) Tt phuwong trinh (1) ta c6: x=2+my, thay vao phuong trinh (2) ta duoc:
m(2+my)-y=2<2m+m?y—y=2
o y(m2 —l) =2-2m< y(m-1)(m+1)=2(1-m)
Xét m=1= 0y =0= phuong trinh v6 s6 nghiém = hé phuong trinh v6 s6 nghiém, nghiém tong

X=Yy+2

quat cua hé phuong trinh la: {
yeR
m=-1= 0y =4 = phuong trinh vd nghiém = hé phuong trinh v6 nghiém

2 2
m+1 m+1

mztl=y(m+l)=-2=y=

Két luin:
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e V6i m=1 thi hé phuong trinh vd sO nghiém, nghiém tong quat cia hé phuong trinh la:

X=Yy+2
yeR

e m=-1 thi hé phuwong trinh v6 nghiém.

x=—2_

e m# %1 thi phwong trinh c6 nghiém duy nhat la m ;1
y=—-—

m+1

b)Tacd x,yeZ=m+1le URR)va m==+l
= me {0;-2;-3} thi hé phuwong trinh cé nghiém duy nhét (x;y) théa man x;yeZ .

(a-1)x+2y=1

I
3x+ay=1 o

15.5. Cho phuong trinh {

a) Giai hé (1) voi a=+/3+1.
b) Tim cac gia tri cua a d€ hé (I) vd nghiém.

Huwéng dan giai - dap s6
J§x+2y:1

a) Véi a=+/3+1 thi hé (I) tré thanh
) -0 {3x+(\/§+1)y=1

{3.x+2\/§.y\/§ {(\/51)),:\@1 y=1
3X+(\/§+1)y=1 J3x+2y=1 X:—E

b) Ta cd x= 1_% thé vao phuong trinh (1)

Ta co:

Lg’l_ew)+2y:1<:>a—l—a(a—1)y+6y:3

<a(a-l)y-6y=a-4<(a+2)(a-3)y=a-4 (3)
Hé (I) vo nghiém < phuong trinh (3) vo nghiém
< (a+2)(a-3)=0 va a-4=0.

S a=-2a=3.

X+2my =1

15.6. Tim gia tri cia m dé€ hé phuong trinh sau v6 nghiém: .
(Bm-1)x-my =1

Huwéng dan giai - dap s6
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Ttr phuong trinh trén = x=1-2my

Thé vao phuong trinh dudi, ta duoc: (m —6m?° ) y=2-3m (*)

Hé phuong trinh v6 nghiém khi va chi khi phwong trinh (*) vo nghiém
m-6m’ =0 { 1}

= < meq0;—
2-3m=0 6

Vay voi me {O; %} thi hé phuwong trinh vo nghiém.

mx+4y=10-m
X+my =4

15.7. Cho hé phuong trinh {
a) Giai va bién luan hé phuong trinh theo m.
b) Xac dinh c4c gi4 tri nguyén ciia m d€ hé c6 nghiém duy nhét (x;y) sao cho x> 0;y > 0.
c) V6i gia tri nguyén nao cua m thi hé ¢ nghiém (x;y) véi x; y 1a s& nguyén duong.
d) Tim gia tri m d€ hé c6 nghiém duy nhét sao cho S = x* + y* dat gia tri nho nhat.
e) Chting minh rang khi hé c6 nghiém duy nhat (x;y) thi diém M (x;y) ludn ndm trén mot duong
thang c6 dinh.
Huong dan giai — dap s6
a) Tt phuong trinh dudi = x=4-my
Thé vao phuong trinh trén: m(4-my)+4y =10—-m
< (m-2)(m+2)y=5(m-2) (*)

2X+4y =38 X=4-2
e Xét m=2, hé phuong trinh c6 dang: { Y <:>{ Y

X+2y=4 yeR
e Xét m=-2, phrong trinh (*) co dang: 0y =-20 v0 nghiém

= hé phurong trinh v6 nghiém.

5 8-m
o Xét meg{2;-2! tir (*)suyra: y=——=X= .
{ } () suy y m+2 m+2

Két luan:

X=4-2y

e V6i m=2, hé phuong trinh c6 v6 sd nghiém, nghiém tong quat la: {y R
€

e Vo6i m=-2, hé phuong trinh v6 nghiém.
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8-m
X =
e V6i m¢{2;-2} hé phuong trinh c6 nghiém duy nhat: m ; 2
y:m+2
b) D& hé phuong trinh c6 nghiém duy nhét thi m ¢ {2;-2}
8—m>0
x>0 2>0
~ M2 o mre> & -2<m<8
y>0 5 8—-m>0
>0
m+2

Vay -2 <m <8 thi hé phuwong trinh c6 hai nghiém duong.

c) Hé phuong trinh ¢6 nghiém duy nhét thi m¢{2;-2} va nghiém duy nhat la:

~8-m 10
Tm+2 m+2
5
y_m+2

Dé hé phuong trinh c6 nghiém nguyén duong m+2e U(5) va m+2>0, , suy ra:

m+2 1 5
m -1 3
8-—m
X =
d) V6i mg{2-2}, hé phuong trinh o nghi¢m duy nhat: ¢ ¢ 2
y:m+2
—m)? 2 . 2
Xét S:X2+y2=(8 m)2+ 25 __m 16m4£89:(2m 21)2 !
(m+2)" (m+2) (m+2) 5(m+2)° 5 5

Vay gi4 tri nho nhét cia S 1a é Khi m= %

e) Hé phuong trinh c6 nghiém duy nhét thi m ¢ {2;-2} va nghiém duy nhat la:

_8-m_ 10
m;rZ m+2 suy ra: X—2y=-1.
y:m+2

Vay diém M (x;y) ludn nam trén mot duong thang cd dinh 1a x—2y =-1.
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(m+1)x-y=3

15.8. Cho hé phuong trinh: { (v6i m la tham s0)

mx+y=m
Xac dinh tat ca cac gia tri cia m dé hé phuwong trinh ¢6 nghiém duy nhét thoa man diéu kién:
X+y>0.
(Thi hoc sinh gioi todn I6p 9, tinh Dong Thap, nam hoc 2014 — 2015)
Huwéng dan giai - dap s6

m+1)x-y=3 =m(1-x =m(1-x 1
Tacc’):(+)xy <:>y (1-x) <:>y (1-x) @

mX+y=m (m+1)x-m(1-x)=3 [(2m+1)x=m+3 (2)

e Khi m= —%, phuong trinh (2) tro thanh 0.x =g (v0 ly). Hé phuong trinh vo nghiém.

~ m+3
: 1. . . A 5 2m+1
e Khi m#—-=, hé phuwong trinh c6 nghiém duy nhat:
2 _m(m-2)
Y= ome1
Suy ra: x+y="_—"+3
y 2m+1

2
Do m2—m+3:(m—%j +1741>O nén x+y>0<:>2m+1>0<:>m>—%.

Vay voi m> —% thi hé phuong trinh c¢6 nghiém duy nhéat thoa man diéu kién: x+y > 0.
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Chuong 4. HAM SO Y = AX?(A=0)

PHUONG TRINH BAC HAI MOT AN
Chuyén de 16. PHUONG TRINH BAC HAI
VA CONG THUC NGHIEM

A. Kién thirc cdn nhé
1. Pinh nghia.

Phuong trinh bac hai c6 mét an (ndi gon la phuwong trinh bac hai) la phuong trinh c6 dang:

ax’ +bx+¢ =0 trong d6 x: an so.

a,b,c(a=#0):1ahésd

2. Cong thitc nghiém ctia phwong trinh bac hai

Xét phuong trinh ax® +bx+c =0(a # 0) va biét thitc A =b* —4ac

* Néu A >0 thi phwong trinh c6 hai nghiém phan biét:

—b++/A —b-A
X = Xy =

2a 2a

* Néu A =0 thi phuong trinh c6 nghiém kép: x, = x, = —21
a

* Néu A <0 thi phuong trinh v6 nghiém
Chii y: Néu phuong trinh ax’+bx+c=0(a#0) co a va c trdi dau tic la ac<O0 thi
A=b?—-4ac>0.Khidé phuong trinh c6 hai nghiém phan biét.
3. Cong thttc nghiém thu gon
Déi v6i phuong trinh ax® +bx+c=0(a#=0) va b=2b",A’=b"* —ac
e Néu A’ >0 thi phuwong trinh ¢6 hai nghiém phan biét:
BRI

a a

!

* Néu A’ =0 thi phuong trinh ¢6 nghiém kép: x, =x, = -
* Néu A’ <0 thi phwong trinh v6 nghiém
B. Mot s6 vi du
Vi du 1: Cho hai s6 thuc a;b khong am thoa man 18a + 4b. > 2013. Chting minh réng phuong trinh

sau ludn cé nghiém: 18ax’ + 4bx +671-9a =0
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(Thi hoc sinh gioi l6p 9, tinh Ha Nam, Nam hoc 2012 —2013)

Gidi
Tim cdch gidi. D€ chimg minh phuong trinh ax’ +bx +¢ =0 ludn c6 nghiém, néu chua c6 diéu
kién gi cta a. Ta can xét hai treong hop:
Trwong hop 1. Xét a =0, chiing to phuong trinh bx+c¢ =0 c6 nghiém
Trwong hop 2. Xét a# 0, ching td6 A>0 (hodc A">0)
Trinh bay loi giai
e Xét a=0, tir gia thuyét suy ra 4b>2013 = b # 0 nén phuwong trinh 4bx+671-9a =0 ludn co6
nghiém
*Xéta=0
Ta cé: A’ =4b* —18a(671-9a) = 4b” —12078a +162a’
=4b® —6a.2013+162a° > 4b” —6a(18a + 4b) +162a’
= A’ =4b* —24ab +54a® = (2b—6a)’ +18a* > 0
Suy ra phuong trinh luén c6 nghiém
Vi du 2: Cho hai phuwong trinh bac hai x* +ax+b=0 va x> +cx+d =0. Trong d6 ac > 2(b+d).
Chtrng minh réng it nhat mot trong hai phwong trinh trén c6 nghiém
Gidi
Tim cdch giai. Nhiing bai toan chiing minh it nhdt mét trong hai phwong trinh bac hai c6
nghiém ta chtiing minh it nhat mot trong hai A khdng am. Ttc la chiing minh A, + A, >0
Trinh bay cdch giai
Xét A, =a’ —4b;A, =c* —4d
Suyra A, +A, =a?—4b+c? —4d >a’ +¢c? —2ac=(a-c) >0
A, +A, > 0. Vay it nhat mot trong hai phuwong trinh trén c¢6 nghiém
Vi du 3: Tim cac gia tri ca tham s6 m d€ hai phuwong trinh sau day c6 it nhat mot nghiém chung;:
x> +mx+4=0 (1) va x> +4x+m=0 (2)
(Thi hoc sinh gioi I6p 9, tinh Vinh Long, nam hoc 2009 —2010)

Giai
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Tim cdch giai. D€ giai dang toan nay, ta goi X, la nghiém chung ctia hai phuong trinh, thi X,

thoa man cd hai phuwong trinh. Tt d6 ta dweoc hé phiong trinh, sau do:
e Khtr X2

* Tim x, hodc tim m (c6 bai biéu thi x, theo m)

e Thir lai vdi m tim dwoc, roi két luan

Trinh bay cdch giai

X2 +mx, +4=0

Goi m la nghiém chung cuia hai phwong trinh, ta co: )
Xy +4X,+m=0

Suyra (m-4)x,+4-m=0<(m-4)(x,—-1)=0
* V6i m = 4. Hai phuong trinh c6 dang x* +4x+4=0 < X =-2
Vay hai phuong trinh c6 nghiém chung la x =-2
* Voi x, =1 thay vao phuong trinh (1) hodc (2) ta dwgc m=-5. V6i m=-5 thi phuwong trinh (1)
la x*-5x+4=0 c6 nghiém x=Lx=4, thi phuong trinh (2) 1a x*+4x-5=0 cd nghiém
x=1x=-5. Do d6 hai phuwong trinh ¢6 nghiém chung la x=1. Vay véi me{4;-5} thi hai
phuong trinh ¢6 it nhat mot nghiém chung

Vi du 4: Giai phuong trinh x* +ax? +bx+1=0, biét ring a;b 1a cic s6 hitu ti va 1++2 la mot
nghiém ctia phuwong trinh
(Thi hoc sinh gioi lop 9, tinh Ha Tinh, nam hoc 2010 —2011)

Gidi

Tim cdch gidgi. Nhiing dang toan trén ta can xac dinh a va b trudc. Khi thay x=1++/2 vao
phuong trinh, ta leu y rang a,b 1a cdc s8 hitu ti nén van dung tinh chat: Néu x,y,p 1a cac s6
httu ti ma x/p+y=0, trong d6 p khong phai la binh phuong ctia s6 httu ti thi x=y =0
Trinh bay cdch giai
Tacéd: x=1++2 la mot nghiém cta phuwong trinh nén:
(l+ x/E)a + a(1+ \/5)2 + b(1+ \/§)+1: 0
< (2a+b+5)V2+(3a+b+8)=0

. . mrm A |2a+b+5=0 a=-3
Vi a;b la so hiru ti nén PN
3a+b+8=0 b=1
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Thay vao phuong trinh, tra duogc:

Xx-1=0
x?—2x-1=0

X =3x" +x+1=0 (x-1)(x’ —2x—1):0<:{
Giai ra, ta dugc tap nghiém ctia phwong trinh la: S = {1;1— J2 1+ J2 }
Vi du 5: Tim giad tri nho nhat cua biéu thtec P=1-xy trong d6 x;y la cac s6 thuc théa man
X2013 + y2013 — 2..X1006.y1006 (1)
(Thi hoc sinh gi6i 16p 9, tinh Phii Yén nam hoc 2012 —2013)
Giai
Truong hop 1: Néu x =0 thi y =0 (hodc nguoc lai) suy ra P =1
Trweong hop 2: Xét x #0;y #0

1006 1006
Chia hai vé cua (1) cho x**®.y**® ta duoc: X[ij + y(l] =2
y X

X 1006 1006 1
Dét(—j :t:(lJ S xt?-2t+y=0
y X t

Pay la phuong trinh bac hai d6i véi t. Xét A"=1-xy
Détontai x;y trclatontai t thi A’>0=1-xy>0;P>0

Vay gia tri nho nhdt caa P 1a 0 khi t la nghiém kép ctia phuong trinh

1-xy=0< Xz%:ﬂz%@(%}me =;c> X012 :i
oS x=ley=1
Vay gia tri nhé nhdt caa P 1a 0. Khi x=y =1
C. Bai tap van dung
16.1. Cho phuong trinh 4x* —2(a+b)x+ab =0 (1) (&b la tham sG)
a) Giai phuong trinh (1) v6i a=1b=+/2
b) Chitng minh rang phuong trinh (1) ludn c6 nghiém véi moi a;b
Huéng dan giai — dap s6

a) Véi a=1Lb=+/2 phuong trinh c6 dang: 4x? —2x(1+\/§)x+\/§:0

Xeét A’:(1+x/§)2 —42 :(l—\/i)z >0
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1+42-(1-2) 3 1+v2+(1-42)
= 4 T 4 2
b) Xét A'=(a+b)’ —4ab=(a—b)* >0 véimoi a;b

Vay phuong trinh ludn c6 nghiém
16.2. Cho a,b,c,d 1a cac s8 thuc a* +b? <1. Chitng minh rang phuong trinh:

(a® +b* —1)x* —2(ac+bd 1) x +¢* +d* ~1=0 ludn c6 hai nghiém.

(Thi hoc sinh gioi Todn 9, tinh Hdi Dwong, nam hoc 2004 —2005)
Huwéng dan giai - dap s6

Xét A’ =(ac+bd -1) —(a® +b* -1)(c* +d* 1) (%)

+Do a’ +b* <1=a*+b*>-1<0

Néu c®?+d?21=c*+d*-120=>A>0

Néu c?+d? <1.Patu=1-a?-b*;v=1-c? —d?

(Diéu kién 0<u<L0<v<1)

Xét 4A' = (2-2ac —2bd )’ —4uv

=(a®+b* +u+ p2+d2+v—2ac—2bd)2—4uv

:[(a—c)2 +(b-d)’ +u+v}2 —4uv > (u+v) —4uv=(u-v) >0

= A’ 2 0. Vay phuong trinh luén luén c6 nghiém

o
>

16.3. Cho phuong trinh ax’ +bx+1=0 vdi a;b 1a cdc s6 hitu ti. Tim a;b biét x=

o
o

nghiém ctia phwong trinh

Huwéng dan giai - dap s6

-3 (V5-+3)
J5+43 ~ 5-3

a(4-+15) +b(4-I5)+c=0< (3la+4b+1)~(8a+b)VI5 =0

Ta co: x = — 4—/15 1a nghiém cta phuong trinh nén:

vt o mre . A |3la+4b+1=0 a=1
Do a va b la cac so hitu ty nén: =
8a+b=0 b=-8
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16.4. Vi gié tri nao cua b thi hai phuong trinh 2011x% +bx +1102=0 (1) va 1102x* + bx +2011=0

(2) c6 nghiém chung.
(Thi hoc sinh gioi Todn 9, tinh Tién Giang, nam hoc 2009 —2010)
Huwéng dan giai - dap s6
Goi x, la nghiém chung cuia hai phuwong trinh da cho, ta c¢:
{2011x§ +bx +1102=0 {1102x§ +bx, +2011=0
1102x; +bx, +2011=0  |909x; =909
- {1102x§ +bx, +2011=0 (1)
X, =+1 (2)
Véi x, =1 thay vao phuong trinh (1) ta duoc b = -3113

Véi x, = -1 thay vao phuong trinh (1) ta dwoc b =3113

Thir lai:
1102
* V6i b=-3113, thi phwong trinh (1) 1a 2011x* —3113x+1102 =0 ¢6 nghiém x=1x= 2011
y \ 2 , A1y 2011 A \
phuong trinh (2) la 1102x° —3113x+2011=0 cé nghiém la x =1,x = 102" nghiém chungla x =1
1102
* V6i b=3113, thi phwong trinh (1) 1a 2011x* +3113x +1102 =0 ¢ nghiém x =-Lx = o1 ¥

-2011
1102

phuong trinh (2) 1a 1102x* +3113x+2011=0 ¢4 nghiém la x=-1Lx= , nghiém chung la

X=-1
Vay vdi b =£3113 thi hai phuwong trinh da cho ¢6 nghiém chung
16.5. Tim s6 nguyén a d€ hai phuong trinh sau day cd it nhat mot nghiém chung
x> +ax+8=0 (1) va x¥*+x+a=0 (2)
Huéng dan giai — dap s6
Dat x, la nghiém chung cua ai phuong trinh, ta co: {Xi %+ O(l), ta co:
X; +% +a=0(2)
Tt phuong trinh (1) va (2) trir tiing vé ta duoc:
(a—1).x,+8-a=0<(a-1).x,=a—8 (*)

Véi a—1=0< a=1 thi tkt (*) khong ton tai x, nén diéu kién a =1
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Tt phuong trinh (¥) ta co: X, = a—_i thay vao phuong trinh (2) ta dwoc:
a —
(2-8)" a-8
_+87% a0 a’-24a+72=0
a-1)° a-l1

< (a+6)(a* -6a+12)=0 (*)
Tacé: a®—a+12=(a-3) +3>0 nén (*) ©a+6=0=a=-6
Véi a=-6 thi phwong trinh (1) 1a x* —6x+8=0 c6 nghiém x, =2;x, =4
Phuong trinh (2) la x> +x-6=0 c6 nghiém x =2;X, =-3 nén hai phuong trinh c6 nghiém
chung x=2
Vay vdi a = -6 thi hai phuwong trinh c6 nghiém chung la x =2
16.6. Cho hai phwong trinh x> +mx+n=0va x*-2x-n=0. Chtng minh réng vOi moi gia tri cta
m va n, it nhat mot trong hai phwong trinh trén c6 nghiém.
(Thi hoc sinh gidi Todn 9, tinh Hitng Yén, nam hoc 2009 — 2010)
Huwéng dan giai - dap s6
* Phuong trinh x> +mx+n=0 cé A, =m* -4n
* Phuong trinh X* —2x-n=0 c6 A, =4n+4
Suy ra: A, +A, =m’ +4 >0 vdi moi m,n. Do d6 trong hai s6 A, A, ludn c6 it nhat mot A khong
am. Hay noi cach khac trong hai phuwong trinh da cho ludn c6 it nhdt mot phuong trinh cé
nghiém
c>0

16.7. Chting minh rang véi diéu kién )
(a+c) <ab+bc—2ac

thi phwong trinh: ax? +bx +c¢ =0 ludn ¢ nghiém

(Thi hoc sinh gioi tinh Binh Dinh, ndm hoc 2007 —2008)
Huwéng dan giai - dap s6

Xét cac treong hop sau:

* Néu a=0;b =0 thi phrwong trinh luén cé nghiém duy nhat x = —%

eNéua=0b=0thic’><0voli

« Néu a0 tir (a+c)’ <ab+bc—2ac= —2ac>(a+c)’ —b(a+c)
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Xét A=b? —4ac>b?+2(a+c)’ —2b(a+c)=(a+c—b) +(a+c) >0
Vay A >0, phuong trinh ludn c6 hai nghiém
Tém lai, phuong trinh ludn c6 nghiém
16.8. Cho phuong trinh &n x tham s m: x* —2(m+1)x—(m? +2m—-3) =0. X4c dinh m dé& phuong
trinh c6 hai ngiém X,; X, sao cho:
2008 < x, < x, <2013
(Thi hoc sinh gioi Todn 9, tinh An Giang, nam hoc 2009 —2010)
Huéng dan giai — dap s6
Tacd: A'=(m+1)" —(m* +2m-3) =4
Phuwong trinh c6 hai nghiém phan biét: x, =m+3;x, =m-1
Phwong trinh cé hai nghiém:

X, =m+3<2013
X, =m-1> 2008

2008 < x, <x1<2013<:>{ < 2009 <m < 2010

16.9. Chting minh rang phuwong trinh:
(x* +ax+b—1)(x* +bx+a—1) =0 ludn c6 nghiém véi moi gid tri cia a va b
(Thi hoc sinh gioi Todn, tinh Vinh Phiic, nam hoc 2006 —2007)
Huéng dan giai — dap s6
X +ax+b-1=0(1)

(x2 +ax+b—1)(x2+bx+a—1):0<:> ,
x> +bx+a-1=0(2)

Tacod A, =a’ —4b+4,A, =b*-4a+4
Suy ra A, +A, = (a—2)2 +(b—2)2 >0 véi moi a;b do dd ¢ it nhat mét trong hai gid tri A;A,

khong am. Vay phuong trinh ban dau ludn c6 nghiém véi moi gid tri cta a va b
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Chuyén dé 17. HE THUC VI-ET

A. Kién thttc cin nho
1. Ho thiic Vi-ét

* Néu x;; X, la hai nghiém ctia phuong trinh ax® +bx+c=0(a=0) thi:
b
X +X = ?

XX, =~
%=

* Néu phuong trinh ax* +bx+c=0(a=0) c6 a+b+c=0 thi phuong trinh c6 mdt nghiém la

\ N .1 C
X, =1, con nghiém kiala x, =—
a

* Néu phuong trinh ax* +bx+c=0(a=0) c6 a—b+c=0 thi phuong trinh c6 mdt nghiém la

\ N T C
X, =—1, con nghiém kia la x, = 3

2. Tim hai s6 biét tong va tich ctia chung
* Néu hai s§ d6 c6 tong bang S va tich bang P thi hai s§ d6 1a hai nghiém ctia phrrong trinh
X —Sx+P =0
Diéu kién dé c6 hai s6 do 1a: S —4P >0(A>0)
B. Mot s6 vi du
Vi du 1: Cho phuong trinh mx® +2(m—-2)x+m-3=0 (x la &4n sd).
a) Tim m dé€ phuong trinh c6 hai nghiém trai dau.
b) Tim m dé phwong trinh ¢ hai nghiém trai ddu va nghiém am c6 gia tri tuyét ddi 16n hon
nghiém dwong.
(Thi hoc sinh gioi Todn 9, TP H6 Chi Minh ndm hoc 2011 —2012)
Gidi
Tim cdch giai. Nhitng bai toan lién quan dén dau cta nghiém phuong trinh bac hai bao gio
cting lién quan dén cong thitc nghiém va hé thirc Vi-ét. Cu thé la:

e Phuong trinh ¢ hai nghiém trdi ddu gom: Phuwong trinh ¢6 nghiém (A>0) va

C v 3ea A A \
XX, <0< —<0 thidiéu kién nghiém chung la: ac <0
a
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 Phrong trinh c6 hai nghiém trai ddu va nghiém am c6 gia tri tuyét d6i 1on hon nghiém duong
gom: Phuong trinh c6 hai nghiém trai ddu (ac <0) va nghiém am cé gia tri tuyét doi 16n hon
nghiém duwong (X, +X, <0)

Trinh bay loi giai

a) Phuong trinh ¢ hai nghiém trai dau

< ac<0em(m-3)<0<0<m<3

b) Phuong trinh c¢6 hai nghiém trai ddu va nghiém am c6 gai tri tuyét doi 1on hon nghiém

dwong
O<m<3
ac<0
<:>{ & —2(m—2) &2<m<3.
X, +X, <0 — <0
m

Vay véi 2 <m <3 thi phuong trinh ¢6 hai nghiém trai dau va nghiém am c6 gia tri tuyét doi 1on
hon nghiém duong.
Vi du 2: Cho phuong trinh: 2x* +(m-1)x-m-1=0 (m la tham s8). Tim m d€ phuong trinh ¢6
hai nghiém la s6 do 2 canh ctia mdt tam giac vuong c6 d¢ dai duwong cao ké tir dinh géc vudng
Ia % (don vi 46 dai).
Giai
Tim cdch giai. Ban chat cuia bai toan gom 2 budc:
A=0

* Bwroc 1. Phuwong trinh c6 hai nghiém X ; X, dwong < X, +X, >0
XX, >0

* Bugc 2. Hai nghiém x;x, la s6 do 2 canh cua mét tam gidc vuong c6 do dai duong cao ké tir
: . A4 A TN I gl
dinh gbc vuong la = (don vi do dai) thi thoa man:

1

1
[

A

Trinh bay loi giai
Xét A=(m-1)" +42.(m+1)=m? -2m+1+8m+8=(m+3)° >0

Phwong trinh luon c6 hai nghiém
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D€ hai nghiém la sd do hai canh cua tam giac < phuong trinh ¢6 hai nghiém dwong

(-1,
+%x >0 - >
<:>{X1X 20 =N 21 o m<—1.
> -m —
X12 mT>O

Hai nghiém la s6 do 2 canh cua mot tam gidc vuong c6 do dai duong cao keé tir dinh géc vudng

Ia % (don vi db dai)

+—=— =—
X2 x 16 X/ X5 16 (m+1)° 16

2 2
) -1 4 4
1 25  (x+%) XX, _ 25 (m-1)"+4m+4 25

< 9m* +18m-55=0. Giai ra, ta duoc: m, = —%;m2 =

w|o

o o 1A 1 ., -
Két hop diéu kién, ta dugc m, = —— thdéa man

Vi du 3: Cho phuwong trinh x> —3mx-m=0 (m 1a tham s6 khac 0) ¢4 hai nghiém phan biét x;X,.

Tim gia tri nhé nhat caa:
B m? X7 +3mXx, +3m
X2 +3mx, +3m m?

(Thi hoc sinh gioi Todn 9, tinh Hung Yén, nam hoc 2011 -2012)
Giai

Phuong trinh ¢6 hai nghiém pham biét khi 9m® + 4m >0 hay m(9m+4)>0
. 4
< m>0 hoac m <—§(*)

X, + X, =3m

Theo Vi-ét: {
XX, =-—m

Ta co:

m? m? m? m?

X2 +3mx, +3m - X5 + (X + X, ) % —3%,X, ) X+ X3 = 2%, %, :(X1_X2)2

>0

< Ny 2l , N a m? (X1_X2)2
Ap dung bat dang thirc Co-si cho 2 s6 duong: A= ( )2 + 2 >2
X =%

5 VY
Vay A =20 8T%) ey
(Xi_xz) m
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o m :(xl_xz)2 < XX :(xl—x2)2 & XX Z(X1+X2)2 _axx,

S XX, (XX, +4)=9m* & —-m(-m+4) =9m?

m=0(L)

< 8m’ +4m=0<4m(2m+1)=0< 1
m=-=

2

Vay véi m =—% thi A=2
Vi du 4: Cho phuong trinh x> —6x—m=0 (v4i mla tham s6). Tim m dé€ phwong trinh da cho c6
hai nghiém x, va x, théa man: x/ —xZ =12
(Thi hoc sinh gioi Todn 9, Tinh Phii Tho nam hoc 2012 —2013)
Giai
A=36+4m>0<4m>-36 <> m>-9

| N . XX, =6
* Ap dung hé thirc Vi-ét ta co:
XX, =—M

*Taco: Xp =X = (X +%)(% —X)=12=% —X, =2
Suyra: X, =4;x, =2
Ttr d6 suy ra: m=-4.2 = -8 (thoa man diéu kién)
Vay véi m = -8 thi phuong trinh ¢4 hai nghiém x, va X, théa man x? — x5 =12
Vi du 5: Tim tit ca cdc gia tri cia m sao cho phuong trinh x* —4x* +8x+m=0 cé ding 4 nghiém
phan biét.
(Thi hoc sinh gioi Todn 9, Tinh Thanh Hoa nam hoc 2012 —2013)
Gidi
Cdch1.Tacd x* —4x> +8x+m=0 (1)
& (x-1)" -6(x-1) +m+5=0
Pat y = (X—l)2 .Y >0 phuong trinh ¢6 dang: y* —6y+m+5=0 (2)
Phuong trinh (1) c6 4 nghiém phan biét < Phwong trinh (2) c6 hai nghiém duong phan biét

A'>0 9-(m+5)>0
<:15>0 <6>0 < -5<m<4

{4—m>0
P>0 m+5>0

m> -5
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Cdch 2. Tacd x* —4x> +8x+m=0 (1)

& (x2 —2x)2 —4(x2 —2x)+m =0
Dit y = x> — 2x phuong trinh c6 dang: y? —4y+m=0 (3)

Phuwong trinh (1) c6 4 nghiém phan biét < phuwong trinh (3) cé hai nghiém phan biét 16n hon

-1

A'>0 4-m>0

(%, +1)(X, +1) >0 XX, + X + X, +1>0

XX 4 X + X, >—=2

2

m<4
m<4

4+m+1>0<:>{ < -5<m<4
m>—

4>-2

Vi du 6: Chitng minh réng néu a va b la hai nghiém ctia phwong trinh x* + px+1=0 (1), con ¢ va
d la hai nghiém ctua phwong trinh x* +gx+1=0 (2) thi ta c6 hé thic:
(a—c)(b-c)(a+d)(b+d)=0* - p®.

Giai
a+b:—p_{c+d =—q

Theo hé thirc Vi-et ta co: :
ab=1 cd =1

Xét (a—c)(b-c)(a+d)(b+d)=(ab—ac—bc+c*)(ab+ad +bd +d?)
:(1+ pc+c2)(1— pd +d2)
=1-pd +d?®+ pc— p’cd + pcd? +c? — pc’d +c?d?
=1-pd+d®+pc—p*+pd+c’®—pc+1
=c’+2+d?—p° :(c+d)2 - p>=0q°-p’.
Suy ra (a—c)(b-c)(a+d)(b+d)=0g* - p* Diéu phai chting minh.
Nhdn xét. Néu chon p va q 1a hai sd nguyén sao cho g* — p? la sd chinh phuwong thi ta cd két
qua: (a—c)(b—c)(a+d)(b+d) la sd chinh phuong. Chéng han: cho s nguyén m, chirng minh
rang néu a va b 1a hai nghiém ctia phrong trinh x* +15mx+1=0 (1), con ¢ va d la hai nghiém
ctia phuong trinh x* +17mx+1=0 thita cé (a—c)(b-c)(a+d)(b+d) la sd chinh phuong.
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Vi du 7: Cho phuong trinh x* + px+q=0 (1). Hay tim c4c gia tri nguyén cia p va q sao cho
phuong trinh (1) c6 nghiém nguyén phan biét va nghiém nay gap 4 lan nghiém kia
(Thi hoc sinh gioi Toan 9, tinh Yén Bdi, nam hoc 2003 — 2004)
Giai

Gia st phuong trinh c6 hai nghiém phan biét va x, = 4x,

p>—4q9>0 D
X =——
:5 = —
Ta co: % % p:> ) 5
X1X2:4X12:q 4p =
pgel 25

Suy ra p®:25= p? =25k2(keZ)<:> p = 5k

_ 4.25k?

Do dé q = 4k®

Vay (p;q)e {(5k;4k2);(—5k;4k2)} v6i k € Z thi phuong trinh (1) ¢6 hai nghiém nguyén ohana
biét va mot nghiém gap 4 lan nghiém kia

Vi du 8: Goi X; X, 1a hai nghiém cua phuong trinh bac hai ax® +bx+c=0.
bat S, =X +x; véi n nguyén duong

a) Chting minh réng: aS,_, +bS, , +cS, =0

n+2 n+l

b) Khong khai trién, khong dung mady tinh, hay tinh gid tri biéu thirc:
1 1
5 + 5°
(1 ++/3 ) (1 -3 )

A=

Gidi
a) X la nghiém ctia phuong trinh nén ax’ +bx, +¢=0; X, 1a nghiém cua phwong trinh nén
ax; +bx, +c=0;
Suy ra: ax["* +bx™ +cx =0 (1), ax)™ +bx)™ +cx) =0 (2).
Tt (1) va (2) cong ve€ vdi ve, ta duoc:
a(x"? + x5 )+ b + x5 )+ (X + x5 ) =0

Tt d6 suy ra: aS,,, +bS,,, +cS, =0.

n+l

b) Dit: x, =1++/3;%, =1-+/3;S_ = X" + ..
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{xl +X, =2
Suy ra
XX, =—2
Vay x;X, la nghiém ctia phrrong trinh x? —2x—-2=0. Ap dung cau a, ta cé:

Sn+2 - 28n+1 - ZSn =0< Sn+2 =25, + ZSn (*)

n+1
Taco: S, =2,S, =x2 +x2 = (% +%) —2xx, =4+4=8.

Ap dung cong thiic (*), ta co:

S, =25,+2S,=28+22=20;S, =25, +2S,=220+2.8="56

S, =25, +2S, = 2.56 + 2.20 =152

1 1 (1+ \/5)5 +(1—¢§)s 152 -19

Taco: A=

(1) (3] (1edB) (VB] 2 4

C. Bai tap van dung

17.1. Cho phuong trinh x> —2mx+m-4=0
a) Tim m dé phuong trinh c6 hai nghiém phéan biét x; X, thoa man X’ + x5 = 26m
b) Tim m nguyén dé phuwong trinh ¢ hai nghiém nguyén.
(Thi hoc sinh gioi Todn 9, Tinh Qudng Binh ndm hoc 2012 — 2013)

Huwéng dan giai - dap s6
2
a)Xét A'=m’ —-m+4= [m - %) + 3% >0, phrong trinh lu6n c6 hai nghiém phan biét véi moi m

Goi X;;X, la nghiém ctia phwong trinh

A1 . XX =2m
Theo hé thirc Vi-ét ta co:
XX, =m-4
=+ X2 = (X +%) —2xX, =4m® —2m +8
Ta co: X +X; = 26m < (X +X, ) (X = XX, + X} ) = 26m

=N 2m(4m2 —3m +12) — 26m
& 2m(4m’ -3m-1)=0 < m =0;m, =L;m, :_71

b) Vi X, =m=+/A" nén diéu kién d€ phuong trinh c6 hai nghiém nguyén:
A'=m*-—m+4
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Dit A'=m’ —m+4=k?(k e Z) < 4m* —4m+16 = 4k’

& (2m-1)° +15=(2k)" < (2k —2m+1)(2k + 2m -1) =15

Tt d6 ta co bang sau:

2k-2m+1 | 1 3 5 15 -1 -3 -5 -15
2k+2m-1 |15 5 3 1 -15 -5 -3 -1
Suy ra:
k 4 2 2 4 -4 -4 -2 -4
m 4 1 0 -3 -3 0 1 4

Vay voi m e {4;1,0;-3} thi phuong trinh c6 nghiém nguyén
17.2. Cho phuong trinh bac hai X* —2x-m-2=0. Tim m dé phuong trinh:
a) C6 hai nghiém phan biét thoa man diéu kién x? +x; =8
b) C6 dang mot nghiém dwong.
(Thi hoc sinh gioi Todn 9, Tinh Vinh Long nam hoc 2012 — 2013)
Huwéng dan giai - dap s6
a) Diéu kién dé€ phuong trinh ¢ nghiém la: A’=1+m+2>0< m>-3

A , . XX = 2
Theo hé thirc Vi-et, ta co:
XX, =—m—2

X2+ X2 = (X% +%) —2%% =4+2m+4=8< m=0 (thoaman m> -3)
Vay m=0 thi phuong trinh ¢ 2 nghiém x + %7 =8
b) Vi m = =3 thi phuwong trinh luén c6 nghiém
Theo hé thirc Vi-ét, ta cd: x, + X, =2 nénnéu A’ =0 < m = -3 thi phuong trinh c6 nghiém kép la
s6 dwong
Néu phuong trinh c6 hai nghiém trai ddu thi phwong trinh cting 6 mot nghiém duong
&S-m-2<0&m>-2
Vay véi m =-3 hodc m> -2 thi phrong trinh ¢6 dung mot nghiém duong
17.3. Cho phuong trinh mx* —2(m-1)x+m-3=0
Tim m dé€ phuwong trinh c6 hai nghiém phan biét x;; X, thoa man: x* + x; =3
Huwéng dan giai - dap s6
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mx’ —2(m-1)x+m-3=0

A=4(m-1)" —4m(m-3) = 4m* —8m+4—4m? +12m = 4m+4 >0
om>-1lvam=0

Goi x,;X, la nghiém ctia phwong trinh: mx® —2(m-1)x+m-3=0

2(m-1
X, + X, = (m )

* Ap dung hé thiic Vi-ét ta co: 3
m —

m
Taco: (% +%) =X+ X2 +2%X%, =3+ —~———2

m
4(m-1)° 2(m-3 z_ —
- ( : ) a3 ( )©4m Eim+4=3+2m 6
m m m m
4m* -8m+4 5m-6
N . =
m m
<:>4m2—8m+4:5m2—6mc>m2+2m—4:0<:>(m+1)2:5<:>m1:\5—1 (thoa man),

m, = —J5-1 (khong théa man)
Vay v6i m=+/6 -1 thi phrrong trinh c6 hai nghiém phén biét x,;x, thoa man: x* + x? =3
17.4. Cho phuong trinh bac hai x* —2(m+1)x+2m+10=0 v6i m la tham s& thuc
a) Tim m dé€ phuong trinh c6 hai nghiém x;; X,
b) Tim m dé biéu thitc P =6x,X, + X + X; dat gid tri nho nhat
(Thi hoc sinh gioi Todn 9, Tinh Vinh Long, nam hoc 2011 —2012)
Hudng dan giai — dap s6
a) A=4(m+1)" —8m-40=4m* +8m+4-8m—40=4m* -36 >0

m=3

<:>m229<:>|m|23<:{
m<-3
b) Goi x,;X, la nghiém ctia phuong trinh x* —2(m+1)x+2m+10=0

. e X X, =2m 2
Ap dung hé thitc Vi-ét:
XX, =2m+10

Ta c: P =6x%, + X2 +x2 = (% +% ) +4xx, =4(m+1)" +4(2m+10)
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=4m? +8m+4+8m+40 = 4m? +16m + 44 = 4m? +16m +16 + 28

=4(m+2)" +28>4.(-3+2)" +28=32

Vay P =32 khiva chikhi m=-3
17.5. Cho phuong trinh bac hai x* —2m(m+2)x+m?+7 =0 (1). (m la tham sG)

a) Giai phuwong trinh (1) khi m =1

b) Tim m dé€ phuong trinh (1) c6 hai nghiém x;;x, thoa man:

XX, —2(X +X,)=4
Huéng dan giai — dap s6
a) V6i m =1, phuong trinh c6 dang: x* —6x+8=0. Giai ra ta dwoc: x, =2;x, = 4
b) Diéu kién d€ phuong trinh c6 nghiém 1a: A'=m? (m+2)° - (m*+7)20 (%)

R o [ X +x% =2m(m+2)
Theo hé thirc Vi-ét ta co:
XX, =m’ +7

Theo dé bai: XX, —2(X +X,)=4< m’ +7-22m(m+2)=4

<3m* +8m-3=0<m ==;m, =-3

Wl

Th lai v6i diéu kién (*) thi m, = %; m, = -3 khong thoa man
Vay khong ton tai m thoa man diéu kién dé bai

17.6. Cho phuong trinh x* —2mx+1=0 (an X)
a) Tim m dé€ phuong trinh c6 hai nghiém duong

b) Goi X,;X, (X, <X, ) la hai nghiém dwong ctia phuwong trinh

Tinh P = \/Z — /X, theo m va tim gia tri nho nhat ctia biéu thac:

Q=X +X,+
X+ X,

(Thi hoc sinh gioi Todn 9, Tinh Quang Binh, nam hoc 2011 —2012)
Huéng dan giai — dap s6
A'>0 m?-1>0

a) Phuong trinh c6 hai nghiém duwong X +X, >0<2m>0 < m2>1
XX, >0 1>0
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Vay m 21 thi phuong trinh c6 hai nghiém dwong

b) Vi m 21 thi phuong trinh c6 hai nghiém dwong

X, +X, =2m

Theo hé thirc Vi-ét, ta co: {
XX, = 1

Xét: P? =% +X, —2\%X, =2m-2.Vi P<0 nén P =—/2m-2

2 =2m+i:m+m+121+2 /m.i:B
X, + X, 2m m m

Vay gia tri nho nhat ctia biéu thic Q la3khi m=1

Tacod: Q=X +X, +

17.7. Cho phuong trinh x* —2(m-1)x+2m-5=0 (1)
a) Tim m dé phuong trinh c6 hai nghiém duong.
b) Goi x;X, la hai nghiém dwong cta phuong trinh (1). Tim m nguyén dwong dé
X1 2 X 2
_ 2 g A
A= (X—Zj + (Z] cO gia tri nguyen.
Huéng dan giai — dap s6

a) Phuong trinh c6 hai nghiém duong

A'>0 (M=-1)°"-(2m=5)>0  |m?-4m+6>0
X +X >0e492(m-1)>0 S im>1 ems
XX, >0 2m-5>0 ms 2
2
X, + X, =2(m-1)

b) Theo hé thtic Vi-ét, ta co:
XX, =2m—5

2 2 2 2 2 2
Ta co: A:{ij +[ﬁj :(ﬁ+ﬁj —-2= —X1+X2j -2
X, X X X X X,

= A[—(XlHZ)Z —2]2 —2{—40"1)2 —2_2—2

X, X, 2m-5
2
4(m-1)
Acl &——- el < 2m+1+ el < 2m-5eU(9)
2m -5 2m -5

Vi m nguyén duong nén 2m-52 -5, suy ra:

2m—5 -3 -1 1 3 9
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m 1 2 3 4 7

Vay v6i me{1;2;3;4;7} thi A nhén gia tri nguyén
17.8. Cho phuong trinh ax* +bx+c¢=0 (1) va cx* +bx+a=0 (2) (véi a>c>0)
a) Chitng minh réng phuong trinh (1) va (2) cung c6 nghiém hodc cung vo nghiém
b) Véi gia thiét phuwong trinh (1) c6 nghiém x;;x, va phuong trinh (2) c6 nghiém 1a: x/;x, va

X, +X, > X +X, . Chttng minh rang b >0
c) Trong truong hop phuong trinh (1) va (2) déu vo nghiém, chitng minh rang b < a+c
Huéng dan giai — dap s6
a) Ca hai phuong trinh déu cé: A =b* —4ac, nén ca hai phuwong trinh (1) va (2) cung ¢ nghiém
hodc cung vo nghiém
b) Trong treong hop hai phwong trinh trén ¢ nghiém. Theo hé thirc Vi-ét, ta co:
-b

- ’ !
+X, =— X + X, =—
X +X aX1 2 =72

‘ ' b b b(a—c
Xeét: X +X, =X —X, =?+E= (ac )

>0nén b>0

c¢) Trong treong hop phwong trinh v nghiém, ta co: A =b?* —4ac < 0 < b* < 4ac
Mt khéc ta co: 4ac < (a+c)’, nén:
b? <(a+c)2 <b<a+c (via>c>0,b>0)

17.9. Cho p la s6 tw nhién khac 0. Goi x,X, la hai nghiém ctua phuong trinh x* +5px—1=0;
X;X,la hai nghiém cta phuong trinh x*+4px-1=0. Chtng minh rang tich
(%, =% )(% — %3 ) (% + %, ) (X, + X, ) 1a mot s6 chinh phuong.

(Thi hoc sinh gidi Todn, TP Ha N§i, nam hoc 2006 —2007)
Huwéng dan giai - dap s6
Ta c6: X* +5px—1=0(1);x* +4px-1=0(2)
Tt (1); (2) theo hé thtrc vi-ét, ta co: X, + X, =-5p; X, =-1
Xy + X, =—4p; %X, =-1
(% =% ) (% = %5 ) (% + %, ) (%, +%,)

= (X1 - X3)(X2 + X4)(X2 - Xs)(x1 + X4)
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= (XX, + XXy — XX = Xs X, ) (XX + XX, = X X5 — XX, )
= (XX = XX ) (X, X, — X, Xy )
= XX Xo = XIX X, — XX, X0 + X X, X2
=X+ X+ X=X (Vi XX, ==L XX, =—1)
=(—xf +2—x§)+(x12 —2+x§)
Ma 2 =(-1)(-2) = -2%%,; 2 = (-1)(-2) = —2%;X,
Suy ra (*) < (% + x2)2 — (% + x4)2
=25p® —16p?
= (3p)” = Diéu phai chitng minh
17.10. Tim m dé phuong trinh (m+1)x* —3mx +4m =0 c6 nghiém duong
(Thi hoc sinh gioi I6p 9, Thira Thién Hué, vong 1, nam hoc 2003 — 2004)
Huwéng dan giai - dap s6
Khi m = -1, phuwong trinh tro thanh: 3x-4=0= x = % >0
Khi m# -1 thi PT: (m+1)x® —3mx+4m =0 (1) 1a phuong trinh bac hai

3m 4dm ,
Goi S = P = la tong va tich cac nghiém X ; X, cta phuong trinh (1
: —] —] g ghiem x;; X, p g 1)

Phwong trinh (1) c6 nghiém dwong trong cac truong hop sau:

*0=x <X, khidd A>0,P=0,S>0.Suy ra hé vo nghiém

* x,<0<x,,khido P<0«& 4m <0 -1<m<0

m+1

*0<x <x,,khido A>0,S>0,P>0.Suyra _716£m<—1

baép so: _Tmsm<—1

17.11. Cho phuong trinh: 2x* + 2mx+m?* -2=0
a) Xac dinh m dé€ phuong trinh c6 hai nghiém
b) Goi hai nghiém cua phuwong trinh trén la x;X,. Tim gia tri 16n nhdt cta biéu thac:

A=[2xX, + % + X, — 4
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(Thi hoc sinh gioi Todn 9, TP H6 Chi Minh, nam hoc 2003 — 2004)

Huwéng dan giai - dap s6
a) 2x° +2mx+m°-2=0
Xét A=4m* —4.2(m’* —2) = 4m* —8m” +16 = —4m” +16
Phuong trinh ¢6 2 nghiém < A>0= -4m’ >-16 & m* <4< -2<m<?2
b) A=|x +X, +2xX, — 4|
Ap dung hé thitc Vi-ét, ta c6: X, + X, = —M; 2X,X, = M* —2
A=|-m+m’ —2-4=|(m+2)(3-m)

Vi me[—Z;Z] nétn m+2>0vam-3<0

2
lj 25<25
4 4

Do dé6 A:(m+2)(3—m):—m2+m+6:—(m—E

Vay gi4 tri 16n nhat caa A Ia %, dat duoc khi va chi khi m =%

17.12. Cho phuong trinh ax® +bx+c¢ =0(a # 0) c6 hai nghiém thudc doan [0;2].

8a? —6ab +b?
4a* —2ab +ac

Tim gia tri 16n nhat cta biéu thiee P =

Huwéng dan giai - dap s6

Goi X, X, (X, <X,) la hai nghiém cta phwong trinh da cho

ix D
Theo dinh li Vi-ét ta co: ] a
X1X2:g
b (b)Y
2 , 8-6—+|— 846 )
Khide po8& —6ab+b® — "a (a) 8+6(x+%)+(X+X)
4a®-2ab+ac  , ,b ¢ 44 2(% + X%, )+ XX,
a a

Do 0<X <X, 2= X2 <X X, X <4= %2+ X5 <xX, +4
= (% +%) <3xx, +4

8+6(% +X%,)+3xX, +4 _3

Vay P <
W 4+42(X + %)+ XX,
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Déng thikc xay ra khi x, = x, =2 hodc x, =0,x, =2
2= b, =-2a
=] % oc=-b=4ahoic! a <:>{C

€y c=0 =0
a

b=-2a
c=0

Vay, P, =3 < c=-b=4a hoac {
17.13. Cho phuong trinh (x=2)(X* = x)+(4m+1)x-8m—-2=0 (X la &n s6).
Tim m dé€ phuwong trinh c6 ba nghiém phan biét x,,X,,X, thoa man diéu kién: x* + X +xZ =11
(Tuyén sinh 16p 10, THPT chuyén Qudc Hoc, tinh Thira Thién Hué, nam hoc 2015 —2016)
Huwéng dan giai - dap s6
Taco: (x=2)(X° —x)+(4m+1)x-8m-2=0 (1)
& (x=2)(x* =x)+(4m+1)x-2(4m+1)=0

X=2

& (x=2)(X¥ -x+4m+1)=0< ¢ xram+1-0 (2)

Phuwong trinh (1) c6 ba nghiém phan biét < phwong trinh (2) c6 hai nghiém phan biét khac 2

3
{A=1—4(4m+1)>0<:> M<~76

2
2°=2+4m+1+0 mi_z

Khi d6 x,, X, la nghiém ctia phuwong trinh (2), theo hé thttc Vi-ét, ta co:

X +X =1
XX, =4m+1

Taco: 2 +x2+x2 =11 (X +X,)" —2%%, +x2 =11
Suy ra: 1-2(4m+1)+4 =11< m=-1 (thoa man diéu kién)
Vay voi m=-1 thi phuong trinh ¢6 ba nghiém phan biét x,X,,%; thoa man diéu kién:
X+ X2+ x5 =11
17.14. Cho phuong trinh: x* —2(m—1)x+2m* -3m+1=0, véi m la tham s& (1).
a) Chttng minh rdng phuong trinh (1) c6 nghiém khi va chikhi 0<m<1.

b) Goi x, X, la hai nghiém ctia phuong trinh (1).
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i. Chting minh |, + X, + X X,| < %
ii. Tim gia tri caia m dé€ phuong trinh (1) c6 hai nghiém phéan biét trai ddu thoa man |X1 - X2| =1.
(Tuyén sinh 16p 10, THPT chuyén, tinh Bén Tre, niam hoc 2014 — 2015)
Huwéng dan giai - dap s6
a) X’ —2(m-1)x+2m* -3m+1=0, véi m la tham s6 (1)
Co A'=(m-1)° ~(2m? -3m +1) =-m?+m

Phuong trinh (1) ¢ nghiém < A'=-m’ +m>0< m(m-1)<0
m=>0 m=>0
m-1<0 m<1

=
m<0 m<0
(VN)
m-1>0 m=>1
b) V6i 0 <m <1 thi phuwong trinh cé hai nghiém x, x,

A X +X, =2(m-1)
Theo hé thirc Vi-ét ta co:
XX, =2m?* —3m+1

i. Ta c6: X, + X, + XX, :|2(m—1)+2m1 —3m +1|
=[2m?® —m -1l =|(2m +1)(m-1)|

m-1<0

o a150 < (m-1)(2m+1)<0

ViOSmSlnén{

Suy ra [x, + X, + %X |:—(2m2—m—1)=2(m_lf+ggg
Lo 4) 8 8

D&u bang xay ra khi m = % (thoa man diéu kién). Vay [x, + X, + X X,| < %

ii. Phuong trinh (1) c6 hai nghiém phan biét trai dau

< XX, <0< 2m’ —3m+1<0<:>(m—1)(2m—1)<0<:>%<m<l

Tacd [x —%|=1e (% —%,) =1 (% +X,)" —4xx, =1

e 4(m-1)" -4(2m* -3m+1)=1< (2m-1) =0 m =% (khong théa man)

Vay khong ton tai m d€ phuong trinh (1) c6 hai nghiém phén biét trdi ddu thoa man |x, —x,| =1
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17.15. Cho phuong trinh (m® +5)x* —2mx—6m =0 (1) v6i m la tham s&
a) Tim m sao cho phuong trinh (1) c6 hai nghiém phan biét. Chitng minh réng khi d6 tong cua
hai nghiém khong thé la s6 nguyén.

b) Tim m sao cho phuong trinh (1) ¢ hai nghiém x,x, théa man diéu kién

(xlx2 —M)A =16.
(Tuyén sinh lop 10, trieong Phd thong ning khiéu, Dai hoc Qudc gia TP. H6 Chi Minh, nam hoc 2014 —
2015)

Huéng dan giai — dap s6
a) m* +5% 0 véi moi m nén phuong trinh (1) ¢6 hai nghiém phan biét khi va chi khi
1 jz 719

m2+6m(m2+5)>0<:>6m m+—| +—|>0e=m>0
12 144

2m

Khi dé theo hé thtrc Vi-ét ta co: X, + X, =— c
m- +

Vim?+5-2m=(m-1)° +4>0&m’ +5>2m=0< <1 (do m>0)

m? +5

b) m* +5% 0 vdi moi m nén phuong trinh (1) ¢6 hai nghiém khi va chi khi

2
m2+6m(m2+5)20<:>6m[(m+iJ +E}209m20

X 4 x, =_2m
L m?as

« = —6m
e m® +5

Khi do theo hé thirc Vi-ét ta co:

XX, =% + X, =2
XX, — /X + X, =—2

—6m 2m
Truwong hop 1. Xét X X, — +X, =2 — =2
g nop W TN m>+5 \m?+5

(%—M)“ —16©[

2m  —6bm
m®+5 m?*+5

-2 (vonghiém vi m>0)

—6m | 2m
m>+5 \m®+5

Truong hop 2. Xét XX, =X + X, =2 < =-2
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M _p M pgrt= 2" >0
m°+5 m°+5 m+5
t =—1(ktm)
Tacod: t=2-3t* 2
t==(tm)
3
m=2
t=2 | 2™ _2 L om? 9m+10=0<| s (thoaman m20)
3 m-+5 3 sz

Vay véi me{Z;g} thi phuong trinh (1) c6 hai nghiém x,X, théoa man diéu kién

(xlx2 — X+ X, )4 =16
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Chuyén dé 18. PHUONG TRINH QUY VE PHUONG TRINH BAC HAI

A. Kién thirc cin nhé

1. Phwong trinh trung phuwong

e Phuong trinh triing phuong la phuong trinh c6 dang: ax* +bx* +c=0(a=0)(1)
e D€ giai phuwong trinh trung phwong, ta dat an phu.

Dit x* =t>0, dua vé phuong trinh at® +bt+c=0(2)

2. Phuong trinh chita 4n 6 mau thirc

Khi gidi phuong trinh chita &n 6 mau thitc, ta lam nhuw sau:

Budc 1. Tim diéu kién xac dinh ctia phwong trinh;

Budc 2. Quy dong mau thikc hai vé roi khit mau thirc;

Budce 3. Giai phuwong trinh vira nhan dwoc;

Budc 4. Trong cac gid tri tim duoc cta an, loai cac gia tri khong théa man diéu kién xac
dinh, cac gia tri thoa man diéu kién xac dinh la nghiém ctia phuong trinh da cho.
3. Phuong trinh tich

e Phan tich v& trai thanh nhan tt, v& phai bang 0

* Giai phuwong trinh tich

4. M6t s6 dang khac caa phwong trinh thwong gap

- Phuong trinh bac bon dang (x+a)(x+b)(x+c)(x+d)=m véi a+b=c+d
- Phuong trinh ddi xting bac bon 6 dang: ax® +bx® +cx® +bx+a=0(a=0)

2
- Phuong trinh hoi quy c6 dang ax’ +bx® +cx” +dx+e=0(a=0) trong d6 e (%j
a

- Phuong trinh bac bén dang (x+ a)4 +(x+ b)4 =C

- Phuong trinh phan thic hitu ti. Trong phan nay ching ta xét mot s6 dang sau:

mx nx

° 2 t— =p
ax” +bx+d ax“+cx+d

. ax2+mx+c+ax2+ pX+c

2 2 d
axX”+nNx+C ax +0gxX+cC

ax’ +mx+c pX
. +

2 2 =d
ax"+nx+cC ax +qX+C
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B. M6t s6 vi du

Vi du 1: Giai phuong trinh x* +3x® - 2x* =6x+4=0
(Thi hoc sinh gidi Toan 9, TP Ha No§i, nam hoc 2009 - 2010)
Giai
Tim cach giai. Pay la phuong trinh bac 4. Suy ludn rat tie nhién la phan tich vé trai cta

phuong trinh thanh nhén tk. Tuy nhién quan sat cac hé s0 cua vé trai: 1,3;-2;-6;4, ta
4 (—6)
phét hién ra : 1° (?j do vay bai todn c6 dang ax’ +bx’ +cx? +dx+e=0(a=0) trong d6

2
€_ (%J Céch giai cia phuong trinh dang nay la:
a

e Budc 1. Xét x=0 , hai vé khong bang nhau nén x = 0 khong phai la nghiém ctia phuong
trinh.

® Budc 2. Xét x#0 chia ca hai v€ cia phuwong trinh cho x* . Sau d6 dat an phu. Bai todn
0 hai cach giai sau:

Trinh bay loi giai

Cach1

* X =0khong phai la nghiém ctia phuong trinh.

® V4i X # 0 chia hai vé& cho x? ta duwoc:

X X X

x2+3x—2—E+i:O<:>(x2+izj+3(x—gJ—2:0
X
Dat y=x—3:> y2=x2—4+i2:>x2+i2=y2+4
X X X
Phuong trinh ¢6 dang y* +4+3y-2=0< y?+3y+2=0
Giairata dwoc y,=-1y,=-2

-Véi y=-1tacod X—E:—1<:>x2+x—2=0
X

Giai ra ta duwoc x=1x=-2
-Véi y=-2 ta duoc x—g=—2<:>x2+2x—2=0

X

Giai ra ta duwoc x=-1+/3:x=-1-/3
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Vay tap nghiém ctia phuong trinh 1a s = {1; —2;-1++/3;-1-+/3 }
Céch 2:
X' —4x* +4+3x° —6x+2x* =0
o (x2+2) +3x(x2-2)+2x2 =0
(X - ) X(X* =2)+2x(x* =2)+2x* =0
& (¥ =2)(x* =2+ x)+2x(x* —2+x)=0
(x2 +X— 2)(x +2X— 2) 0

x> +x-2=0(1)
x> +2x-2=0(2)
e Giai phuong trinh (1): x> +x-2=0 ta dugc x, =1 x, =2
e Giai phuong trinh (2): x? +2x-2 =0 ta dugc X, =—1++/3;x, =—1-/3
Vay tap nghiém ctia phuwong trinh 1a s = {1; —2;-1++/3;-1-+/3 }
Vi du 2: Giai phuong trinh (X* —3x+2)(x* +15x+56)+8=0
(Thi hoc sinh gidi Todn 9, tinh Thanh Hda, ndm hoc 2008 - 2009)
Giai

Tim cach giai. Khi khai trién, bai toan nay c¢6 dang phuong trinh bac 4, nén cach giai
chung la phéan tich da thitc thanh nhan ti. Tuy nhién v€ trai c6 hai ngodc chita an, c6 thé
phan tich truc tiép thanh nhan tk. Sau khi phan tich xong ta thdy phuong trinh c¢6 dang
phuong trinh bac bon dang:
(x+a)(x+b)(x+c)(x+d)=m véi a+b=c+d
Vi vay ta co loi giai thit hai cho dang toan nay nhu sau:
e Budc 1. Viét phuong trinh dudi dang:[ x* +(a+b)x+ab ][ x*+(c+d)x+cd |=m
* Budc 2. Dt x* +(a+b)x+ab=y . Giai phuong trinh an y
Trinh bay 1oi giai
Cach 1:
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(x2 —3x+2)(x2 +15x+56)+8:0
o xP+12x3 +13x% —138x +120=0
=N (x“ +6x%° —15x2)+(6x3+36x2 —90x)—(8x2 +48x—120)=0
o xz(x2 +6x—15)+6x(x2 +6x—15)—8(x2 +6x—15) =0
<:>(x2 +6x—15)(x2 +6x—8):0
e Giai phuong trinh x* +6x-15=0 ta dwgc X, =-3+ 2\/6; X, —3-26
e Giai phuong trinh x* +6x—8=0 ta duoc x, = ~3+17; X, =-3-\17
Vay tap nghiém cua phwong trinh la: s = {—3+ 2./6;-3-2/6;-3+/17; —3—«/]7}
Cach 2:
Ta cé thé viét:

(x=1)(x=2)(x+7)(x+8)+8=0< (x-1)(x+7)(x—2)(x+8)+8=0<> (X’ +6x—7)(x* +6x—16)+8=0

Dt x* +6x—7 =y phuong trinh c6 dang y(y-9)+8=0< y*-9y+8=0
Giaira ta dwocy, =1y, =8

* V4i y=1tadugc X’ +6x-7=1< x*+6x-8=0

Gidi ra ta duoc X, = 3+417; X, = 3-\17

* Véi y=8 taduoc xX* +6x—-7=8< x> +6x-15=0

Giai ra ta dwoc x1:—3+2\/€; X, = -3-2V6

Vay tap nghiém cua phwong trinh la: s = {—3+ 2./6;-3-2/6;-3+/17;-3- \/ﬁ}

2X 13x
2 T2 -
3°—=5x+2 3X“+x+2

Vi du 3: Giai phuwong trinh
Gidi

Tim cach giai. Caing nhu cac vi du trén, néu quy dong ta duoc phuong trinh bac 4, nén

ciing phan tich da thitc thanh nhan t& va giai dugc. Song trong vi du nay, bai toan cé

mx nx
2 + 2
ax“ +bx+d ax“+cx+d

dang = p Nén bai todn c6 hai cach giai khac:

- Cach 1. D4t ax*+d =t Ta dwgc phwong trinh chta ca x va t , roi phan tich da thiic
thanh nhan ti. Cach nay goi la d6i bién khong hoan toan.

- Céach 2.
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Vi x=0 khong phai la nghiém cta phuong trinh nén ta chia ca t& va mau mdi phan thiec

O vé trai cho X, ta duoc: m gt n = p Sau d6 dat an phu roi giai
ax+b+— ax+c+—
X X
Trinh bay loi giai
Céch 1. Bat t =3x* +2 phuwong trinh ¢ dang 2); t13X =6
-5x t+X

Quy dong kht mau, thu gon ta dugc: 2t* —13t+11x° =0 < (t—x) (2t -11x) =0
Truong hop 1 Xét t—x=0<>3x*+2-x=0 vd nghiém

Truong hop 2.

Xét 2t-11x =0« 2(3x* +2)-11x =0 <> 6x* ~11X+4 =0

4

3

Giai ra ta duoc x —% X, =

Vay tap nghiém ctia phwrong trinh la: s = {; g}

Cach 2. Xét x=0 khong phai la nghiém ctia phwong trinh, nén ta chia ca ti va mau ctia

mdi phan thitc cho X ta duoc 2 1 >=6
3X=5+— 3X+1+—
X X

Dat 3x-2 +E =t phuong trinh c6 dang i+£ =6
X t-3 t+3

Quy dong, khi mau va thu gon ta duoc: 6t* —15t—21=0 Giai ra ta duoc t, = -1t, :g

* Truong hop 1. Xét t =-1 suy ra 3x—2+g:—1<:>3x2—x+2:0 vO nghiém
X

s . 7 2 7 2

Truong hop 2. Xét t=§ suy ra 3X—2+;=§<:>6x -11x+4=0

Giai ta ta dwoc x; _l = i
2’ 3

Vay tap nghiém ctia phuong trinh la:s = {li}

N
w

x? +3x+3 NG +6X+3 53

Vi du 4: Giai phwong trinh
X —4x+3 X +5x+3 12

(Thi hoc sinh gidi, Tinh Tra Vinh, ndm hoc 2009 - 2010)
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Giai
Tim cach giai. Cing nhu cac vi du trén, néu quy dong ta duoc phuong trinh bac 4, nén
cing phan tich da thitc thanh nhan t va giai duoc. Song trong vi du nay, Bai toan c6

ax® +mx+c ax2+px+c
ax> +nx+c ax2+qx+c

dang =d C4ch gidi thong thwong cho dang toan nay la:

- Budc 1. Xét x=0 hai vé& khong bang nhau nén x = 0khdng phai la nghiém ctia phuong
trinh.

- Bubc 2. Xét x#0 chia ca ttr va mau ctia modi phan thic chox. Sau dé dat an phuy, giai
phuong trinh chita &n & mau thiec vira tim duogc.

Trinh bay 1oi giai

* Vi x =0khong phai la nghiém ctia phuong trinh.

e Diéu kién x #0moi phan thirc ¢ v€ trai ta chia ca t& va mau cho x, ta duoc:

x+3+§ x+6+§ 53
X X _
¥ -2
3 3 12
X—=4+— X+5+—
X X
bat y = X+3+3 , phuong trinh (2) tré thanh —— y ,y+3_53
y- 7" y+2 12

Suy ra

12y(y+2)+12(y+3)(y—7)=53(y+2)(y-7)
& 29y? — 241y — 490 =0

Giai ra ta dwoc y, =10;y, = 49
29
* Véi y =10 ta duoc x+§:7<:>x2—7x+3:0 Giai ra ta dwoc x, = 7+;/ﬁ;x2 = 7_2/5
X
e Vébi y= L duoc x+§:—&<:> 29%* +87 +136x =0
29 X 29
Giai ra ta duoc x = —68++/2101 X, = —-68-+/2101
29 29
A o s 7++/37 7-37 —68++/2101 —68—+/2101
Vay tap nghiém cua phwong trinh la: s = > T, 29 X 29

Vi du 5: Giai phuong trinh (x—2)(x—1)(x—8)(x—4) =4x
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Giai

Tim cach giai. Cling nhu cac vi du trén, néu khai trién v€ trai, ta duwgc phwong trinh bac
4, nén cting phan tich da thitc thanh nhan t va giai duoc. Song trong vi du nay, phuong
trinh bac 4 dang (x+a)(x+b)(x+c)(x+d)=mx* v6i ab=cd . Ching ta c6 hai cch giai:
e Cach 1. Viét da thizc dudi dang: [xz +(a+b)x+ ab][x2 +(c+ d)x+cd] = mx?
Budc 1. Viét phuwong trinh dudi dang: [xz +(a+b)x+ ab] [xz +(c+d)x+ cd} =mx’
Budc 2. Xétx =0 , hai vé&€ khong béng nhau nén X =0Kkhong phai la nghiém ctia phuwong
trinh nén ta chia ca hai v€ ctia phuong trinh cho x2 Sau d6 dat an phu, giai phuong trinh
chtra 4n & mau thitc vira tim dwoc.
e Cach 2. Dt x*+(a+b)x+ab=y , ta dugc phuong trinh hai 4n. Phéan tich da thitc thanh
nhan t& phrong trinh vira tim duoc.
Trinh bay loi giai
Cach1
(x=2)(x-1)(x—8)(x—4)=4x* < (x-2)(x—4)(x-1)(x-8) = 4x’
& (% —6x+8)(x* ~9x+8) =4x’

Nhan xét. x=0khong phai la nghiém ctia phuong trinh nén ta chia hai vé cia phuong

trinh cho x*ta dwoc: (x—6+§j(x—9+§]=4
X X

Dat x—6+§:y phuong trinh c6 dang y(y-3)=4< y*-3y-4=0
X
Giai ra ta duwoc y=-1y=4
Truong hop 1. Xét y=-1 ta co X—6+2 = 1 X2 —5x+8=0
X

Phwong trinh vo nghiém.

Truong hop 2. Xéty =4 ta co X—6+§:4<:>X2—10X+8=0
X

Giai ra ta duwoc X, =517, X, =5+4/17
Vay tap nghiém ctia phuwong trinh las = {5— J17;5+\17 }

Céach 2
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(x=2)(x-1)(x—8)(x—4)=4x* < (x—2)(x—4)(x-1)(x—-8) =4x’
& (X —6x+8)(x* —9x+8) = 4x*
Dit x*—6x+8=y phuong trinh c6 dang y(y—3x)=4x
S 4xP+3xy -y =0 (x+y)(4x—-y)=0
-Truong hop 1. x+y=0< x+x* —6x+8=0< x*-5x+8=0
Phuong trinh vo nghiém.
- Treong hop 2. 4x—y =0« 4x—x* +6x—-8=0 <> x* -10x+8=0
Giai ra ta dwoc x =5-17; X, =5+4/17
Vay tap nghiém ctia phuwong trinh 1a s = {5 ~J17;5+17 }
3
Vi du 6. Giai phuong trinh (S) ~(x-3)’ =16
(Thi hoc sinh gidi 16p 9, tinh Hai Duong, nam hoc 2011 - 2012)
Giai

Ap dung hing déng thic a®-b* =(a-b)’ —3ab(a-b)

Ta co
3
(X—_?’—x+3j —3X—_3(x—3)(x—_3—x+3j=16
X—2 X—2 X—2
3 | 3 |
Jo=9rT_Jee3rT
X-2 X—2
s (X_3)2 5 . 3 2
Dat 5 =y phuong trinh c¢6 dang —y° -3y° =16
X_

=S y3+3y2+16=0<:>(y+4)(y2—y+4)=0

x—3)°
e Truong hop 1. Xét y+4=0<:>(—2)+4=0c:>x2—2x+1=0<:>X=1

o Truong hop 2. Xét y? —y+4=0 vd nghiém
Vay tap nghiém cta phuong trinh 1a s = {1}

x2+x+1+x2+2x+2 B X2+3X+3+ X2 +4x+4
X+1 X+2 X+2 X+4

Vi du 7. Giai phuwong trinh:

Giai
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Diéu kién : x ¢ {—1; -2:-3; —4}

Phuong trinh viét dudi dang:

1 2 3 4
X+1+ —+X+1+ ——=X+1+——+X+14+——
Xx+1 X+2 X+3 X+4

1 4 2 3
o - + - =0
X+1 x+4 X+2 X+3
—-3X —X

S d) e (a3

<X 3 + : =0
(x+1)(x+4)  (x+2)(x+3))
e Treong hop 1. Xét x =0 la nghiém ctia phwong trinh.

3 N 1
(x+1)(x+4) (x+2)(x+3)

* Truong hop 2. Xét

Quy déng khtr mau, thu gon ta dugc4x? + 20x +22 =0

—5—\/§_X_—5+\/§
T2

5 thoa man
2

Giai ra ta dwoc x, =

Vav tap nghiém ctia phuong trinh 1a § = {0; S - V3 .75 ; V3 }

C. Bai tap van dung

ey \ S e x* 48 x 4
18.1. Giai phuong trinh sau bang cach dat an phu ?+ — =10 3%
X X

(Thi hoc sinh gioi Toan 16p 9, tinh Vinh Long, ndm hoc 2009 - 2010).

Huéng dan giai — dap s6

2
part=X_2p.X 8,16
9 3 x
, X° 48 x> 48 _,
3t :—+—2—8:>—+—2:3t +8
3 X 3 X

Khi d6 phuong trinh tré thanh 3t* +8=10t <> 3t* -10t+8=0

Giai ra ta dwoc t, =2;t, :%

e Vi t =2 ta duoc §—£:2<:>x2—6x—12=0
X

Giai ra ta duoc X =3++4/21; X, =3-421
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e Véit=2 taduoe X224 o2 _ax—12-0
3 3 x 3

Giai ra ta dwoc x;, =-2;%, =6

Vay tap nghiém ctia phwong trinh 1a: S = {3+ J21;3-+/21;-2; 6}

18.2. Giai phuong trinh 2(8x +7)° (4x+3) (x+1) =7

Thi hoc sinh gioi Toan 16p 9, TP H6 Chi Minh, ndm hoc 2008 - 2009
Huéng dan giai — dap s6

Ta 6:2(8x+7)" (4x+3)(x+1) =7 < 2(64%* +112x+49)(4X° +7x+3) =7

Dat y=4x*+7x+3 thi 64x° +112x+49=16y +1

Phuong trinh da cho c6 dang 2(16y +1) y=7<32y*+2y-7=0

7
Gidi ra ta dwoc y, =—;y, =—
N =TT

* Vé6i y:% ta duoc 4x2+7x+3:%<:>64x2+112x+41:0

—7+2ﬁ_x _T7-2\2

Giai ra ta dwoc x, = 3 5 3

* Véi y:—% ta dwoc 4x° +7x+3:—%<:>8x2+14x+7:0 vO nghiém

Vay phuong trinh da cho c6 tp nghiém S = {—7 +2V2 ol 242 }

8 8
2

18.3. Giai phuong trinh X* + X ~=3
(x+1)

(Thi hoc sinh gidi Toan 16p 9, tinh Binh Phuedc, ndm hoc 2008 - 2009)
Huwéng dan giai - dap s6
Phwong trinh twong duong véi

NG NG x?

x* =2 + 42 =3
X+1 (x+1) Xx+1

2 2
cz(x——i{)+2.x =3
X+1 X+1
2 \? 2
ol 2| 12X 320
X+1 X+1
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2

Dat =y phuong trinh ¢6 dang y*+2y-3=0

X+1

Giai ra ta dwoc y, =1y, =-3

x? 1+\/§_x 1-/5
2 L

=1< x*—x-1=0 . Giai ra ta duoc x, =
X+1

* Vi y =1 ta duogc ) 5

2

e Véi y=-3 ta duoc =-3< X’ +3x+3=0 vO nghiém

X+1

Vay tap nghiém cua phuwong trinhla: S = {1+2\/§ #}

18.4. Tim m d€ phuong trinh sau vd nghiém: x* +(3m-1)x°* —(3m—-2)x* +(3m-1)x+1=0
(m la tham s0)
(Thi hoc sinh gioi Toan 16p 9, tinh Hai Dwong, ndm hoc 2007 - 2008)
Huwéng dan giai - dap s6
Nhéan xét x =0 khong phai la nghiém cua phuong trinh, nén ta chia hai vé caa phuwong

trinh cho x? ta duoc

XZ

<:>(x2 +%)+(3m—1)(x+lj—(3m—2):0(1)

X

x2+(3m—1)x—(3m—2)+(3m—1)1+i:O
X

Dit x+ 2=y dieu kién y>2 hodic y<2 ticla |y|>2
X

Khi d6 phrong trinh c6 dang y? —2+(3m —1) y—(3m - 2) =0y’ +(3m —1) y—-3m= 0(2)
Giai ra ta dwoc y, =1y, =-3m

Phuong trinh (1) c6 nghiém < phuwong trinh (2) c6 nghiém théa man

|y|22c>|—3m|22<:>mz§hoéc ms_?z

Vay véi |m| < % thi phuong trinh da cho v6 nghiém

4x* +16 3 5 7
— -

18.5. Giai phuwong trinh =
P & x>+6  x*+1 x*+3 x*+5

(Thi hoc sinh gidi Toan 16p 9, tinh Quang Ngai, ndm hoc 2007 - 2008)
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Huwéng dan giai - dap s6
4x*+16 3 5 7
2 2 =2 T
X+6 x°+1 x°+3 Xx°+5

2
o B8 o) 3 +(1— > j+(1— ! j:o
X°+6 X +1 X +3 X°+5
xX2—2 x?-2 x*-2 x*-2
ottt =0
X+6 x°+1 x°+3 x°+5

1 1 1 1
< (xP-2 + + + =0
( )(x2+6 xX*+1 x°+3 x2+5j

Vi 21 + 21 + 21 + 21 20nén X*—2=0 x=+2
X“+6 x°+1 x°+3 x°+5

Vay tap nghiém ctia phuong trinh la: S = {—\/E N2 }
18.6. Giai phuong trinh (X* + X+ 2)(x* +2x+2) = 2x*

Huwéng dan giai - dap s6

Nhan xét. Xx=0 khong phai la nghiém ctia phuwong trinh nén ta chia hai vé€ cho x? ta dugc:

(x+£+1}(x+3+2) =2
X X

Dat X+g+1= y phuong trinh c6 dang y.(y+1)=2
X
y?+y—2=0 gidira ta dugc y=1y=—-2

Trueong hop 1. Véi y =1 ta co x +E+1:1<:> x> +2=0 , phuong trinh v6 nghiém
X

Truong hop 1. Voi y=-2 ta co x+3+1=—2<:>x2+3x+2=0. Giai ra ta duoc
X

X=-1x=-2

Vay tap nghiém cta phuong trinh la: S ={-1,-2}

18.7 Giai phwong trinh 3(x* +2x —1)* —2(x* +3x—1)* +5x* =0
Huéng dan giai — dap s6

Nhéan xét. x=0 khong phai la nghiém ctia phwong trinh nén ta chia hai v€ cta hai

2 2
phuong trinh cho X* ta duoc: 3(X+2—1j —2(X+3—1) +5=0
X X

Dat X+2-2 2 y phwong trinh ¢ dang 3y? —2(y+1)2+5:0<:> y>—4y+3=0
X
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Giai ratadwoc y=1,y=3

Truong hop 1. V6i y=1ta c6 x+2-L -1 X +x-1=0

X
Giai ra ta duoc x, = “1++5 X, = -1-+5
2 2
Truong hop 2. V6i y=3 ta co X+2—l=3<:> x*—=x-1=0
X
Gidi ra ta dwoc xszﬁ;xélz#

Vay tap nghiém ctia phwong trinh la: S = {_1_2\@ ; ~1+V5 ;1+\/§ ;1_\/5}

2 2 2
18.8. Giai cac phuong trinh:
a)x* =24x+32
b)x* =4x+1
c)x* =2x*-12x+8
Huéng dan giai — dap s6
a)X* +4x* +4=4x*+24x+36

X2 +2=2x+6
X +2=-2x-6

o (x+2) =(2x+6)' &
e Giai phuong trinh x*+2=2x+6< x*—2x-4=0

Giai ra ta dwoc x =1++/5; X, =1-5

Giai phuong trinh x* +2=-2x-6 < X* +2x+8=0 v nghiém

Vay phuong trinh c6 nghiém la: S = {1+ J5:1-/5 }

X2 +1=~/2.x+/2
X2 +1=—/2x-/2
o Giai phuong trinh X2 +1=2.x+v/2 < x* —\2x+1-v2 =0

\/§+\/4\/§—2_x 2422
2 e 2

b)X* +2x* +1=2x* +4x+2 & (X +1)2 :(\/E.XJF\/E)Z <:>{

Giai ra ta dwoc x, =

* Giai phuong trinh X2 +1=—2x-2 & X2 +/2x+/2 +1=0 vo nghiém
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{\/L\M\/Ez N2 ﬁz}
2 ’ 2

Vay tap nghiém ctia phwong trinh 1a: S =

c) o X' +2x° +1=4x* -12x+9 & (x2 +1)2 =(2x—3)2 & {Xz tl=2x=3
X" +1=-2x+3

e Giai phuong trinh x* +1=2x-3<> x* —2x+4=0 . VO nghiém

e Giai phuong trinh x* +1=-2x+3< x> +2x-2=0

Giai ra ta duoc X —1-4/3; X, —1+43

Vay tap nghiém cua phuong trinh la: S = {1— V3;1+4/3 }

B 3x
x2—x—2 x*-5x-2

18.9 Giai phuong trinh -2=0

(Thi hoc sinh gioi toan 16p 9, tinh Thanh Hoéa, ndm hoc 2014 - 2015)

Huwéng dan giai - dap s6

) Xx=-1
X —x—-2=%0
DKXD: 2 £y o O<:> X#2
X°=5x—-2=#
+
X¢5_2\/33

Nhén thdy x =0 khong la nghiém cta phuwong trinh
1 3

Khi x#0 thi phuwong trinh da cho < 5~ >~ 2=0
X=1-— x-5-——
X X
y 2 . cro 1 3
Dat t = x—— ta duoc phuong trinh biéu thi theo t 1a P =2
X — —

<StP-5t+6=0=t=2:t=3

Vi t=2:>x—3:2<:>x2—2x—2:0<:>x=1i«@ (thda man)

X
+ }
Véit=3:>x—gzs@xz—sx—z:o@x=3_217 (thoa man)
X
+
Vay phuong trinh da cho ¢6 tap nghiém la S = {1 L3 3_2\/17}
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Chuyén dé 19. GIAI TOAN BANG CACH LAP PHUONG TRINH

A. Kién thirc cin nhé
Budc 1. Lap phwong trinh.

¢ Chon an s6 va dat diéu kién thich hop cua an.

e Biéu dién cac dai luong chua biét theo an sd va cac dai lwong da biét.

* Lap phuong trinh biéu thi m6i quan hé gitta cac dai luong.
Budc 2. Giai phuwong trinh ndi trén.
Buwdc 3.Tra 10i: Kiém tra xem trong cac nghiém ctia phwong trinh, nghiém nao thich hop
v0i bai toan va tra loi.
B. M6t s6 vi du
Vi du 1. Mot nhom tho dat ké hoach san xudt 2400 san pham trong thoi gian du dinh.
Trong 5 ngay dau ho thuc hién dung mtic dé ra, nhung vi mudn hoan thanh sém 5 ngay
nén trong nhitng ngay con lai ho phai lam virgt mirc mdi ngay 20 san pham. Hoéi theo k&
hoach mdi ngay ho can san xuat bao nhiéu san pham?

Giai

Tim cach giai. D€ giai dang toan nay, chiing ta nén nho:

khoi luong cong viéc khoi luong cong viéc

Nang suat = = Thoi gian =

thoi gian nang suat
Sau goi an la nang suat, ching ta biéu dién thoi gian du dinh va thoi gian thuc té& theo an
sO va cac sO da biét. Phuong trinh 1ap duoc la phuong trinh vé thoi gian.
Trinh bay loi giai
Goi 58 san pham theo k& hoach mdi ngay can san xuat 1a X (san phadm / ngay, x € Z*)
Suy ra trong 5 ngay dau ho lam duoc 5x (san pham), thoi gian lam sd san pham con lai

. 2400-5x
a——— nga
X+ 20

1

Thoi gian lam theo ké hoach la 2400 ngay

Theo dé bai nhdm tho hoan thanh sém 5 ngay so véi du dinh, ta c6 phuong trinh

2400 -5x 2400
+——+5=
X+ 20 X

5 < x*+40x—9600=0

Giai ra ta duoc x, =80 (thoa man diéu kién), x, =-120 (loai)
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Vay theo k& hoach mdi ngay can san xuét 80 san pham.
Vi du 2. Mot t6 chiic c6 ké hoach san xuat 350 san pham theo nang xuat du dinh. Néu
tang nang xudt lén 10 san pham moi ngay thi t6 d6 hoan thanh sém 2 ngay so véi giam
nang sudt 10 san pham moi ngay. Tinh nang xudt du kién.

Giai

Goi nang sudt du kién la x (x € N*¥, x san pham)

Néu nang sudt mdi ngay ting thém 10 san phdm thi thoi gian hét 1a 10
X+

Néu nang sudt mdi ngay giam di 10 san pham thi thoi gian hét 1a: 10 ngay
X —

Theo dé bai, néu ting ning xuat 1én 10 san phdm mdi ngay thi t6 d6 hoan thanh sém 2

ngay so véi giam nang sudt 10 san pham moi ngay, ta cé phuong trinh ifo - 35:?0 =2
X— X+

< 350x% + 3500 — 350x + 3500 = 2x? — 200
< 2x2 =7200

<> X =60 (théa man), x, =—-60 (khong thoa man)
Vay néng suat dy kién 1a 60 san pham mdi ngay.
Vi du 3. Hai voi nudc cung chay vao bé khong cé nudc va day bé sau 1h48 phat. Néu
chay riéng thi voi thit hai chay day bé nhanh hon voi th nhdt la 1h30 phat. Héi néu
chay riéng thi mdi voi sé chay day bé trong bao lau?

Giai

D6i 1h48 phit = %h , 1h30 pht = %h

Goi thoi gian voi thi nhat chay riéng day bé'la x (gio, x> %)
Thoi gian voi thit hai chay riéng day bé Ia (x _ gj i

suy ral gio voi thi nhat chay duoc % bé

1 gio voi thit hai chay dwoc

13 b
X_i
2

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com
Theo dau bai, hai voi nude cung chay vao bé khong cé nudc va day bé sau 1h48 phut
1 -2 100 —51x427=0
3 9

X_i
2

(:%hj , ta co phuong trinh i+
X

Giai ra ta duoc x, =4,5 (thdéa man diéu kién), x, =0,6 (khong thoa man diéu kién)
Vay néu chay riéng thi voi th nhat chay day bé hét 4,5h
va voi tht hai chay day bé hét 4,5-1,5=3h
Vi du 4. Mot manh vueon hinh cht nhéat c6 dién tich la 720m?, néu tang chiéu dai thém 6m
va giam chiéu rong di 4m thi dién tich manh vuon khong d6i. Tim kich thuwdc manh
vuon.

Giai

Goi chiéu dai cia manh vuon la x (mx>0)

Chiéu rong ctia manh vuon la E(m)
X

Chiéu dai cia manh vuon khi ting thém 6m la x+6(m)

Chiéu rong manh vuon khi giam di 4m la 720 4(m)
X

Theo dé bai, dién tich manh vueon khong doi, ta ¢ phwong trinh:

(7—20—4j(x+6):720<:>4xz+24X—4320:O
X

Gidi ra, ta dugc x, =30 (thoa man), x, =-36 (khong théa man)
Ao qea ans o N o S w1 120
Vay chiéu dai cia manh vuon la 30 m, chiéu rong ctia manh vuon la e 24m

Vi du 5. Mot phong hop chita 300 chd ngdi duoc chia thanh cac day c6 s6 ghé bang nhau.
Néu thém hai chd vao mdi day ghé va bét di 3 day ghé thi trong phong bét di 11 chd
ngdi. Hoéi phong hop lac dau cé bao nhiéu day ghé, méi day c6 bao nhiéu ghé?

Giai
Tim cach giai. Dang toan nay chung ta luu y: s6 ghé trong phong = sd day x sd ghé trong
mot day. Loi giai twong tw nhu dang bai toan vé hinh ch nhat biét dién tich va su thay
doi kich thudce ctua no.
Trinh bay 1oi giai
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Goi s6 day ghé ctia phong hop luc daula x (xe N,x day)

Va 56 gh€ m&i day 14 220 (ghé)
X
S6 day ghé'luc sau lax—3day

S6 ghé & mbi day Itc sau la 300, (ghé)
X

Theo dé bai, ta c6 phurong trinh: (x—3) (@+ 2) =300-11
X
<:>300+2X—%—6=289<:> 2x* +5x-900=0
X

Giai ra, ta dugc x;, =20 (thoa man), x, =-22,5 (khong thdéa man)
N A1 <oy xoaa . 300 o
Vay so day gheé'la 20 day va moi day co >0 =15 ghé

Vi du 6. Cung mot thoi diém, mot chiéc 6 td Xa xuat phat tir thanh phd A hudng vé thanh
pho B va mot chiéc xe khac Xs xudt phat tir thanh ph6 B hudng vé thanh phd A. Ching
chuyén dong vdi van tdc riéng khong doi va gap nhau lan dau tai mot diém cach A la
20km. Ca hai chi€c xe sau khi dén B va A twong tng, lap tic quay tré lai va chung gdp
nhau lan th hai tai mot dia diém C. Biét thoi gian xe Xs di tit C dén B la 10 phut va thoi
gian gitta hai lan gap nhau la 1 gio. Hay tinh van t6c ctia titng chiéc 6 to.

(Tuyén sinh 16p 10, THPT nang khiéu DPHQG. TP H6 Chi Minh, ndm hoc 2004 - 2005)

Giai
Goi M la chd gép nhau lan dau; van tdc cta 6 to di tir A la x (km/h,x>0) ; van toc 6 to

dituBlay (km/h,y>0) . Thoi gian xe di tir A dén M 1a 22(h)
X

Thoi gian nay ciing 1a thoi gian xe Xs di tit B dén M.

Khoang cach BM 1220 y= @(km)
X X

Quéang duong AB la20+ 20y (km)
X
. . . 10 y
Kh cach CBla —y ==(km
oang ca Ay 6( )
Khoang céch AC Ia 20+@—%(km)
X
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Téng khoang cach MB va BC la &+%(km) Theo dau bai, ta c6 phuwong trinh:

X
20y 'y
209, Y _y@
=X
Téng khoang cach MA va AC Ia: 20+20+ﬂ—%=40+@—%(km)
X X

Theo dau bai ta ¢6 phuong trinh 40+ 22 -L_y2)
X
Tt (1) va (2) ta c6 hé phuong trinh:

Tir (1) va (2) ta cé: —40(§+%j = x(ﬁ-a < 7x% —160-4800 =0
X

Giai ra ta dwoc x, =40 (thoa man), x, = —17% (khong théa man) = y =60

Vay van toc ctia 6 t6 Xa la 40 km/h, van tdc cua 6 t6 Xs 1a 60 km/h.
C. Bai tap van dung
19.1. Hai voi nudc cling chdy vao mot bé thi day sau 7h12 phit. Néu mdi voi chay riéng
ma day bé thi tdng thoi gian 1a 30 gio. Héi mdi voi chay riéng thi day bé trong thoi gian
bao lau?
Huéng dan giai — dap s6
Goi thoi gian voi thit nhét chay riéng day bé'la x gio (0 < x <30)
Thoi gian voi thit hai chay riéng day bé&la (30— x) gio
Trong 1 gio voi tht nhat chay duoc % (bé)

1
30—x

Trong 1 gio voi thit hai chay duoc (bé)

Theo dé bai, hai voi cuing chay ma day bé sau 7h12 phut (7% gi0). Ta c6 phuwong trinh:

7L, )1 —30x+216=0
5\x 30-x

Giai ra ta dwoc cd x, =12;x, =18 (thdéa man)

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com
Vay néu voi tht nhat chay riéng la 12(gio) thi voi hai chay riéng day bé la 30-12=18

(gi0) va nguoc lai
19.2. Mot t0 du dinh san xuat 720 san pham theo nang sudt du dinh. Néu san xudt tang
10 san phdm mdi ngay sé nhanh hon gidm nang suat 20 san phdm mdi ngay 1a 4 ngay.
Tinh nang sudt du kién.

Huwéng dan giai - dap s6

Goi nang sudt du kién la x (x e N*,x san pham)

Néu nadng sudt mdi ngay ting thém 10 san phdm thi thoi gian hét 1a

Néu nang sudt mdi ngay giam di 10 san pham thi thoi gian hét 1a:

Theo dé bai, ta c6 phwong trinh 720 720 _,
x-20 x+10

& 720x + 7200 - 720x +14400 = 4x* — 40x — 800
& 4x* —40x—22400=0

<> X =80 (théa man), x, =—-70 (khong thoa man)
Vay nang suat du kién 1a 80 san pham mdi ngay.
19.3. Mot hop tac xa duy kién thu hoach 200ha laa trong thoi gian da dinh. Song thuc t&
mdi ngay thu hoach nhanh hon so véi ké hoach 1a 5 ha nén da hoan thanh cong viéc
nhanh hon du kién 2 ngay. Héi theo dy kién moi ngay thu hoach bao nhiéu ha?

Huéng dan giai — dap s6

Goi mdi ngay theo du kién thu hoach duoc x (ha,x>0)

Thoi gian thu hoach theo k&€ hoach 1a 2% ngay
X

Thoi gian thu hoach thyc t&1a 20

nga
+5 el
Theo dé bai, ta c6 phuong trinh 220290 _»
X X+5

< 200X +1000 — 200X = 2x* +10x
< 2x*+10x-1000=0

< X, =20 (thoa man), x, =-25 (khong thoa man)

Vay theo du kién moi ngay thu hoach 20 ha.
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19.4. Hai d6i cong nhan cling lam mot cong viéc thi lam xong trong 4h. Néu moi doi lam
mot minh xong cong viéc ay thi doi thir nhat can it thoi gian hon doi tha hai la 6h. Hoi
mdi doi lam mot minh xong cdng viéc &y trong bao 1au?

Huéng dan giai — dap s6
Goi thoi gian d¢i th nhat lam 1 minh xong cong viéc hét x (gio, x >4)

Suy ra thoi gian d¢i thit hai lam 1 minh xong cong viéc hét (X +6) gio

Trong 1h doi thit nhat lam duoc 1 cong viéc
X

Trong 1h doéi thit hai lam duoc cong viéc

X+6
DA N\ e /4 \ 1 l l
Theo dau bai, ta c6 phuong trinh —+——==
X x+6 4

< x*-2x-24=0
<> X =6 (thoa man), x, =—4 (khong thda man)
Vay néu lam riéng thi doi 1 hoan thanh cong viéc trong 6h va doi 2 hoan thanh cong viéc
trong 6 + 6=12h.
19.5. Hai xe mdy khoi hanh cing mot Itc ttr hai tinh A va B cach nhau 90km, di nguoc
chiéu nhau va gdp nhau sau 1,2 gio (Xe th nhat khoi hanh tit A xe tht hai khoi hanh ti
B). Tim van tSc cia mdi xe. Biét rang thoi gian dé xe thtt nhat di hét quang duong AB it
hon thoi gian d€ xe tha hai di hét quang duong AB la 1 gio.

Huwéng dan giai - dap s6
Goi van tdc xe di tir A va xe di ti B Ian lwot lax; y(km/h,x, y > 0)
Thoi gian xe 1 di hét quang duwong AB la 9—)? h
Thoi gian xe 2 di hét quang duong AB la 9—; h

1,2x+1,2y=90 (x+y=75

Theo dé bai, ta c6 hé phuwong trinh < 90 90 1 <S4 090 90 L
y X 75-X X

x=-150

295 (thdéa man)
y =

Giai ra ta duoc { (khong thoa man) {

X =
y =30

Vay van toc xe di ti A, xe di tit B 1a 45 km/h, 30 km/h.
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19.6. Mot xudng may xudi dong song 30km va nguoc dong 28km hét mot thoi gian bang

thoi gian ma xuong di 59,5km trén mat ho yén lang. Tinh van tdc ctia xuong khi di trén
ho, biét rang van tdc ctia niede chay trén sdng la 3km/h.
Huéng dan giai — dap s6
Goi van tdc cta xudng trén mat ho 1a x (km/h, x> 0)
Van toc xudng di xudi dong 1a x+3km/h.
Van toc xudng di nguoc dong la Xx—3 km/h.

Theo d& bai, ta c6 phuong trinh—0 25 _ 993

X+3 Xx-3 X

=1,5x*+6x—-5355=0 <= x*+4x-357=0
<> X, =17 (thoa man), x, =-21 (khong théa man)
Vay van tdc cta ca nd khi di trén mat ho yén lang la 17km/h.
19.7. M6t be nra trdi tw do (vdi van toc bémg van toc dong nudc) va mot ca nd cung doi
bén A dé xudi dong song Ca no6 xudi dong duwoc 96km thi quay lai vé bén A ngay. Ca di
1an vé hét 14 gio. Trén duong quay vé A. khi con cach bén A la 24km thi gap be na noi
trén. Tim van toc riéng cua Ca nod va van téc dong nudc.

Huwéng dan giai - dap s6

Goi van t6c ctia ca nd va van toc dong nwdc lan lwot la x; y (x >y >0, x y km/h)

Thoi gian ca nd xu6i dong la 0 h
X+y
o ... 96
Thoi gian nguoc dong la h
X—y
Thoi gian b troi 24km 1a 22 =14 2% (1)
y X=y
96 96
—+—=14
- 96x=7(x+y)(x=y)(1
Theo dé bai, ta c6 phuong trinh Ty Xy @{ (x+y)(x=y)@)
EZM_A 12x:7y(x—y)(2)
y X=y

Tt (1) va (2) suy ra 56y (x—y)=7(Xx+Yy)(Xx—y) <8y =x+y (vi X>y)
= x =7y Thay vao phuong trinh (2) ta duoc 12.7y =7y(7y-vy)
= y =2 (thoa man), x=14 (thdéa man)
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Vay van tdc ctia dong nudce la 2 km/h va ctia ca n6 la 14 km/h.
19.8. Mot phong hop ¢6 360 chd ngdi duoc chia thanh cac day cé s& chd ngdi bang nhau.
Néu thém cho mdi day 4 chd va bét di 3 day thi s6 chd trong phong hop khong thay ddi.
Hoi ban dau trong phong hop c6 bao nhiéu day?
Huéng dan giai — dap s6
Goi s6 day ghé ctia phong hop luc dau la x (x e N*,x day)
S5 gh& mbi day 1a 20 gh
X
S6 day ghé€'luc sau la x—3day
S6 ghé & mbi day Itc sau la —3603 ghé
X —_

Theo dé bai, ta c6 phuong trinh i% 30 _ 4 ax —12x—1080=0
x-3 X

Gidi ra ta dwoc x, =18 (thoa man), x, =-15 (khong thoa man)

A N ax o a oy oz oax o 360 "
Vay so day ghé'la 18 day va moi day co 18 - 20ghé
19.9. M6t 6 t6 du dinh di tit A dén B cach nhau 120km trong mot thoi gian quy dinh. Sau
khi di duoc 1 gio 6 to bi chan duong bdi xe hoi trong 10 phut. Do d6 d€ dén B dting hen,
xe phai tang van toc thém 6km/h. Tinh van toc ltc dau cta 6 to.

Huéng dan giai — dap s6
D6i 10 phut = % gid
Goi van toc ban dau ctia 6 to la x (x km, x >0)
Thoi gian du dinh la 120 (gio)
X

Thoi gian di quang duwong lac sau la 120-x

(g10)

120-x 1120 | vo 4 a9x—4320=0

Theo dau bai ta c6 phuong trinh 1+
X+6 6 X

Giai ra ta duwoc x, =48 (thoa man), x, =-90 (khong thoa man)

Vay van toc ban dau caa 6 t6 1a 48 km/h.
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19.10. Mot nguoi di xe may tir A dén B cach nhau 120km véi van tdc va thoi gian du

dinh. Sau khi di duoc % quang dwong AB véi van tdc d6 nguoi ta tang van toc thém
10km/h trén quang duwong con lai. Tim van toc du dinh va thoi gian xe lan banh trén
duong biét nguroi d6 dén B sém hon du dinh 24 phat.

Huéng dan giai — dap s6
D&i 24 phit = 0,4 gid

Goi van toc du dinh 1a x (km/h, X >0)

Thoi gian dy dinh di tir A dén B 1a 222 (gio)
X

Thoi gian xe di quang duong dau tién la 10 (gio)
X

80
+10

Thoi gian xe di quang duong con lai la (gi0)
X

Theo dé bai, nguoi d6 dén B sém hon du dinh 24 phat, ta ¢6 phueong trinh:

120 80 40, 80 80

X X+10 x X X+10

=0,4 < x*+10x—2000=0
Gidi ra ta dweoc x, =40 (thda man) x, =-50 (khong théa man)

A A A . N A « 1. 120 -\
Vay van toc cta xe la 40km/h va thoi gian xe lan banh trén duong la: 20 0,4=2,6 gio
19.11. Mot xi nghiép giao cho mot cong nhan lam 120 san pham trong thoi gian quy
dinh. Sau khi lam dwoc 2 gio, nguwoi d6 da cai tién ki thuat nén da tang duogc 4 san pham
moi gio so véi du kién. Vi vay trong thoi gian qui dinh khong nhitng hoan thanh k&
hoach tredce 1 gio ma con veeot mitc 16 san pham. Tinh nang sudt lam luc dau.

Huéng dan giai — dap s6

Goi nang suat ltuc dau la x (san pham/ gio, x € N)
o .o 1200
Suy ra thoi gian du dinh la — 8o

Thuc t€, 2 gio dau lam dwogcla 2 x san pham

nang sudt tang thém 4 san pham/gio nén nang suat thuc t€la X+ 4 san pham/ gio
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SO san pham thuc t€ khi tang nang sudt la 120+16 —2x =136 —-2x san pham nén thoi gian
136 - 2x

thuc té€1a
X+4

136 -2x _120_
X+4 X

Theo dau bai, ta c6 phuwong trinh: 2+ 1

& X2 +28x-480=0
Giai ra ta dwgc x, =12 (thoa man), x, =—-40 (khong thoa man)
Vay nang suat ltc dau 1a: 12 san phdm mai gio.
19.12. Mot nhém hoc sinh di du khao vé ngudn bang xe dap tir thanh phd Cao Lanh dén
khu can ctt dia cach mang Xéo Quyt cach nhau 24 kilémét (km). Khi tro vé thanh phd
Cao Lanh, vi ngugc gid nén van toc trung binh ctia nhém hoc sinh bi giam 4 km/gio va
thoi gian di chuyén ttr khu can c dia cach mang Xéo Quyt vé thanh phd Cao Lanh lau
hon thoi gian di chuyén tir thanh pho Cao Lanh dén khu can ct dia cach mang Xéo Quyt
la 1 gio. Hay tinh van toc trung binh & luot di tit thanh phd Cao Lanh dén khu céan ctt dia
cach mang ctia nhom hoc sinh noi trén.
(Thi hoc sinh gioi toan 16p 9, tinh Dong Thap, nam hoc 2014 - 2015)

Huwéng dan giai - dap s6
Goi thanh pho Cao Lanh 1a A, khu can ct dia cach mang Xéo Quyt la B.
Goi van toc trung binh ¢ luot di cia nhdm hoc sinh néi trén la: X (km/gio). Biéu kién
X>4

Van t6c trung binh khi tré vé la: x—4 (km/gio)

Thoi gian nhém hoc sinh di tir di€ém A dén di€ém B la 24 (gi0)
X

Thoi gian nhém hoc sinh di tir diém B dén diém A la 244 (gi0)
Theo dé bai ta c6 244—ﬁ=1@ X2 —4X—96=0 < X, =12;x, =8
X—4 X

Két hop voi diéu kién ta c6 x, =12 thoa man
Vay van toc trung binh ¢ luot di t&r thanh phd Cao Lanh dén khu can ct dia cach mang

ctia nhom hoc sinh noi trén la 12 (km/gio).
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Chuong VI TRI TUONG GIAOGIUA PARABOL VA PUONG THANG

Chuyén dé 20
A Kién thirc cAn
Cho Parabol (P): y = ax’ (a * 0) va duong théng y=bx+c ¢b d6 thi la (d) . Khi d6 hoanh d6
giao diém (P) va (d) la nghiém ctia phuwong trinh: ax? = bx + ¢ (*)
o (P)cat (d) tai hai di€m phan biét < phuong trinh (*) c6 hai nghiém phan biét
e (P)khong cat (d) < phuong trinh (*) vo nghiém
e (P) tiép xtic vdi (d) < phuong trinh (*) c6 nghiém kép
B. Mot s6 vi du
Vi du 1:Trong mét phang toa dd Oxy, Cho Parabol (P) c6 phuong trinhy =x* va duong thang (d)
c6 phuong trinh y =kx +1 (k 1a tham s8) . Tim k d& duong thang d cat Parabol (P) tai hai diém
phan biét M,N sao cho MN = Zm
(Thi hoc sinh gidi Todn 9,tinh Bic Ninh, nim hoc 2012-2013)
Giai
Tim cdch gidi. D€ giai quyét dang toan nay , chung ta can thuc hién qua cac budce sau:
e Budc 1. Tim diéu kién d&€ (P) va (d) cat nhau tai hai diém phan biét. Ttrc 1a phuong trinh
x> =kx+1 c6 hai nghiém phan biét.
e Budc2. Van dung hé thirc Vi-ét. Vi M (x;;¥,),N(X,;y,) thudc (d), biéu dién y,,y, theox,X, rdi
theo k.

e Budc 3. Van dung cong thitc : M (x;;y, ), N (X,; Y, ) thi:

MN = \/(xz -~ xi)2 +(y, - yl)2 .Sau d6 tim k
Budce 4. Nhan xét, so sanh k tim dwoc vdi budce 1, roi tra 1oi
Trinh bay loi giai
(d) cat (P) tai hai diém phan biét M (x;V;),N(X,;Y,)thiX;X, 1a nghiém cua phwong trinh :
x* —kx-1=0
XétA =k?+4>0 véi moi k, nén phuong trinh ludn c6 hai nghiém phan biét

Do d6 (d) luon cat (P) tai hai diém phan biét
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X, +X, =K

Theo hé thirc Vi-ét ta co: {
XX, =-1

ViM, N thudc (d) nén y, =kx +Ly, =kx, +1=y, -y, =k(x, —x,)

Taco: MN? =(x, - %) +(y, - v,)" & (2@)2 =(% =% ) +K2 (% —%)

40 = (1+ kz)(x2 %) o (1+ kz)[(x2 +%) —4x2x1} =40

@(1+k2)[k2+4]:40<:>k4+5k2—36:0<:>k:i2

Website: tailieumontoan.com

Vay véi k = 2 thi duong thang d cat Parabol (P) tai hai diém phan biét M, N sao cho MN = 2410

Vi du 2:Cho Parabol (P) : y=2x". Trén (P) 14y diém A c6 hoanh d6 bang 1, diém B c6 hoanh d6

béng 2. Tim m va n dé duong thing (d):y=mx+nti€p xdc véi Parabol (P) va song song voi

duong thang AB.
(Thi hoc sinh gioi Todn 9,Tinh Vinh Long ,nam hoc 2011-2012)

Giai

Tim cdch gidi . Qua di kién va yéu cau cta bai toan . Chung ta c6 thé giai bai toan theo budc sau :

e Budc 1. Biét hoanh d6 cua diém A va B, dong thoi A va B cung thudc (P) nén tinh duoc tung

do diém A va B. Tt d6 viét phuong trinh duong thang AB.

e Budc 2. Vi(d) song song véi ABnén a=a’. Tim duwgc m

e Budc 3. Vi (d) tiép xtc véi Parabol (P) nén van dung phuong trinh : ax’ = bx + ¢ ¢ nghiém kép

Tt @6 tim dwocn
Trinh bay loi giai
Tung d6 caa diém Ala y=2.1" =2= A(12)
Tung d6 cia diém Bla y =2.2* =8 = A(2;8)
Goi phuong trinh duong thang ABla y=ax +b

a+b=2 a=6
Suy ra: =

2a+b=8 b=-4
Vay phuong trinh duong thang AB 1a y = 6x — 4
(d) song song véi ABnén m =6

(d) ti€p xtic vdi Parabol (P) < 2x* = 6x +n c6 nghiém kép
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< 2x? —6x—n =0 c6 nghiém kép c>A'=9+2n:0<:>n:—%

Vay v6i m=6,n= —% thi duong thang (d):y=mx+n tiép xdc véi Parabol (P) va song song véi

duong thang AB
Vi du 3:Trong cung mot hé toa do , cho duwong théng d:y=x-2 va Parabol (P): y=-x" . Goi A
va B la giao diém cua d va (P)

a) Tinh d¢ dai AB

b) Tim m d€ duong thang d':y=—-x+m cat (P) tai hai diém C va D sao cho CD = AB

(Thi hoc sinh gioi Todn 9,Tinh Thanh Héa nam 2011-2012)

Gidi
a) Hoanh do cta A va B la nghiém ctia phuwong trinh :
X =x-2X +x-2=0 X, =LXx, =-2
e V6ix =1thiy=1-2=-1suy ra A(L-1)

e V6ix =-2 thi y=-2-2=-4 suyra B(-2;-4)

D6 dai doan thing AB 13 : AB = ,J(1+2) +(-1+4) =32 (dvdd)
b) Diéu kién dé (d') cat (P) tai hai diém phan biét C vaD la: —x* = —x + mcd hai
A A i 1
nghiém phan bi¢t < A=1-4m>0<m< 7
D&tC(x,;y;);D(X,;Y,) thi X;;X, la nghiém ctia phuong trinh : x* =x+m=0

X, +X%X,=1

Theo hé thirc Vi-et ta co :
X, X, =M

ViC(x,;y,);D(X,;Y,)thudc (d) nén y, =—Xx, +m;y, =-X, +m

CD=AB & (%, %) +(Y, -, :(3\/5)2 & (X, =%, ) +(x, =%, )" =18

(X, =% ) =9 (X, +%,) —4xX, =9 = 1-4m=9 & m= -2

Vay véi m=-2 thi duong thang d':y=-x+m cat (P) tai hai dim C va D sao cho CD = AB
Vi dy 4:Cho Parabol (P):y Z%XZVé duong thang (d):y = —%X+2

a) V& do thi cua (P) va (d) trén cung hé truc Oxy
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b) Goi A,B 1a giao diém cua (P) va (d) . Tim diém M trén cung AOB ctia (P)
Sao cho dién tich tam gidc MAB 16n nhat
¢) Tim diém N trén truc Ox sao cho NA + NB nho nhat
Giai

Tim cdch giai

e D€ tim vi tri diém M sao cho dién tich tam gidc MAB 16n nhat, ta c6 hai huéng suy nghi:

Hudng 1. Vi A, B da biét nén phuong trinh duong thang AB la viét duoc va d6 dai doan thang AB

xac dinh duoc . Mat khac vi tap hop diém M chi trén cung AOB ctia (P) nén dé dién tich tam giac

MAB 16n nhat chting ta can xac dinh khoang cach tit M dén AB 1a 16n nhat . Ti d6 chung ta nghi

t6i viéc viet duong thang (d) tiép xtic véi (P) va song song véi (d) 1a: y=ax+b . Khi d6 cung

AOB ctia (P) chi ndm gitta (d) va (d") nén khoang cach tit M dén AB la 16n nhét khi M trung véi

tiep diém (d') va (P)

Huong 2 . Goi C,D, N Ian luwot 1a hinh chiéu cua B, A, M trén truc hoanh . Khi d6 ABCD, AMND,

BCNM la hinh thang va ABCD c6 dién tich xac dinh.D€ dién tich tam giac MAB 16n nhat khi va

chi khi tong dién tich AMND va BCMN c6 dién tich nhé nhat . Vay ta tinh tat ca cach dién tich

hinh thang trén theo toa d6 da biét va m.

e Tim diém N trén truc Ox sao cho NA + NB nho nhat, chung ta dwa vao kién thiic hinh hoc .
Lay B’ d6i xtng véi B qua Ox thi d¢ daiAB’'khong do6i dong thoi OB=O0B' nén
NA + NB = NA + NB' > AB’

Trinh bay loi giai
a) Tw vé hinh
b) Goi phuong trinh duong thang (d) tiép xtic véi (P) va song song véi (d) 1a :

y=ax+b
Vi(d')//(d) nén: a= —%: (d):y= —%x+ b
(d") tiép xtic véi (P) < phuong trinh hoanh d¢ giao diém
2

%X =—%X+b hay X +2x—4b=0 cé nghiém kép

<:>A':1+4b:0<:>b:—%
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Khi d6 , phuong trinh (d') la y= —%X—% . Tiép diém c6 hoanh d6 1a nghiém kép cua
; 2 1
phuwong trinh: X* +2X+1=0=>x=-1= y:Z
A N RiA 1 1
Toa do tiép diém la T(—l;zj

Ké MH L AB.Taco: Sy, = %AB.MH . Do d6 AB khong d6i nén S,g,, 16n nhat

< MH 16n nhat < M trung véi T < M(—l; %j

c) Toa do giao diém cua A va B cta (P) va (d) ¢ hoanh d¢ la nghiém ctia phwong trinh :

1x2=—1x+2<:>x2+2x—8=0
4 2

Suyra X, =—4X,=2=y, =4y, =1

Do d6 A(—4;4);B(2;1) . Lay B’ d6i xiing voi B(2;1) qua Ox , ta ¢6 B'(2;-1) khi do6
NB = NB'

= NA+NB=NA+NB'>AB'

Déng thitc xay ra khi va chi khi A,N,B’ thang hang . Suy ra diém N can tim chinh 1a giao
diém ctia AB’ va truc Ox . Goi phurong trinh ctia duwong thang AB’ c6 dang y =mx+n . Do
A(-4;4) va B'(2;,-1) thudc duwong thiang nén :
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me_2
{4m+n:4 76
2m+n=-1 2
n=—
3
. , . 5 2
Phuwong trinh cua AB' la: y=—€X+§
5 3 4
A 2 \ “ A ” N y=-—X+— X:— R 4
Suy ra toa do ctia N la nghiém cutia hé : 6 2 & 5 vay N(E;Oj
y=0 y=0

[} ]
z

A\

Vi du 5:Cho Parabol (P):y =x* va duong thang (d):y=x+m véi m#0.Tim m dé (P) va (d) cit
nhau tai hai di€ém phan biét A,B sao cho tam giac OAB la tam giac vudng tai O
Giai
Tim cdch gidi. Nhitng bai todn vé toa do lién quan dén khoang cach , goc vudng thong thuwong
chung ta nghi téi van dung hé thic Vi-ét . Do vay , dé giai quyét bai toan nay :
e Budc 1.Tim diéu kién m dé& (P) cat (d) tai hai diém phan biét . Tec 1a phuong trinh : x? = X +m
6 hai nghiém phan biét, trong d6 nghiém cua phwong trinh la hoanh d6 ctua giao diém
e Budc 2. St dung dinh li dao Py-ta-go : OAB la tam gidc vuong tai O
< OA’ + 0B’ = AB?
Ttr d6 chung ta c6 10i giai sau:
Trinh bay loi giai
Goi A(X.;Y:);B(X,;Y,) thi X;;X, langhiém ctia phuong trinh : x* =x+m
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& xP-x-m=0

(P) cat (d) tai hai diém phan biét < A>0<1+4m>0<m > —%

X
Theo hé thirc Vi-et ta o : {
X, X

ViA(X;Y,);B(X,;Y,) thudc (d) nén:

Y, =X, MY, =X, +MyY, -y, =X, — X,
AABCvudng tai O < OA? + OB? = AB?

S X2V Y %2 = (% =%, ) (Y, Y, )
S XX, + Y, =0 XX, +(X, +m)(X, +m)=0

m=0

& 2X,X, +M(X, + X, )+m? =0 2(-m)+m.1+m? =0c{m_1

Két hop véi diéu kién thi m =1 théa man, ta ¢ (P) va (d) cit nhau tai hai diém A,B phan biét cho

tam gidc OAB la tam gidc vudng tai O

y A

C. Bai tap van dung

20.1.Cho ham s8 y = x*. Tim céc gia tri cia m d€ duong thang phuong trinh y = x —m cat db thj tai
hai diém phan biét A(x,;y; );B(X,;Y,) thoaman (x, —x,)" +(y, -y,)’ =18

(Thi hoc sinh gidi Todn 9, tinh Bic Giang nam hoc 2012-2013)

Huwéng dan giai - dap s6
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ViA(X4:Y,):B(X,:Y,) thude (d) nén:

Y1 =X MY, =X, =My, =Y, =X, =X
Xét phuwong trinh hoanh d¢ giao diém ctia (P) va (d): x> =x-m < x> —x+m =0
(P) va (d) cat nhau tai hai diém phan biét < A>0<1-4m>0<m S%

X, +X, =1

Theo hé thirc Vi-et: {
XX, =M

4 4

(X, =%) +(y,—-y,) =18 (x, —x1)4 +(x, —x1)4 =18
(X, =%) =9 (X, —x) =3 (X, + %) —4%,x, =3

Hayl-4m=3 & m= —%(théa man)

Vay voi m= —% thi duong thang y = x —% cat d6 thi tai hai diém phan biét
A(X.;Y:);B(X,;Y,) thoa man (x, —x1)4 +(Y, —y1)4 =18
20.2. Cho Parabol (P): y = —%Xz va duong thang (d):y=mx-2m-1 (m la tham sd)

a) Tim m d& duong thang (d) ti€p xtic véi Parabol (P)
b) Chttng minh duong thang (d) ludn di qua mot diém A 8 dinh thudc Parabol (P)
(Thi hoc sinh gioi Todn 9, tinh Binh Phiréc nam hoc 2012-2013)

Huéng dan giai — dap s6
: T 1 A1
a) Duong thing (d) tiép xtc voi Parabol (P) < _ZXZ =mx —2m-1 ¢4 nghiém kép

< X% +4mx —8m — 4 = 0cd nghiém kép
SA=4m*+8m+4=0m=-1

b) Goi A(X,;Y,) ma duong thang (d) di qua véi moi m <y, =mx, —2m-1

, ‘. . Xo—2=0 Xy =2
< m(x, —2) =Yy, +1 ding véi moi m < =3

Yo +1=0 Yo =-1
Tacod X, =2,Y, =-1thoaman y = %Xz nén A(2;-1) thudc Parabol (P)

20.3. Cho ham s6 y = (x) =(m’ + m+5).x*
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20.4. Cho duwong thing (d):y=mx—m-+2(m la tham s8) va Parabol (P):y=—

a)
b)

b)

<)
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Chting minh rang y = f (x) nghich bién trong khoang (—«;0) va dong bién trong khoang

(0:)
Véim =0 . Tim gia tri nguyén cta x dé f(x) <100
Huéng dan giai — dap s6

2
Ta co: m2+m+5:(m+%j +4%>0

Nény = f (x) nghich bién trong khoang (-«;0) va dong bién trong khoang (0;)
V6i m=0 thi f(x)=5x* <100 < x* < 20 voi X nguyén nén :

X € {—4;-3;-2,-1;0;1,2;3; 4}

2
Tim m dé& duong thang (d) va Parabol (P) cing di qua diém c6 hoanh d6 x = 4
Chting minh rang véi moi gia tri ctia m, dwong thang (d) ludn cat Parabol (P) tai hai diém
phan biét
Gia stt (X,;y,) va (X,;y,) 1a toa dd céc giao diém cta duong thing (d) va Parabol (P) .
Chiing minh rang :y, +y, > (2\/§ —1).(X1 +X,)

Huéng dan giai — dap s6

2

Vi x =4 thi y:%=8:>l(4;8)
Diém I d6 thudc (d) < 8=4m-m+2 < m=2

Phuong trinh hoanh d6 giao diém cua (d) va (P) la:

2
X7:mx—m+2:0c>x2—2mx+2m—4:0

COA'=m? —(2m—4)=(m-1)’ +3>0 véi moi m, nén phwong trinh c6 hai nghiém phéan biét .
Vi vay (d) ludn cat (P) tai hai diém phan biét
X,;X, 1a nghiém ctia phwong trinh : X*> —2mx +2m —4 =0 theo hé thitc Vi-et:

X, +X, =2m

Do d6: y, +y, =m(X, +X,)—2m+4=2m’ —2m+4
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Nhén thay : y, +vy, > (2\/5—1).(x1 +X,)

o2’ -2m+42(22 1) 2m o m? - 22m+ 220 & (M—2) 20

(ludn ding véi moi m ) nén suy ra diéu phai chitng minh
20.5.Trong mat phang toa d6 Oxy . Cho Parabol (P):y=-x*va duwong thang (d) c6 phurong trinh
y =mx —1(m la tham sd)
a) Chuing minh réng vOi moi m, duong théng (d) ludn cit Parabol (P) tai hai diém phan biét A
vaB
b) Goi hoanh d6 giao diém ctia A va B lan luot 1a X, va X, . Chiing minh rdng : |x, —x,|> 2
(Thi hoc sinh gioi Todn 9, tinh Binh Dinh nam hoc 2012-2013)
Huéng dan giai — dap s6
a) Xét phuong trinh —x* =mx -1« x> +mx-1=0 c6 A=m’+4>0 véi moi m
Vay duong thang (d) ludn cét parabol (P) tai hai diém phan biét A va B

A 1t . / Xp+ X, =—M
b) Theo hé thtrc Vi-et ta co:
XX, =-1

X6t (X, —%,)" = (X, +%, ) — 4%, X, =M? +4> 4= |x, —x,|>2
20.6. Trong mat phing toa dd Oxy , cho Parabol (P):y = x*va hai diém A(-11);B(3;9) ndm trén
(P) . Goi M la diém thay d6i trén (P) c6 hoanh d6 1a m(-1<m <3)
Tim m dé€ dién tich tam giac AMB 16n nhat
(Thi hoc sinh gioi Todn 9, tinh Thdi Binh nam hoc 2011-2012)
Huéng dan giai — dap s6
M e P c¢6 hoanh d6 la m, suy ra tung do 1a m?

Goi C, D, N 1a hinh chiéu cta B, A, M trén truc hoanh thi : C(3;0),D(-10),N(m;0)
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»
Dién tich hinh thang ABCD la: S= ADTJFBC-CD = % -4 =20(dv.dt)
2
Dién tich hinh thang AMND l: S, = 22 +2 MN oN = 2™ (i 42) (dv.d)
2
Dién tich hinh thang BCNM Ia : S, = BCZMN cn=" 2+ ¥ (3-m)(dv.dy)

Suy ra dién tich tam giac AMB la:

1+m*)(m+1) (9+m?*)(3-m
SAMBZS—Sl—Szzzo—( l( ) (9+m*)(38-m)

Spew =6-2m° +4m=8-2(m-1)° <8
Vay dién tich tam giac AMB 16n nhat la 8 (dv.dt) khi m=1
20.7. Cho Parabol (P):y=x*. Trén (P) ldy hai diém A,;A, sao cho m =90°(O la goc toa
d0).Hinh chiéu vuong goéc caa A ; A, trén truc hoanh lan luot 1a B,;B,
Chting minh rang OB,.0B, =1
(Thi hoc sinh gioi Toan 9, tinh Hung Yén, ndam hoc 2011-2012)

Huéng dan giai — dap s6
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A /
! !
A N
\ /
\ /
'-. L R fr
JJ
\ ' /
\ | /
A1 -
l“ t- /
is \\\ . (Jf
L N S | /
: ~.\ \\.‘. e A}z/ /
TRNET R N .. .|| — i
B1-to B2! 2 \)

Dat A, (X;;Y;);A, (X,;Y,) thi B, (x,;0);B,(X,;0)
ViA;A, eP nény, =x°y, =X,°

AOA, =90° < A A = A0 +A,0°

S(% =%,) + (Vo= Y,) =7 Y %7y

. XX, =0
S XX, + V1Y, =0 XX, +X,°X,” =0 XX, (1+X,X,) =0 L4 %%, <0
ViA;A, khac O nén XX, =0loai, do d6 1+ x,X, =0= x;X, =-1

Vay OB,.0B, =|x,|.|x,|=1

biéu phai chitng minh

20.8. Cho Parabol (P) Y= %Xz

a) Viét phurong trinh cac ti€p tuyén cta (P), biét cac tiép tuyén nay di qua diém A(2;1)

b) Goi d la duong thing di qua diém A(2;1) va cé hé s6 gbc m . Véi gid tri nao ctia m thi
duong thang (d) cat (P) tai hai diém phan biét M, N . Khi &6 tim quy tich trung diém I ctia
doan thang MN khi m thay d6i

¢) Tim quy tich cac diém M, tir d6 c6 thé ké dwgc hai tiép tuyén vudng goc véi nhau

(Thi hoc sinh gioi Toan 9, tinh Thira Thién Hué, vong 1, ndm hoc 2004-2005)

Huéng dan giai — dap s6
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Phuong trinh duong thing d, di qua A(2;1) 6 dang
y=ax+b=1=2a+b=b=1-2a.Dod¢ (d,):y=ax—-2a+1
Phuong trinh hoanh d6 giao diém cua d, va (P) la:

%xz =ax-2a+1l< x*—3ax+6a-3=0 (1)

d, 1a tiép tuyén cua (P) < phuong trinh (1) c6 nghiém kép
& A=9a%—4(6a—3) =092’ —24a+12=0

o (a-2)(3a-2)=0<1a, =23, :%

Vay tir A(2;1) c6 hai tiép tuyén dén (P)la d, :y = 2x-3;d, :yzéx—%

b) Phuong trinh duong thang d di qua diém A(2;1) cé hé s6 gécm la:
y=mx+1-2m

Phuong trinh hoanh d6 giao diém cua d va (P) :
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%xz =mx-2m+1< x* -3mx+6m-3=0 (2)

d cat (P) tai hai diém phan biét <> A =9m’ —4(6m-3)>0
©9m’ -24m+12>0 < 3.(m-2)(3m-2)>0

2.
<:>m<§ hoac m>2 (%)

V6i diéu kién (*) , d cat (P) tai hai diém phan biét M va N c6 hoanh d6 1a X, va X, la hai

nghiém cta phuong trinh (2) , nén toa d¢ trung diém I cia MN la

2X
X, +X, 3m m=-—"—
Xx=—t'%2 2 3
2 2 &
2 , 4
y=mx+1-2m y:§x —§x+1

Véim < % hodc m>2 < x <L x >3 . Vay khi m thay d6i, quy tich ctia I la phan cta Parabol

yzgx2 —%x+1 , gidi han boi x <Lx >3

C) Goi M, (X,:Y,) la diém tir d6 c6 thé vé hai ti€p tuyén vuodng goc véi (P) . Goi
phuong trinh dwong thang d di qua M, va hé s goc k 1a y = kx +b, duong thang nay di
qua M, nén y, =kx, +b < b=y, —kx, , suy ra phuong trinh ctia (d'):y = kx —kx, +Y,
Phuong trinh cho hoanh d6 giao diém cua d’ va (P) la:

%xz =kx —kx, +Y, < x> —3kx +3kx, —3y, =0

Phwong trinh c6 nghiém kép
< A =0 9k* —4(3kx, -3y, ) =0 < 9k —12kx, +12y, =0 (**)
bé tir M, c6 thé ké hai tiép tuyén vudng goc t6i (P) thi phwong trinh (**) ¢ hai nghiém
phan biét k;;k, va kk, =-1< 12% =-loy, = —%
Vay qui tich cac diém M, , ttr d6 co thé vé duoc hai tiép tuyén vudng goc voi (P)

la duong thang y = —%

X% —4x
4

20.9. Chohamsd y =
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a) Vé d6 thi (P) cia ham s&

b) Viét phwong trinh cac duong tiép tuyén tir diém A(2;-2) dén P
¢) Tim tap hop cac diém ma qua dé cé hai tiép tuyén vudng goc dén (P)
(Thi hoc sinh gioi Todn I6p 9, TP Ho Chi Minh, nam hoc 1992-1993)

Huwéng dan giai - dap s6

TXD: R
Bang gia tri
X -2 0 2 4 6
y 3 0 -1 0 3
Ve:
v A
‘\ . N4y
O 4
|
|0 1 2 } )\
! \\H“"——v—-—'
3 y=-2
y=x-4,

A woa1s 1o o X —4x
Nhan xét : P6 thi ham s0 y =

1a mot duong cong Parabol ¢6 dinh (2;-1)
Va di qua cac diém (-2;3);(0;0);(4;0);(6;3)

b)Phuong trinh duong thang (d) can tim c¢6 dang y = ax + b

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com
Ae(d):>—2:2a+b:b=—2a—2

(d):y=ax—-2a-2 .Phuong trinh hoanh d¢ giao diém cua (d) va (P)

2_
X X _ax—2a- 2 x2—4(at1)x+8a+8=0(")

Xét A'=4.(a+1)" —(8a+8)=4a> -4

(d) tiép xtic véi (P) < (*) c6 nghiém kép

SA=0c4-4=0ca=11

a=1thib=-2a-2=-4

a=-1thib=-2a-2=0

Vay qua A c6 hai ti€p tuyén véi (P) va phuong trinh la: y =x—-4;y =X

0)Goi M(X,;Y,) la diém thudc tap hop diém can tim . Phuong trinh duong thang (D) qua
Mcoddang y=ax+Db

Me(D)ey, =ax, +b < b=—-ax, +y,

(D):y=ax—ax, +Y, . Phuong trinh hoanh d¢ giao diém ctia (D) va (P) :

X% — 4x

5 - XX+, < X2 —4(a+1)x +4ax, — 4y, =0(**)

A'=4(a+1)" —dax, + 4y, = 4% +4(2-x,)a+ 4y, +4
(D) tiép xtic voi (P) < (**) c6 nghiém kép
SA'=0sa’+(2-x%,)a+Yy,+1=0 (1)
Dé€ c6 hai ti€p tuyén vudng goc thi phwong trinh (1) an a c6 hai nghiém phan biét a;;a, va
aa,=-1
Dodo y, +1=-1=y,=-2
Vay tap hop cic diém ma qua d6 cé hai tiép tuyén vuong goc dén (P) la duong thing
y=-2
20.10. Tim m dé duong thing (d):y=x+m cit do thi y=x?(P)tai hai diém phan biét
A(X:Y1),B(X,:Y,) sao cho: (x, =%, )™ +(y, —y,)"" =2
(Thi hoc sinh gioi Todn 16p 9, tinh Thanh Héa, niam hoc 2014-2015)

Huwéng dan giai - dap s6
Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com
(P) cit (d) tai hai diém phan biét <> x> = X +m c6 hai nghiém phan biét

SxP=x-m=0 (1) cd A:1+4m>0c>m>—%

Khi &y X,;;X, la nghiém ctua phuwong trinh (1)

. . [x +x, =1
Theo hé thirc Vi-et ta 6 :
X; . X, =—Mm

Taco:y, =X, +My, =X, +M=Yy, -y, =X, =X,

)2014 )2014

+(Y, -y, =2 (X, —xl)2014 +(X, —xl)2014 =2

)2014

(X, =%,
& (% %) =l (X, =%, ) =1 (X, +X,) —4%,%, =11+ 4m =1
< m =0 thoa man
Vay véi m=0 thi (P) cat (d) thoa man diéu kién dé bai
20.11. mot xe tai o chiéu rong 2,4m va chiéu cao 2,5m muodn di qua mot cai cong c6 hinh parabol .
Biét khoang cach gitta hai chan cong la 4m va khoang cach tr dinh cong (dinh parabol ) t&i mdi
chan c8ng 14 24/5m (b qua d6 day cua cdng)
a) Trong mat phang toa dd Oxy goi parabol (P)y =ax® vdi a < 01a hinh biéu dién c6ng ma xe
tai mudn di qua . Chttng minh a =-1
b) Hoi xe tai c6 thé qua cong duoc khong ? Tai sao ?
(tuyén sinh vao 16p 10, THPT chuyén , Dai hoc sw pham Ha N§i , nam hoc 2015-2016)
Huéng dan giai — dap s6
a) Gia s trén mat phfmg toa 36, d0 dai cac doan théng duoc tinh theo don vi mét .
Do khoang cach gitta hai chan cong bang 4 m nén MA = NA =2
Tt gia thiét ta c6: OM =ON = 235 , do d¢ theo dinh ly Py-ta-go c6 OA =4
Vay M(2;-4),N(-2;-4)
Mait khac, do M, N thudc Parabol nén -4 =a.2* > a=-1
va(P):y=-x’
b) D€ dap ing duoc chiéu cao, truede hét xe tai phai chon phuong an di vao chinh gitra cong

(—9;—%) doi xtng nhau qua Oy va

Trén Parabol (P) xét hai diém H(S;—EJ va T c

25
HT = 2,4 (Gtng v6i chiéu cao cta xe tai)

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com

. . s 4
Goi B la giao diém ctia HT va truc tung . Khi d6 AB = (23—5 >2,5

Do dé xe tai c6 thé di qua cong

T B H

20.12. Tim tit cd cac gia tri ctia tham s§ m sao cho parabol (P):y=x* cit duong thang
d:y=mx-2 tai hai diém phan biét A(x,;y,),B(X,;y,) thtaman y, +y, =2(x, +x,)-1
(Tuyén sinh vao 16p 10, THPT chuyén , tinh Ninh Binh, nam hoc 2015-2016)
Huwéng dan giai — dap so
(P) cat (d) tai hai diém phan biét <> x> = mx —2 c6 hai nghiém phan biét
& x> -mx+2=0 (1) c6 A=m* >8> |m|>+/8
Khi &y X,;X, la nghiém cta phuwong trinh (1)

N . X +X,=m
Theo hé thirc Vi-et ta ¢c6 :
X, X, =2
Tacd:y, =mx,—2,y, =mx, —2
Vi+Y, =2(X, +%,) -1l m(X +X,)-4=2(X, +X,)-1l<m? —4=2m-1

i m=-1
&Sm -2m-3=0<
m=3
Ta c6 m =3 thoa man diéu kién
Vay véi m =3 thi (P) cat (d) tai diém thoa man diéu kién dé bai
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Chwong HE PHUONG TRINH BAC CAO

Chuyén dé 21
A. Mot s6 vi du

X2 — X =1
Vi du 1: Giai hé phuong trinh Yy
X*+Xy+2y° =4

(Tuyén sinh I6p 10, THPT chuyén , Dai hoc Qudc Gia Ha N§i, nam hoc 2014-2015)
Giai
2

1
e Xétx=0tacdhe {yz  hé vo nghiém
y =

x? =1
e Xéty=0 tacohé { 24 hé v6 nghiém
X" =

e Vay Xx;y khacO dat x=ty;t=0

tzyz_ty2+y2:1 {yz(tztﬂ):l
=

t2y2 + ty? + 2y® = 4 yz(t2+t+2)=4()

Ta co he {

Vi mbi vé& hé (*) khac 0 ta chia 2 v& hé (*) cho nhau ta duoc :

2_
tz Ul L 4 4t44-P 14230 —5t+2-0
t"+t+2 4

t=1
<:>(t—1)(3t—2):0©t 2

3

2

Véi t=1= x =y thay vao hé (*) ta duoc: {Z 2_ . giai ra ta c6 nghiém (x;y) e {(1;1);(—1;—1)}
y =

Voi t= % =>X= %y thay vao he (*) ta duoc:

4 2 2 2 2 7 2
gy 3y y 9y
4 , 2 28
—y +oy +2yt =4 | —y* =4
gy 3y y 9y

9 3

Giai ra ta c6 nghiém (x;y) e {¥,g}[_& _ﬂ}
Vay tap nghiém ctia hé phuong trinh 1a :
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3 9 3

(x;y)e {(1;1);(—1; —1);(¥;£M—£;—£J}
Nhdn xét . Hé phuong trinh trén la hé phuong trinh déang cdp bac hai . Ngoai cach gii trén , chiing
ta con c6 thé dong nhat hai phuwong trinh , bang cach nhan phuwong trinh (1) v6i 4 rdi vé trir vé& . Ta
duoc phuong trinh: 3x* —5xy +2y? =0 , sau d6 phan tich da thirc thanh nhan te
X*+y*+x+y=8
Vi du 2: Gii hé phuong trinh: &7 Y
X*+y +xy=7
(Thi hoc sinh gioi Todn I6p 9, tinh An Giang , nam hoc 2008-2009)
Giai
u?—2v+u=8(1)
Dat x+y=u;xy =Vv hé phurong trinh c6 dang :
u*-v=7(2)
Tt phuong trinh (2) ta ¢4 : v=Uu? -7 thay vao phwong trinh (1) ta dwoc:

u?-2(u*-7)+u=8<u’-u-6=0.Giairata duoc U, =-2;u, =3

o Trudong hop 1. Xét u=-2 suyra v=(-2)" -7=-3

X+y=-2
Ta dugc: {Xy _y 3 Suy ra x,y la nghiém ctia phwong trinh

X?+2X-3=0 .Giairataduoc: X, =1, X, =-3

y=1

x=1 X=-3
y=-3

Do d6 nghiém ctia hé phwong trinh la : {
X+y=-3

o Truonghop2.u=-3v=(-3)"-7=2, taduoc {
Xy =2
Suy ra X;y la nghiém ctia phwong trinh : X* +3X-2=0

—3+\/ﬁ_x _—3—\/ﬁ

Giai ra ta dwoc X, =

2 ’ 2
‘o —3+417 « o —3-17
. A NI 2 2
Do d6 nghiém ctia hé phwong trinh la : ;
—3-V17 | -3+417
y= > y= >

Vay nghiém ctia hé phwong trinh la :
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—3—\/1—_—3+\/ﬁ]_[—3+\/1_7_—3—\/1_7}
o : :

2 2 2

(x;y)e {(1; —3);(—3;1);(

Nhdn xét . Hé phuong trinh trén la hé phuong trinh d6i xting loai mét . Hé phuwong trinh ddi xting
loai mot 1a hé phwong trinh néu d6i vai trd cia an cho nhau thi moéi phuong trinh khong thay di .
Dé€ giai hé phuong trinh dang nay, chung ta thuong dat an phu x+y=u;xy =Vv . Sau d6 giai hé
phuong trinh nay.

, o \ {x3+12(x2—x+y)(1)
Vi du 3: Giai hé phwong trinh :

yi+l= 2(y2 -y+ x)(2)
(Thi hoc sinh gioi Todn I6p 9, tinh Tién Giang , nam hoc 2011-2012)
Giai

Tt phuong trinh (1) va (2) vé trir vé ta duoc:
x}—y® = 2(x2 —yz)—4(x—y) = (x—y)(x2 + XY +Y? —2(x+y)+4) =0
Tacd: x> +xy+y> —2(x+Yy)+4=0

2 2
& 3y) :(X_y) 2(x+y)+4=0

<:>3(x+y)2 +(x—y)2 -8(x+y)+16=0

o 2(x+y)2 —8(x+y)+8+(x+y)2 +(x—y)2 +8=0

o 2(x+y-2) +(x+y) +(x-y) +8=0

Phuwong trinh vo nghiém , nén x -y =0 , thay vao phuong trinh (1) ta dugc:
x* +1=2x" & x* -2x° +1:0<:>(x—1)(x2 —x—l):O

e Truonghopl: x-1=0&x=1

2 2

1+J§_X 1-5
2 b

e Truong hop 2: x-1=0 < x =1 Giaira ta duoc X, =

Vay tap nghiém cua phwong trinh la :

(xy)e {(1;1){“2\/5;1+\/§J;[1_\/§;1_\/§J}

2 2 2

Nhin xét . Hé phuwong trinh trén la hé phuwong trinh d6i xting loai hai . Hé phwong trinh d6i xting
loai hai 1a hé phuwong trinh néu dodi vai tro cua an cho nhau thi phwong trinh nay thanh phuong
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trinh kia va nguoc lai . D€ giai hé phuong trinh dang nay, chiang ta 1dy vé trir v€ r6i phan tich da
thitc thanh nhan t phwong trinh vira nhan dwoc .

x? +xy—-2y* =0
Vi du 4: Giai hé phuong trinh y-ey
Xy +3y* +X =3
(Thi hoc sinh gioi Todn I6p 9, tinh Hai Dwong , nam hoc 2011-2012)
Gidi
Tim cdch gidi . Quan sat k§ mdi phuong trinh, ta nhan thady phuong trinh thir nhat, vé& trai phan

tich da thirc thanh nhan t& duoc . Ttr 6 chiing ta c6 thé dua vé

{A =0
AB=0 C=0
hé phuong trinh tich : { =

C=0 B=0
C=0
Céc nghiém ctia hai hé phuwong trinh sau la nghiém ctia hé phuwong trinh da cho
Trinh bay loi giai
X*+xy-2y?=0 [(x-y)(x+2y)=0 [x-y=0
= = ,
Xy +3y> +x =3 Xy +3y? +x =3 Xy +3y° +x=0

X+2y=0
hoac { Y

Xy +3y° +x =3
e Giai he Y , S y )
Xy+3y“ +x=3 X°+3x°+x=3
X_3
xX=y x=-11]""4
= S ;
4x* +x-3=0 y=-1 3
y=-—
4
X+2y=0 X=-2
e Giai he y2 o ) Y )
Xy+3y +X=3 =2y° +3y° -2y =3

X =-2y X=2 [Xx=-6
= < ;
y’-2y-3=0 |y=-1[y=3
3.3

Vay nghiém cta phuong trinh la: (x;y)e {(—1; —1);(Z,Zj;(2; —1);(—6;3)}
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x*+y* +2x+2y =11
Vi du 5:Giai hé phuong trinh {7 y
X2y? + 2%y + 2xy°® + 4xy = 24

(Thi hoc sinh gioi Todn 16p 9 , tinh Quang Ngdi , nam hoc 2012-2013)
Gidi

Tim cdch giai. Hé phuong trinh nay la hé phuwong trinh d6i xting loai mot nén ching ta cé thé giai
nhu vi du 2. Tuy nhién ching ta nhan thay vé trai ca phuong trinh hai phan tich thanh nhan t
duwoc ma tong hai nhan t chinh la v€ trai ctia phuong trfinh thitu nhat . Nén ching ta dung cach
dat an phu khac cho 16i gia ngan gon va hay hon
Trinh bay loi giai
{x2+y2+2x+2y:ll @{(X2+2X)+(YZ+ZY)11

2

X2y? 4+ 2x°y + 2xy? + 4xy = 24 (x2 +2x) y +2y):24

u+v=11

. Suy ra u,v la nghiém ctia
uv =24

Dat: x* +2x =u,y? +2y = v . Hé phuong trinh c6 dang : {

phuong trinh: X? 11X +24 =0
Giai phuwong trinh , ta dugc: X, =3,X, =8

S u=3 |u=8
uy ra: ;
Y v=2_8

v=3
. Cfu=3  [x*+2x=3 |[(x+1)=4 (x+1==2
Truon hop 1. Xét = = =
v=_8 y>+2y=8 (y+1)2:9 y+1=43

Suy ra nghiém ctia phuong trinh : (x;y) € {(1;2),(1-4),(-3;2),(-3;-4)}

. Cfu=8 [x*+2x=8 [(x+1)'=9 (x+1=43
Truong hop 2 . Xét ST = , &
v=3 ye+2y=3 (y+1) 4 y+1l=42

Suy ra nghiém ctia phuong trinh : (x;y) € {(2;1),(2-3).(-4i1),(-4,-3)}

Vay tap nghiém ctia hé phuong trinh la :

(x:y) e{(12),(1-4).(-3:2),(-3:-4).(2.1),(2-3),(-4:1), (-4 -3)|

JY? —3x + /X% +8y =5

Vi du 6: Giai hé phwong trinh :
x(x-3)+y(y+8)=13

(Thi hoc sinh gioi Todn lop 9, tinh Nam Dinh , nam hoc 2011-2012)
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Giai

{\/y2 —3X +\/X2 + 8y :5<:>{\/y2 —3X +\/x2 +8y =5

x(x-3)+y(y+8)=13 (y* —3x)+(x* +8y) =13

Dit \/y? —3x = u;y/x? +8y = v(u>0;v>0)

He phuong trinh ¢6 dang | © Voo
e uwon Trimh cO adan =
*P & g u?+v? =13 u2+(5—u)2:13

v=5-u u=2 [u=3
S ;
u?-5u+6=0 v=3 |v=2

u=2
e  Truwong hop 1. Xét { 3 ta co {
V =

JYy?-3x =2 {yz -3x=4(1)
&

x2+8y =3 |[X'+8y=9(2)

y' -4

Tt phwong trinh (1) ta co x = thay vao phuong trinh (2) ta duoc :

y'-4)
{ 3 j+8y:9<:>y4—8y2+72y—65:0

< (y-1)(y+5)(y-2)(y-3)=0

2

* Véiy-1=0=>y=1=x= 4
N (-5)" -4
* Vo1y+5:0:>y=—5:>x:T:7
2_
s Voiy-2=0=y=2=x= 3 =0
3¥-4

© Veiy-3=0=y=3=x=" :%

u=3_ [y’ -3x=3 {y2—3x=9(3)
ta co =9,
Jx?+8y =2 X* +8y =4(4)
2

Tt phuwong trinh (3) suy ra: X = y 3_9 , thay vao phuon trinh (4) , ta duoc :

o  Truonghop 2. Xét {

y* —18y* +81

5 +8y =4y —18y* +72y+45=0

< (y* -6y +15)(y* -6y +3)=0
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Xét y* -6y +15=0, phuong trinh v nghiém

Xét y? —6y+3=0, gidirata duoc: y, =3—+/6;y, =3+/6 tir d6 tim duoc: x, = —2/6;x, = 2./6

Vay tap nghiém ctia hé phuong trinh la :

(x;y)e {(—1;1),(7;—5),(0;2),(2;3},(—2\/6;3—\/5),(2\/5;3+\/E)}

x+y+l+1+4=0
Vi du 7: Giai hé phwong trinh : x Y
Xy
Xy+—+—+=-4=0
Xy y X
Giai
1 1
x+y+£+1+4=0 (x+—j+(y+—j+4:0
X Yy X y
1. x.y = 1 1
Xy+—+—+=-4=0 (x+_j, y+=|-4=0
Xy 'y X X y

u+v+4=0 u+v=-4
Dat u =X+1;v=y+l hé phuong trinh c6 dang { {
X y

uv-4=0 uv=4
Suy ra u, v 1a nghiém ctia phwong trinh X* +4X +4=0

Giai ra ta dwoc X, =X, =-2

x+l——2
) X X2 +2x+1=0 x=-1
Suyrau=v=-2.Dodd ST =
y+o =2 y°+2y+1=0 y=-1
y

Vay hé phuong trinh ¢6 nghiém duy nhét (x;y) =(-1-1)
B. Bai tap van dung

*-3 P=-1
21.1. Gidi hé phuong trinh : Ty
3x* —xy +3y* =13

(Thi hoc sinh gioi Todn I6p 9 , tinh Nghé An , nam hoc 2012-2013)

Huwéng dan giai - dap s6

2

e Xétx=0tac6he hé v6 nghiém
3y’ =13
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x?=-1
° Xét y=0 tacod hé hé vo nghiém
3x? =13

e Vay x;y khac0dat x=ty;t=0

t2y? —3ty? +y? = -1 {yz (t2 -3t +1) =-1
< ()

Ta co hé
3tPy? —ty? +3y? =13 |y? (3t2 —t+ 3) =13

Vi modi vé& hé (*) khéac 0 ta chia vé hé (*) cho nhau ta duoc :

Eo3t+l -l o agr413— 30 4t—3es 26 —5t+2-0
3t2—t+3 13
t=2
< (t-2)(2t-1)=0< 1
2
_y2 :_1
e Véi t =2 = x =2y thay vao hé (*) ta duoc:
13y* =13

Giai ra ta c6 nghiém (X;y) e {(2;1);(—2; —1)}

o V6i t=%:>x=%y thay vao he (*) ta duoc:

1, 3 1
VAL ARE S T s A
3 - 13

Zyz——y2+3y2_13 y2 =13

Giai ra ta c6 nghiém (x;y) e {( 2);(-1- 2)}
Vay tap nghiém cta hé phuong trinh 1a: (x;y) e {( 1);(-2;,-1);(L 2);(-% —2)}

x* =2x+y(1)
21.2. Giai hé phuong trinh :
Y’ =2y+x(2)
(Thi hoc sinh gioi Todn Iop 9, tinh Hai Dwong , nam hoc 2013-2014)
Huéng dan giai — dap s6
Tt phuong trinh (1) va (2) vé trix vé ta duoc
x® -y’ :x—y<:>(x—y)(x2 +Xy+Yy° —1):0
e Truong hop 1.Xét x—y =0 x =y thé€ vao phuong trinh (1) ta cd :

x*=2x+X < X(X*=3)=0 suy ra X =0;x =/3;x =—/3

Lién hé tai liéu word toan SDT va zalo: 039.373.2038



o Truong hop 2. Xét x> +xy+y’ -1=0
Tk phuwong trinh (1), (2) cong vé vdi vé ta duoc

x* +y° =3(x+y)<:>(x+y)(x2—xy+y2—3)=0

. [Xx+y=0 y=-X y=-X [x=-1
Xet 2 2 = 2 2 2 = 2 ’
X +xy+y -1=0 X°=X"+x" =1 x“=1 |y=1
) {xz—xy+y2—3:0 {xz—xy+y2—3:0
Xét =

X*+xy+y*—-1=0 3x* +3xy+3y* -3=0

V& trir vé ta duoc : 2(x2 +2xy+y2) =0 X=-y

o x=1 |[x=-1
Giai nhu trén ta duoc { ;{
y=-1|y=1
Vay tap nghiém ctia hé phuong trinh la :
() € {(0:0); (V3 3)5(~v3:3): (1 -1)3(-2D)]
X+2y=5(1)

21.3. Giai hé phuwong trinh :
P & {xz +2y* —2xy =5(2)

Huwéng dan giai - dap s6
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T phuong trinh (1) suy ra X =5-2y , thé vao phuwong trinh (2) ta dwgc :

(5—2y)2 +2y° -2y(5-2y)=5<y*-3y+2=0
Giairatadwocy, =1y, =2

e Véi y=1taduwoc x=5-2.1=3

e V6i y=2 tadwoc x=5-22=1

Vay nghiém cta hé phuong trinh 1a (x;y) € {(3;1);(1;2)}

s Xyt =2xy+1
21.4. Giai hé phuong trinh
x®—y®=2xy+3

Huéng dan giai — dap s6

x> +y*=2xy+1 [x-y=1 L [x-y=-1
= hoac
X3 —y® = 2xy +3 x} -y =1xy+3 x?—y®=2xy+3

x—-y=1(1)

e Truong hop 1: Giai hé phuwong trinh
g Op g p g {X3_y3:2Xy+3(2)
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Tt phrong trinh (1) ta ¢ x =y +1 thay vao phuong trinh (2) ta duoc:

(y+l)3—y3 =2y(y+1)+3<y*+y-2=0
Gidgiratadwocy, =1=x,=2)y,=-2=>X, =-1

x—y=-1(3)
e Truong hop 2 : Giai hé phuong trinh
3 3
X° —y® =2xy+3(4)
Tt phuong trinh (3) ta c6 x =y -1 thay vao phwong trinh (4) ta duoc
(y —1)3 —y® =2y(y-1)+3< 5y* +4 =0 phuong trinh vd nghiém

Vay nghiém ctia hé phuong trinh 1a (x;y) e {(1;,2);(-2;-1)}

4xy+4(x2+y2)+ 3 2:§
(x+y)” 3
21.5. Giai hé phurong trinh :
1 13
2X + =—
X+y 3

(Thi hoc sinh gioi , Tinh Thai Binh , nam hoc 2009-2010)
Huwéng dan giai - dap s6
axy +4(x* +y* )+ _& 3(x+y) +(x-y) + 3 2=§
3 (x+y) 3
13
X+y 3

2X+xiy:% (x+y)+(x-y)+

Dat x+y =u;x—y =V hé phuwong trinh c6 dang

2
3u2+v2+%:§ 3fusl +v2:%(1)
u= 3 u 3

1 13
Uu+VvV+—=— U+£=E—V(2)

u 3 u 3
Tt phuong trinh (2) thay vao phuong trinh (1) ta dwoc
2
3(%—vj +V? :% < 2vi —13v+11=0

. 11
Giadiratadwoc v, =Lv, =—

e Truong hop 1 : Xét V=1:>U+E=E—1<:>3u2—10u+3=0.Giéirataduqcu =3:u =l
u 3 ! 23
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u=L |xsy=l x=2
e Xét "3tV T34 31
v=1 X—-v=1 Eg—
y y 3
11 1 13 11
e Truong hop 2: Xét v=—tacO U+—=———
§op 2 u 3 2

< 6U% +7U+6 =0 phuong trinh nay v nghiém

Vay nghiém cta hé phuong trinh 1a (x;y) € {(2;1);(%;%)}
(x*+1)(y* +1)=10
(x+y)(xy-1)=3

(Thi hoc sinh gioi todn 9, tinh Thanh Hoa , nam hoc 2008-2009)

21.6. Giai hé phuong trinh : {

Huwéng dan giai - dap s6

{xzy2 +x°+y*+1=10 - {(x+y)2 +(xy—1)2 =10
(x+y)(xy-1)=3 (x+y)(xy-1)=3

Dat u=x+y;v=xy-1 hé phuong trinh c6 dang :

uv =3 uv =3

{u2+v2:10®{u2+v2+2uv:16Cj 0H402=16
uv =3

b g .

Suy ra u, v 1a nghiém ctia phuong trinh X* —-4X+3=0(1)

u=1 ju=3
Phuwong trinh (1) c6 nghiém X, =1, X, =3 . Suy ra { {

v=3|v=1

. ju=1 Xx+y=1 X+y=1

Xet = =
v=3 xy—-1=3 Xy =4

Website: tailieumontoan.com

Suy ra x; y 1a nghiém ctia phuong trinh X? — X +4 =0(2) phuong trinh (2) v6 nghiém

, |u=3 X+y=3 X+y=3
Xet = =
v=1 xy—-1=1 Xy =2

Suy ra x; y 1a nghiém ctia phuong trinh X? —3X +2=0(3)
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X=1 |x=2
Phuwong trinh (3) c6 nghiém X, =1, X, =2 suy ra ;
u+v=-4

e Truong hop 2. Xét
riong nop © {u.v=3

Suy ra u; v la nghiém cta phuong trinh X*+4X+3=0(4) phuong trinh (4) ¢4 nghiém la :

v=-1

X, =-1X,=-3.5 ,
1 ) uyra{vz_3

u=-1 X+y=-1 X+y=-1
_ Xét{ :>{ oy <:>{ oy

u :—1_{u =-3

v=-3 Xy—-1=-3 Xy = -2
Suy ra x, y la nghiém ctia phuong trinh X2+X-2= 0(5)

Giai phuwong trinh (5) ta dwoc X, =1, X, =-2

x=1 X=-2
Suy ra :
{y:—Z {yzl
. lu=-3 X+y=-3 X+y=3
Xeét = =
v=-1 Xy-1=-1 Xy =0
x=0 [x=-3
Suy ra :
{y:—S {yzO

Vay tap nghiém ctia hé phuong trinh la:
(x:y) €{(2:2);(12):(5-2)3(-2:1):(0:-3):(-3,0)]

x+y+£+£:5

21.7. Giai hé phuong trinh : X

1 4
Xy +—+—=7

X2y
(Thi hoc sinh gioi Todn I6p 9 , tinh Ha Tinh , ndm hoc 2007-2008)
Huéng dan giai — dap s6
1 2
x+y+l+3:5 (X+—j+[y+—j=5
X Yy X y
1 4 <
Xty ot — =T N y2+i =7
X y y2 y2
2

bat u :1+1;v:y+—
X y
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R . , u+v=>5 U+V=5(1)
Hé phuong trinh c6 dang

u?—=2+v*-4=7 u +v? =13(2)

Tt phuong trinh (1) ta ¢ u =5-v thay vao phuong trinh (2) ta dwoc v, = 2;v, =3

X 1—2
y B kv x?—2x+1=0
e Voiv=2=>u=3taco =

y+X=3 y>-3y+2=0
2

i1 A L jx=1]x=1
Giai hé c6 nghiém ;

1
. . . X+§:3 x*-3x+1=0 x*-3x+1=0
e V6iv=3thiu=2taco o

=
y+Z=2 y?—2y+2=0 (y—1)2+1=0
y

vO nghiém

Vay tap nghiém ctia hé phuong trinh 1a : (x;y) € {(11);(%2)}

x+y+£+1=%(1)
X
21.8. Giai hé phuong trinh : . 5y

Xy +—==(2)

Xy 2
(Thi hoc sinh gioi Todn 9,tinh Quang Ngai , nam hoc 2009-2010)
Huwéng dan giai - dap s6

Tt phuong trinh (2) ta co :

2(xy)2 -5xy+2=0<(2xy-1)(xy-2)=0< xy:%;xy: 2
\ . 1 1 . .
o Truong hop 1. Xét xy = > >y= ™ thay vao phuong trinh (1) ta duoc:

x+i+1+2x:g<:>2x2 —3x+1=0
2X X 2

Gidirataduwoc: x, =1=y, =%;X2 =%:>y2 =1

e Truomghop2.Xét xy=2=y="2
X

Thayvélo(l)tacc’)x+£+1+£=g<:>x2—3x+2=0
X x 2 2
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Giaira ta dwoc x; =1=y, =3,x, =2y, =1
Vay tap nghiém cta phuong trinh la: (x;y) e {(1; %j ; (%;lj [(1,2); (2;1)}
21.9. Giai hé phuong trinh : {& Y +4)xy =16

x+y=10
(Thi hoc sinh gioi Todn 9, tinh Hai Dwong , nam hoc 2012-2013)

Hudéng dan giai — dap s6

biéu kién x> 0;y >0
Dat u=+x +.y;v=1/xy v6i u>0;v>0

u-+4v=16(1)

Hé phwong trinh c6 dang :
FPREOns e {u2—2v=10(2)

Tt phwong trinh (1) suy ra v = MST—U thay vao phuong trinh (2) ta dugc:

u? —2(16;“):10@2& +U—36=0

Giai phuwong trinh ta duoc: u, = —% (loai)

u, =4 (thoa man)

Ix+.y =4
Jxy =3

Suy ra vx;fy 1a nghiém ctia phuong trinh X? —4X +3=0

Vi u4:>v3.Suyra{

Giaira ta dwoc: X, =1, X, =3

Ix =1 &=33{x=1_{x=9
Jy=3|Jy=1 ly=91ly=1

Vay tap nghiém ctia phuong trinh 1a : (x;y)  {(,9);(91)}

Suyra: {

2x* —y* =1(1)

21.10. Giai hé phuong trinh :
xy +x* =2(2)

(Thi hoc sinh gioi Todn lop 9, tinh Phii Tho , nam hoc 2011-2012)

Huwéng dan giai - dap s6
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2x* —y? =1(1) [4x*-2y*=2
&
Xy +x* =2(2) Xy +x° =2

Suy ra: 4x° =2y’ =xy+x° < 3x* —xy -2y’ =0

X-y=0
X-Yy)(3x+2y)=0
= (x=y)( y) <:{3x+2y=0
o Truonghop 1. Xét x -y =0 < x =y thay vao phuwong trinh (1) ta dwoc:
2x* -y =l x=+ly==1

o Truonghop?2. 3X+2y=0<:>y:% thay vao (1)

2 2
2x2 —gizlc _XT:l vO nghiém

Thtt lai hé phuwong trinh

Vay tap nghiém ctia phwong trinh 1a (x;y) € {(11);(-L-1)}
2(x+y)= 3(\3/x2y +¥xy’ )
Ux+3ly=6

(Thi hoc sinh gioi Todn I6p 9, tinh Hai Dwong , nam hoc 2009-2010)

21.11. Giai hé phuong trinh :

Huéng dan giai — dap s6
pat Ix = a; %/; =b , hé phuwong trinh tré thanh :

{2(&3 +b3) = 3(a2b+ab2) - {2(a+ b)(a2 —ab+b2)—3ab(a+ b)=0
a+b=6 a+b=6

2(a®+b*)-5ab=0 _[2(a+b)’-9ab=0 {a+b=6
f= <~ =
a+b=6 a+b=6 ab=8

Suy ra a; b 1a nghiém ctia hé phuwong trinh X* —6X +8 =0. Giai ra ta dwoc

a=2 (a=4
X, =2;X, =4 dodo ;
b=4 |b=2

Vi = =
b=4" |gfy=4 |y=64

(a=4 [¥x=4 (x=64
Vi = =
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Vay hé phuong trinh da cé cho nghiém (X; y) la (8; 64);(64;8)

o . 3X* + Xy —4X+2y =2
21.12. Gidi hé phwong trinh :
x(x+1)+y(y+1)=4
(Thi hoc sinh gioi todn I6p 9 , tinh Hai Dwong , nam hcoj 2014-2015)
Huéng dan giai — dap s6

{3x2+xy—4x+2y:2 {3x2 +Xy—4x+2y—-2=0

&
X(x+1)+y(y+1)=4 X2 +y*+X+y-4=0

2X2 + Xy —y? —5X+y+2=0
<:>{x2+y2+x+y—4:0

Tacd: 2x* +xy -y’ —=5x+y+2=0< (y+x-2)(y-2x+1)=0
< y=2-X hoac y=2x-1

e Vi y=2-xthay vao (2) ta duwoc: x* —2x+1=0 suy ra x=1

Ta duwgc nghiém (1;1)

e Vi y=2x-1 thay vao (2) ta dugc: 5x* —x-4=0, suy ra x:l;X:_?4

Ta tinh dugc nghiém (1,1) va (%4,_?13)

Vay hé phuong trinh ¢6 nghiém (1;1) va (_?4_?13)

o Xy =23y
21.13. Giai hé phuong trinh : )
(x+Yy)(1+xy)=4x"y
(Thi hoc sinh gioi Todn I6p 9 , tinh Thanh Hoa , ndm hoc 2014-2015)
Huwéng dan giai - dap s6
e V6i x =y =0 langhiém ctia hé phurong trinh
e Nhan thdy néu x #0 thi y # 0 va nguoc lai

Xét x #0;y # 0hé phuwong trinh twong duong voi

B i SRS
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1
3 —+—=2
X
Thay(1)vao(2)taduoc[1+1j - PINE S S SN LR AV
Xy Xy 1,
Xy

Vay hé cé nghiém (x;y) 1a (0;0);(L1)

4 1
x(x+—}+—2:2
y) 'y

X 2+1j+z:3
y)'y

21.14. Giai hé phuong trinh :

(Tuyén sinh I6p 10, THPT chuyén , Pai hoc Sw pham TP. H6 Chi Minh, ndm hoc 2015-2016)

Huwéng dan giai - dap s6

x(x+ij+i2:2 x2+4—x+i:2

2

Ta cé y). ¥ = y Zy
X 2+£ +E:3 2X+£+—:3
y) y y'y

2 2
(X'Fl] +2_X:2 [X+£j +%:2
y y - y y
2(x+£j+5=3 4[x+£j+2—x=6
Y,y y y

2
Suy ra [X+£j —4(X+£j:—4<:>(x+i—2j20
y y y

<:>x+1:2:>5:—1:>x:—y
y y

T détaco: x+i:2<:>x2—2x—1:0@
—X

x:1+\/§
X:].—\/E

Véi x=1+V2 = y=-1-2
Véi x=1-V2=>y=42-1

X=l+\/5_ x:l—\/z
yzl—\/? y=\/§—1

Tht lai ta thay : { la nghiém ctia hé phuong trinh

x?+y*=5
21.15. Gidi hé phwrong trinh : y
x® +2y® =10x +10y

(Tuyén sinh I6p 10, THPT chuyén , TP. Ha N§i , nam hoc 2015-2016)
Lién hé tai liéu word toan SDT va zalo: 039.373.2038



Huwéng dan giai - dap s6
Taco:

X2 +y’ =5 X +y? =5
=
x*+2y°* =10x +10y  |X° +2y° =5(2x+2y)

X*+y’ =5 x*+y*=5
= 3 3 2 2 = 3 3 3 2 2 3
X" +2y =(X +y )(2x+2y) X*+2y° =2X° +2Xy° +2X°y + 2y

X +y? =5
o
X(x*+2xy +2y*) =0

2 2: X:O
Truong hop 1. Xét {X vy 5@{

x=0 y:i\/g
x* +y* =5 {x2+y2:5
=S

) vO nghiém
(x+y) +y*=0

Truong hop 2. Xét
§HoP {x2+2xy+2y2:0

Vay hé c6 nghiém (x;y) la (0;\/5);<0;—\/§)

x* +y*-3xy =-1
9x® —2y® =(x-y)(4xy -1)

(Tuyéh sinh lop 10, THPT chuyén , tinh Gia Lai , nam hoc 2014-2015)

21.16. Giai hé phuong trinh : {

Huwéng dan giai - dap s6

X2 +y® —3xy =-1(1)
Taco:
9x® —2y° =(x-y)(4xy -1)(2)

Thay (1) vao (2) ta duoc :

Ox3 —2y® = (x—y)(4xy+x2 +y? —3xy) = (x—y)(x2 +y? +xy)
S -2y¥=x*-y  o8x’=y’ o y=2x

Thay y =2x vao phuong trinh (1) ta dugc: x> -1=0< x =1
Voi x=1thi y=2

Voi x=-1thi y=-2

x:l_{x:—l

Vay phuong trinh c6 hai nghiém : {y _2'ly=2
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Chuyén dé 22. PHUONG TRINH VO Ti

A. Kién thitrc cin nho
Phuong trinh vo ti la phwong trinh chita an trong ddu can. D€ giai phwong trinh vo ti, ta thuong
lam nhu sau:
+ Dat diéu kién cho an
+ Binh phuong hai vé khi hai v&€ déu duong.
+Dat an phy, giai phuong trinh an méi.
+Danh gid hai v€ ctia phuwong trinh.
+ Sau khi tim duwoc nghiém can kiém tra lai diéu kién cua nghiém, chon thich hop.
B. Mot s6 vi du
Vi du 1: Giai phuong trinh: 4x° +10x+9 =5~/2x" +5x+3
(Thi hoc sinh gioi Todn 9, Tinh Quang Tri nam hoc 2012 - 2013)
Giai

Tim cdch giai. Quan sat dé bai, chung ta nhan thay bai toan c6 dang: a.f(x)+ b, /f(x) +c=0 .Do

d6 nén dat: m =y. Giai phuong trinh an y.

Trinh bay loi giai

Dat V2x° +5x+3 :y(yZO), suy ra 2x’ +5x+3=y".
Phuong trinh ¢6 dang: 2y’ +3=5y < 2y° -5y +3=0 .
Giai ra ta duoc: y, =1,y, :g

. \ 1
e Voiy=1thi V2x*+5x+3=12x"+5x+3=12x"+5x+2=0 S x,=-2; x, ==

. Vc’yiy=§th‘1

519 _=5+419
4 Tt 4

N2xP+5x+3 :§<:>2x2+5x+3=§<:>2x2+5x+§:0<:>x3 =

Vay tap nghiém ctia phuwong trinh la: S = {—2; _é; ) _4\/5 : - +4\/E }

4

Vi du 2. Giai cac phwong trinh sau:
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a) (x2—3x)2—6(x2—3x)—7:0

b) \/8+fo3 +\/5—fo3 =5

C) \/x+x2 +\/x—x2 :x+1+\/x+x2 +\/x—x2 =x+1

(Thi hoc sinh gioi Todn 9, TP H6 Chi Minh, nam hoc 2007 - 2008)

Giai
a) bat y = x* - 3x, phuong trinh da cho tro thanh y’ -6y-7=0.

Giadiratadwoc: y, =—1;y,=7.

2

-Véiy=-1tacd x*—3x=-1 giairata duoc x, = PR
-Véiy=7tacd x’ —3x=7 giaira ta duoc x, :3+237 P X, :3_237
Vay tap nghiém ctia phuwong trinhla: S = {3;\/5 ; 3_2\/5 ; 3+2 57 ; 3_2 37}

b) Diéu kién 3<x<28.

bat y=vx-3 ( y= 0) phuong trinh da cho tro thanh:

J8+y+4/5-y :5<:>8+y+24/(8+y)(5—y)+5—y:25
SAE+Y)5-y)=6y +3y-4=0

Giai ra ta dwoc y, =1 (thoa man); y,=—4 (khong thoa man)

Véi y=1tacd: Jx—3=1<x=4

Vay phuong trinh ¢6 nghiém duy nhat x = 4.

Nhan xét: Ngoai cach giai trén, ta c6 thé chuyén mot dau can sang vé kia (c6 lap can thic). Sau do
binh phwong hai vé.

c)Diéukién x+x°>0;x—x*>0;x+1>0

Ap dung bat dang thixc Co-si cho hai s8 khong am ta co:

\/(x+x2).l +\/(x—x2).ls x+);2+]+x—):+]:x+]

= \/x+x2 +\/x—x2 <x+1
Lién hé tai liéu word toan SDT va zalo: 039.373.2038
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A ‘=1 P-1=0
Dau bang xay ra khi {x I = {x e

x—x'=1 x—x"—1=0
Hé trén v nghiém nén dau béng khong xay ra. Vay phuong trinh da cho vo nghiém.
Vi du 3. Giai phuong trinh: x> —v/x+5 =5
(Thi hoc sinh gioi tinh Binh Dinh, ndm hoc 2007- 2008)
Gidi
Tim cdch giai. Quan sat phuong trinh ta c6 th€ ti€p can cach giai theo cac hudng sau:
- Hwong 1. Quan sat néu nang lén lay thira d€ khit can thi duoc phuong trinh bac bon, nén néu co

nghiém thi hoan toan giai dugc bang cach phan tich da thic thanh nhan ttr.

2 2
7 N . /4 4 ~ /4 A? A ] ] \ /4 .« 2.
- Huéng 2. Bai toan ¢6 dang x> =m++/x+m nén cd thé dua vé (x+5j :(\/x+m +Ej . Tt d6 giai
ti€p duoc phuong trinh don gian.
- Huéng 3. Bai toan ¢ dang x’ =m++/x+m nén cd thé chuyén vé giai hé phuong trinh ddi xting,
bang cach dat vx+m =y ta duoc hé phuong trinh:

{xz =m+y

v =m+x
Trinh bay loi giai

" A +520 —5<x<—/5
Cich1.Tacd: x* —5=+x+5 cb diéu kién {x <:{ * \/7

=520 | x>+5
Binh phuwong hai vé'ta duoc: x* —10x° +25=x+5

x4—10x2—x+20=0<3(x4+x3—4xﬂ—(x3+x2—4x}{§x2+5x—20)=0

<:>(x2+x—4)(x2—x—5):0.

Giai phuong trinh: x* +x—4=0 ta duoc x, =

2

—1+:17 . _—]—\/ﬁ
2 72

Giai phuong trinh: x’ —x-5=0 ta duoc x, =

]+\/Z.x_]—\/5
PR

2
Két hgp voi tap xac dinh ta duoc, nghiém ctia phuong trinh la:

S_{1+ 21.—1—477}

2 2
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14 14 ] ]
Cach 2. Xét x* —+/x+5 =5c>x2+x+z=x+5+\/x+5+z

x+é=\/x+5+é (1)

2 2
<:>(x+éj =(\/x+5+é] =
x+é=—\/x+5—é (2)

- Gidi phuwong trinh (1): x=+vx+5 dk x>0

Suyra x’=x+5< x’—x-5=0 ta duoc x, =

]+\/E.x _1—\/5
PREh

P2
- Gidi phuong trinh (2): x +§ =—Jx+5 —é < Vx+5 =—x—1 voi diéu kién

—5£x£x/§<:>x+5:x2+2x+l<:>x2+x—4:0

_1-17
2

Giai ra ta duoc: x, = (thoa man), x, =

-1+ \/ﬁ .
— (loai).

Két hgp vdi tap xac dinh ta duoc, nghiém ctia phuong trinh la:

S:{H\/ﬂ.—l—\/ﬁ}

2 2
Cach 3.bat Vx+5=y (y>0):>)c+5:y2

Két hop véi phuong trinh dé bai ta c6 hé phuong trinh {’f =+ ()
yi=x+5(4)

Ttr phuong trinh (3) va (4) vé trit v€ ta duoc:

x =y’ =y—x<:>(x—y)(x+y+1):0

* Treong hop 1. Xét x =y, thay vao phwong trinh (3) ta duogc:

X=x+5x —x-5=0.

1+N21 121

2 ? 2

Gidi ra ta duoc x, =

* Treong hgp 2. Xét x+y+1=0 < y=—-x—1 thay vao phuong trinh (3) ta duoc:

X=—x—-Il+5x+x-4=0.

—1-+17
2

Giai ra ta duoc: x, = (thda man), x, =

—1+ \/ﬁ .
— (loai).

Két hgp voéi diéu kién ta duoc, nghiém ctia phuwong trinh la:
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2 2

S_{]+ 21.—1—\/5}

Vi du 4. Giai phuong trinh: x* +x+12vx+1=36.
Giai
Diéu kién x>-1.

Cach1.bat r =vx+1 (t > 0) phuong trinh ¢6 dang: xt* +12t—36 =0

x = 0, khong phai la nghiém cta phuwong trinh nén x=0. Giai phuong trinh an t, ta duoc:

_—6-06\x+1 . _ —6+6Nx+1
= o1, =
X X

t

1

6—-6Nx+1

* Truong hop 1. 1=— & ix=—6-6t<(x+6)r=—6 (loai) vi x+6>0,120.

X

—6+6Nx+1
X

Six=—0+6tt=

* Truong hop 2. ¢ = SAx+1= 6L' binh phuong hai vé ta
- X

—X

duoc: x+]:L2 VOl x <6 x’ —11x’ +24x=0x*-11x+24=0,
36 -12x+x

vi x #0 < x, =3 (théaman), x, =8 (loai)

Vay tap nghiém ctia phurong trinh [a S = {3 } .
Cach2. & x’+2x+1=x+1-I2x+1+36 & (x+1) :(\/x ]—6)2

- x+I=~Nx+1-6
x+1=6—-+x+1

e Truong hop 1. x+Il=vx+I-6x+7=vx+] < x*+14x+49=x+1x"+13x+48=0 vd

nghiém.

o Truong hop 2. x+1=6-x+1<~x+] =5—x o x+1=25-10x+x" véi dieu kién x<5.
x'—11x+24=0.

Gidi ra ta dwogc x = 3 (thoa man), x = 8 (khong thda man).

Vav tap nghiém ctia phwong trinh la S = {3} .

Vi du 5. Giai phuong trinh: x> —2x =2v2x— 1

(Thi hoc sinh gioi Todn 9, tinh Hai Dwong, nam hoc 2009 - 2010)
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Gidi
Tim cdch giai. Quan sat dac diém ctua phuong trinh, ta thay c6 hai hwéng suy nghi:
e Cach 1. Vi v€ phai xudt hién dang: 2,/f (x) con vé& trai xuat hién x°, nén tim cach dua vé hang
2
dang thirc: (x+a)2 =( f(x) +b) . Sau d¢ giai tiép.
e Cach 2. Dua vé hé phuong trinh d6i xting loai hai.
Trinh bay loi giai
Cach 1. x’ -2x=2y2x-1< x’ =2x+2y2x—1 . Diéu kién x 2%.
2 =2x—1+1(1
e ¥ =21+ 2231+l x’ =(V2x-1+1) &7V !
x=—2x—1-1(2)
e Giadi phwong trinh (1): x =v2x—-1+1
& x—1=+2x—-1 Diéukién x> 1
2 2
o (x-1) =2x-1ox* —4x+2=0.
Gidi ra ta duoc: x, =2+ J2 (thoa man) x, =2- J2 (loai).

e Giai phuwong trinh (2): x =—v2x—-1-1 vi x Zé va —2x—1—-1<0 nén phuong trinh v6 nghiém.

Vay phuong trinh da cho ¢6 nghiém duy nhat: x =2+ V2
Cach 2. Diéu kién x>2
bat V2x—-I1=y—-1 diéukién y>1. = 2x-1=y>-2y+1 két hop v4i phuong trinh ban dau ta c6

2_2x=2(y-1 2 _2x—2y=-2
hé phuong trinh {x * (y ) = {x e

2x—I:y2—2y+] y =2y-2x=-2

V& trir vé ta duoc x* -y’ =0 o {x -7

x=-y
* Truong hop 1. Xét x =y suy ra: V2x—I=x—1<2x—1=x"-2x+ 1= x" -4x+2=0.
Giai ra ta duoc: x, =242 (thoa man), x, =2-2 (loai).

* Truwong hop 2. Xét x = -y suy ra V2x—1=-x—1. Véi x>2 thi V2x-1>0; —x—-1<0= VO

nghiém.

Lién h¢ tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com

Vay phuong trinh ¢6 nghiém duy nhat: x =2+ J2.

Nhan xét. Ki thuat cta bai la viéc chon an phu ttr viéc lam nguoc.

bat m:ax+b:>x2 —2x :Z(ay+b) va (ax+b)2 =2x—1.

Dé duoc hé ddi xting thi ta chon a=1; b=-1. Tt d6 ta c6 cach giai trén. Ngoai ra ta c6 thé binh
phuong hai v€ r6i giai phuwong trinh bac 4. That vay
(xz—zgz=4(2»<Q¢>x4—4x3+4x2—8x+4=0<3(x?—4x+2xx2+2)=0 tt d6 ta cing giai

duoc.

Vi du 6. Giai phuong trinh. x+ V17 -x> +x17-x> =9

(Thi hoc sinh gidi Todn 9, thanh phd’H6 Chi Minh, ndm 2008 - 2009)
Gidi

Tim cdch giai. D€ giai dang toan nay, ta thuong c6 hai cach:

* Cach 1. Chuyén thanh hé phuong trinh d6i xting loai 1, bang cach dat phan chita can bang y.
2 \
* Cach 2. Nhan thay: x* va (\/1 7-x’ ) 6 tong la hang s0, dong thoi trong phuong trinh xudt hién

x\17—x’ , nén ching ta c6 thé dat: x++17—x> =y . Sau d6 biéu dién phan con lai theo y.
Trinh bay loi giai
Cach 1. Dat y=+17-x’ (y20)2>x2+y2 =17.

2, 2
Tir 46, ta c6 hé phuong trinh |~ T =17
xX+y+xy=9

2 - =
Dat x+y=u,; xy =v. Hé phuong trinh c6 dang w—2v=17(1)
u+v=9(2)
Tt phuong trinh (2) ta 6 v=9-u thay vao phuong trinh () ta duoc
' —=2(9-u)=17 & u’ +2u-35=0

Gidiratadwoc u,=5=v,=4; u,=-7=v,=16.

+y=5
* Trwong hgop 1. Xétu=5; v=4tacod {x y4
Xy =

= x, y la nghiém cua phuong trinh X’-5X+4=0 (3). Giai hé phuong trinh (3) ta duoc
X =I;X,=4

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



x=1 |x=4
Suy ra ;
{y=4 {y=1

x+y=-7
xy=16

* Treong hop 2. Xét u=-7; v =16 ta cd {
= X, y langhiém ctia phuong trinh X° +7X+16 =0 (4).
Phwong trinh nay v6 nghiém.

Suy ra hé phuong trinh nay vo nghiém.

Vay tap nghiém ctia phwong trinh la S = {]; 4} .

Cach 2.

2
Dat: y=x+VI17-x" =y =17+2x\17-x" = xN17 %’ =2 2]7

2

Phwong trinh da cho c6 dang: y+y ;I7 =9y +2y-35=0.

Giadiratadwoc y, =5, y,=-7.

* Truong hop 1. Véiy=5tacd x+v17-x" =5.
V17-x* =5-x diéukién [x|<17;x<5
S17-x"=25-10x+x" & x" -5x+4=0

Giai ra ta dwogc x =1; x =4 (thoa man).

* Truong hop 2. Véiy =-7tacod x+v17-x" =-7

V17 -x* =—x—7 diéu kién x<-7;

Vay tap nghiém ctia phuwong trinh [a S = {1; 4} .

x| < \/ﬁ . Suy ra v nghiém.

C. Bai tap van dung

1.1. Giai phwong trinh: x* —2x+3=2v2x* —4x+3

(Thi hoc sinh gioi Todn 9, tinh Phii Tho, ndm hoc 2009 - 2010)
Huéng dan giai — Pap s6

X =2x+3=2V2x" —4x+3 ©2x° —4x+6=42x" —4x+3

Dat y=+2x" —4x+3véi y>20=2x>—4x+3=y"

Phuong trinh ¢6 dang y* +3=4y <y’ —4y+3=0

Lién h¢ tai liéu word toan SPT va zalo: 039.373.2038
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Gidiratadwgcyi=1;y2=3

-Voiy=1thi V2x° —4x+3=12x"—4x+3=12x"-4x+2=0x=1
-Véiy=3thi V2x’ —4x+3=32x" -4x+3=9 < 2x’ -4x-6=0
Giai ra ta duwocx=-1, x=3.
Vay tap nghiém ctia phuwong trinh la S = {];—]; 3}
1.2. Giai phuong trinh: Vx*—x-6 +x*—x-18=0
(Thi hoc sinh gioi Todn 9, tinh Thira Thién Hué, nam hoc 2008 - 2009)
Huwéng dan giai - dap s6
Dat Vx° —x—-6 =y(y > 0), phuong trinh ¢6 dang y+y° —12=0
Gidi ra ta duwoc y =3 (thdéa man); y = - 4 (khong thoa man)
Véi y=3=2x"-x-6=3x"-x-6=9

_1-N61 1461

Giai ra ta duoc x, = > 2 5

1.3. Giai phurong trinh 2x+1/x+4/x—§ =2.

Huéng dan giai — dap s6

Diéu kién x Zé

2
= x—i:£—2x<:>x—i= i—Zx voi diéu kién xSi
4 4 2 4

<::>x—i:2—6x+4x2 <:>4x2—7x+£:0 Giai ra ta duwoc x = ;x:i.
4 4 2 4

!
2

7 7 . SOA N ] ” ~
So sanh véi diéu kién, ta dwoc x = > (thoa man)
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Vay nghiém cta phuong trinh la x = é

1.4. Giai phwong trinh:
a) X’ =3x? +2<x+2)\/x+2 =6x ;

N el
Huwéng dan giai - Dap s6
al x*' =35 +2(x+2)x+2=6x & x’ = 3x(x+2)+2(x+2)Vx+2=0
Diéu kién x> -2
Dat \/xj:y(yZO) phwong trinh c6 dang: x° —=3xy* +2y° =0
<:>x3—xy2—2xy2+2y3:0c>(x—y)2(x+2y):0
-Treuong hop 1. Xét x—y=0<x=y
SAx+2=xx"—x—-2=0 vbi x>0. Giai ra ta dugc x = -1 (loai), x =2 (thda man).

- Truong hop 2. Xét x+2y=0 x+2Vx+2=0

2
o (Vrr2+1) =3oVxe2+1=3 o x=2-23
Vay tap nghiém cta phuwong trinh la S = {2;2—2\/5 }

b) Dat t:\/E(tZO):>ﬂ+ 5+t=5

PP S t+5+i<:>[t+lj2:(\/E—iT
4 4 2 2

©t+é:m—é(\/i t+§>0,m>éj

St+l=At+5 P +2t+1=t+5

117 o _1+417
2

o’ +1-4=0giairataduoc 1, = ai); 1, = T(théa man)

Voi t=

AN R B 11

2
1.5. Giai phuong trinh: V16 —8x—3x" =x* +3x-4 .
(Thi hoc sinh gioi Todn 9, tinh Quang Binh, niam hoc 2009 - 2010)
Huéng dan giai — dap s6
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DPjt t=x2+3x—4(t20)
=>t'=16-8x-3x"=4+x-3x"-9x+12=4+x-3t hay £’ +3t=4+x

£ +3t=x+4
Tt d¢, ta c6 hé phuong trinh *
X +3x=t+4

Trir ting vé€ cac phuong trinh ta duoc
F—x’+3t-3x=x—t<(1—x)(t+x+4)=0

-Truong hgp 1. Xétt=xtacd x’ +3x—4=x < x*+2x-4=0

Gidi ra ta duoc x, = —1++5; X, = —1-+5 (loai)

-Truong hop 2. Xétt+x+4=0tacd X’ +3x—4+x+4=0x" +4x=0
Giai ra ta duwoc x =0 (loai), x = -4.

Vay nghiém cua phuong trinh la § = {—4;—] +5 }

1.6. Giai phwrong trinh: x = ,/]—i +, fx—i .
x x

Huéng dan giai - Pap s6

Dat uzJ]—i; v:,/x—ivdi uz0;v=0;x>1
X X

U+v=ux
Ttr d6 ta co hé phuong tr‘mh{ .
u —vi =I-x

u+v=x utv=x
= = —
(u+v)(u—v):]—x u_vzl X
X
—-X 1 )
=>2v=x-— =>2v=x——+1lhay 2v=v'+1l<v=1
X X
Véiv=l=, |x——=1<x"-x-1=0
X
Gidi ra ta duoc x, = # (loai); x, = ! +2\/§ (thoa man)

Vay nghiém ctia phuong trinh 1a S = { >

]-I—\/E}
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1.7. Gidi phurong trinh: i+ \ /x—i =x+, /Zx—i
X X X

(Thi hoc sinh gioi Todn 9, Tinh Nghé An, nam hoc 2011 - 2012)

Huéng dan giai — Dap s6

bat Jx—i =u;1f2x—i =v(u20;v20)
X X
1 5

bDiéu kién x——>0;2x-=2>0

X X
4 4
—+u=x+v U—v=x——
Ta c6 hé phurong trinh X = *
2 2 4 2 2 4
u —vi=—-x uw —vi=—-x
X X

Suy ra u’ —v’ +u—v=0< (u—v)(u+v+1)=0

Dou>0;v>0 nén u+v+1>0

Suy ra u—v:()@\/x—i:\/2x—£<:>x—i:2x—i<:>x:i©x:i2
x

X X X X
- 1 1 3 .~
Thu’le_ux:2:x——:2——:5>0thoaman.
X
1 1 3 n o
x:—2:>x——:—2+52—5<0 (khong thoa man).
X

Vay nghiém cua phwong trinh la: x = 2.

1.8. Giai cac phuong trinh:

a) 104X +1=3(x"+2);
b) 2x* +5x—1=7x"-1;

Q) 2(x?+2x+3)=5Vx" +3x7 +3x+2 .

(Thi hoc sinh gioi Toan 9, TP Ha Ngi, nam hoc 2010 - 2011)

Huéng dan giai — Dap s6

a/ <:>]0.\/(x+])(x2—x+]) :3(x2+2) diéu kién x > -1

Dat Vx+1=u;x’ —x+1 =v(u20;v>0)

Phuong trinh c6 dang: 10uv = 3(u2 + v2)

Lién hé tai liéu word toan SDT va zalo: 039.373.2038
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& 3u’ = 9uy —uv + 3V’ :0<:>(u—3v)(3u—v):0@[u_3v:0
3u—v=0
- Trwong hop 1. Xét u—-3v=0<u=3v
Suy ra 3Vxl—x+1=x+1 9% —9x+9=x+1< 9x> —10x+8 =0 vd nghiém.

- Trwong hop 2. Xét 3u—-v=0<v=3u
Suyra Vxl—x+1=3Vx+1 o x’—x+1=9x+9=x* - 10x-8=0.

Giai ra ta duoc x, =5+\/§;x2 =5—\/§

Vay phuong trinh c6 tap nghiém la: S = {5 ++/33;5-+/33 }

b/ <:>7\/(x—])(x2 x4 1) =22 +5x—1 dieukién x>

Dat Vx—I=u;Nx>+x+1 :v(uZO,'v>0)

Phuong trinh ¢6 dang : 7uv = 2v* + 3u’

v=3u=0

< 202 —6uv —uv+3u’ :0<:>(v—3u)(2v—u)=0<:>[
2v—u=20

- Trwong hop 1. Xét v—3u=0 < v=3u. Suy ra:

Vi +x+l=3x-l o +x+1=9x-9 < x*~8x+10=0

Giai ra ta duoc: x, :4—\/8;x2 =446

- Treong hop 2. Xét 2v-u=0<2v=u

Suy ra 2Vx’ +x+1=x—1 = 4x’ +4x+4=x—1< 4x’ +3x+5=0 vd nghiém.

Vay phuong trinh ¢6 tap nghiém la: § = {4 —J6:4+6 }

of & 2(x* +2x+3) =5 [(x+2)(x* + x+1) dibu kién x> -2

Dit Vx+2 =¥ +x+1 =v(u20;v>0). Phuong trinh c6 dang:
2( ) = Suv & 20> —4uv—uv+2v’ =0 & (2u—v)(u—2v)=0

- Trudmg hop 1. Xét u—2v=0< 2v=u.

Suy ra 2Vx’ +x+ 1 =vx+2 = 4x’ +4x+4 =x+2 & 4x> + 3x+2=0 vO nghiém.

- Trwong hop 2. Xét 2u—v=0 < Vx’ +x+1=2Jx+2
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SxXl+x+1=4x+8 <= x> -3x-7=0

3-N37 3437
’ 72

2 T

Giai ra ta duoc: x, = (thoa man).

2

3—\/5.3%/5}
—

Vay tap nghiém ctia phuwong trinh: § = {

1.9. Giai phwrong trinh: 3x—1+ x4— I V3x+1

X
(Thi hoc sinh gioi todn 16p 9, tinh Phii Tho, nam hoc 2013 - 2014)

Huéng dan giai — Dap s6
Piéu kién xac dinh: x > —é, x#0

Phuong trinh twong duong v6i 12x° —(3x+1)=4xy3x+1

Dat a=2x,b=~3x+1

Ta c6 phuong trinh 34’ —b” =2ab < (b—a)(b+3a)=0<> b=a hodcb =-3a

Khi @6 v3x+1=2xhoac V3x+1=-6x

-V6i V3x+1=2x,diéu kién x>0, ta co:

V3x+1=2x & 3x+1=4x" & 4x* -3x—1=0 < x =Thodc x:—é (loai)

V6i NGxt1=—6x, dieu kién —és 1<0, ta co:

3-~153 3++1
72

N3x+1=-6x<3x+1=36x" < x= hoac x:Tﬁ(loai)

Vay phuong trinh ¢ hai nghiém x=1,x = %

1.10. Giai phuong trinh: 2x° + x+3 = 3xy/x+3

(Thi hoc sinh gioi todn I6p 9, TP. H6 Chi Minh, nam hoc 2014- 2015)
Huéng dan giai - Pap s6

DKXD: x> -3
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2x° +x+3=3xJx+3 <:>(2x—\/x+3)(x—\/x+3):0

x>0

@{2x—\/x+3=0© 2x:m® x=1 =
Jx+3=0
X X+ x:\/m x:]+2]3

.]+\/E}

Vay tap nghiém ctia phwong trinh la: S = {1, >

1.11. Giai phwong trinh: x° +5x+8 = 3\/2x3 +5x°+7x+6
(Tuyén sinh l6p 10, THPTchuyén Todn, tinh Hung Yén, nam hoc 2013-2014)
Huéng dan giai — dap s6

Nhan xét: 2x3+5x2+7x+6:(2x+3)(x2+x+2)

DKXD: x > —%

Phuong trinh viét du6i dang (x +x+2)+2(2x+3)=3,(2x+3)(x* +x+2)

Dit V2x+3 =a VX’ +x+2 =b(a20,b>0)

a=b

Phuong trinh c6 dang b” —3ba+2d’ =0 < (b—a)(b—2a)=0 <
2a=b

Truong hgp 1. Xéta=b, ta cé: x°* +x+2=2x+3 < x’—x—1=0

1+\/§ 1—\/5

(thdéa man), x=
2 2

Phuwong trinh ¢6 hai nghiém: x = (thda man)

Truong hop 2. Xét 2a=Db, ta co: Vx° +x+2=242x+3 < x*-7x-10=0

7+\/§ 7—\/@
2

> (thoa man), x=

Phwong trinh c6 hai nghiém: x = (khong théa man).

1445 1-5 X:7+\/@

, X

Vay phuong trinh da cho c6 ba nghiém: x = > > :
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Chuong

Chuyén dé 23. PHUONG TRINH, HE PHUONG TRINH,
BAT PHUONG TRINH KHONG MAU MUC
A. Mot s6 vi du

, o \ {2x23y2+xy=12(1)
Vidu 1. Giai hé phuong trinh

6x+x’y=12+6y+y°x (2)
(Tuyén sinh 16p 10, chuyén Todn, Dai hoc Khoa hoc tw nhién Ha N§i, nam hoc 2014-2015)
Giai
2x* =3y’ +xy= 12(])
{6x +x°y=12+6y+y’x (2)

6x—6y+x’y—y'x=12 (x—y).(6+xy)=]2

{2x2 ~2xy+3xy =3y =12 _ {(x—y)-(2x+3y) =12
Vi v& phai ctia mdi phuong trinh 1a s8 khac 0, nén x—y #0.

x—3=0
y=2=0

Suyra 2x+3y=6+xy <:>(x—3)(y—2)=0<:>{
* Truong hop 1. Xét x—3 =0 = x =3 thay vao phuwong trinh (1) ta duoc:
18-3y’+3y=12y —-y-2=0
Gidiratadwoc y, =-1y,=2 .
* Treong hop 2. Xét y—2=0= y =2 thay vao phuwong trinh (1) ta duoc:
2 —1242x=12 x*+x-12=0
Gidi ra ta duwoc x, =3;x, =—4.
Vay hé phueong trinh da cho c6 nghiém (x;y) la: (3; —Z);(3;2);(—4;2).
Vi du 2. Giai hé phuong trinh: Vatey=1=3(1)

xy+x+y=x’-2y° (2)

Gidi

Tim cdch giai. Ta nhan thay néu binh phuong 2 v€ phuwong trinh (1) thi thu dwoc két qua khong
kha quan. Vi vay ta tap trung vao phan tich phuong trinh (2) thanh nhan t. Sau d6 bi€u thi x theo

y, thé vao phuong trinh (1) ta duoc phwong trinh mét an y. Giai phwong trinh vira nhan duoc.
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Trinh bay loi giai
Diéukién x>1;y>1.

Phwong trinh (2) <:>(x+y)(x—2y—]):0c>x—2y—]=0 (vix+y>0)c>x=2y+], thay vao

phuong trinh (1) ta dugc:

\/Z+\/yf1=3©(\/2y—2)+(\/y—1—1)=0

P St bk —0<:>(y—2)[ 2 ! J:0<:>y:2.

Jye2 Jy-1+1 \/5+2+\/y—1+1

S x=2y+1=5

Vay hé phuong trinh da cho c6 nghiém (x; y) la: (5 ; 2).

x2+xy=3(1)

Vi du 3. Giai hé phwong trinh:
v 4y x+3x—-6y =0(2)

Gidi
Tim cdch giai. Cac phuwong trinh (1), (2) khong thé dwa vé phuong trinh tich duwoc. Quan sat
phuong trinh (2) ching ta thay cac hang ti la cac don thic bac nhat hodc bac ba, con phuwong trinh
(1) cac hang tx chi chtta bac hai va bac 0. Do vay chung ta thé phuwong trinh (1) vao phwong trinh
(2) d€ cac hang tit déu bac ba. Phuong trinh méi luén phan tich da thitc thanh nhan ti duoc, cach
giai trén goi 1a cdn hing bic.
Trinh bay loi giai
x =y =0 khong la nghiém cua phuong trinh.
Tt phuong trinh (1) thay vao phuong trinh (2) va thu gon ta duoc:

y3+y2x+(x—2y)(x2+xy):0<:>y3+x3—x2y—xy2 =0

<:>(x—|—y)(x—y)2 :0<:>[ii§:g

* Truong hop 1. Xét x+y=0<> x=-y thay vao phuong trinh (1): y* —y* =3 vd nghiém

* Truong hop 2. Xét x—y =0 < x =y thay vao phwong trinh (1): 2y2=3<:>y:\/§<:>y:x: £l

2
Ao A . ‘ " 33
Vay hé phuong trinh c6 nghiém (x; y) la [, /5 A /EJ
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X’ +2xy" +12y =0 (1)
Vi du 4. Giai hé phwong trinh
X +8y* =12(2)
Giai
Tt phuong trinh (2) thay vao phuong trinh (1) ta duoc:
x4+ 2xy° er.(x2 +8y2) =0
= (x3 +8y3)+(x2y+2xy2) =0 ()chZy)(x2 —xy+4y2) =0

x+2y=0
A 2 2
X =xy+4y =0

* Truong hop 1. x+2y =0 < x =-2y thay vao phuong trinh (2) ta duoc:
oS4y +8y’=12oy'=l<y=+1.Suyrax=7 2.
* Treong hop 2. x° —xy+4y’ =0 < x =y =0 thay vao phuong trinh (2) v6 nghiém.
Vay phuong trinh c6 nghiém (x;y) la: (—2;]);(2; —]) .

) o . x2+y2+xy+lz4y(])
Vi du 5. Gidi hé phwong trinh

(¢ +1)(x+y-2)=¥(2)
(Thi hoc sinh gidi Todn 9, tinh Bic Giang, nim hoc 2013-2014)
Gidi

Tim cdch gidi. Bai todn kha kho phét hién cach giai. Quan sat k§ cdu tao mdi phuwong trinh, ching
ta nhan thdy néu tir phuong trinh (1) x’ +1=4y—y’ —xy thé vao phuong trinh (2) thi hai v& cd
nhan ttr y chung, nén cé kha nang giai dwoc dé dang, d6 1a cach giai 1. Ngoai ra, phuwong trinh (1)
c6 thé lam xuat hién x’ +17 va x+y—2 nén ta nghi t6i dat an phu, d6 la cach giai 2.
Trinh bay loi giai
Céch 1. Tt phuong trinh (1) suy ra: x”*+ /= y(4-x-y).
Thay thé vao phuong trinh (2) ta duoc:
y(4—x— y)(x+y—2):y @y[(4—x—y).(x+y—2)—]] =0
* Treong hop 1. Xét y = 0 thay vao phwong trinh (1) ta duoc:
x’ +1=0 v6 nghiém.

* Trudng hop 2. Xét (4—x—y)(x+y—-2)-1=0
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Dit x+y=1, taduoc: (4—1)(1-2)-1=0=1r -61+9=0<1=3.

Suy ra x+y=3= x=3-y thay vao phuong trinh (1) ta duoc:
(3-y) +y*+(3-y)y+1=4y =y’ ~7y+10=0.Gidira ta duoc: y,=2; y,=5.
*Voiy=2taduwgcx=3-2=1.
*Voiy=>5taduwgcx=3-5=-2.
Vay hé phwong trinh da cho cé nghiém (x;y) la: (1;2);(—2;5).
Céch 2. * Xét y = 0 thay vao phuong trinh (1) ta dwoc: x° +1=0.
Phwong trinh v6 nghiém.
* Xét y # 0 hé phurong trinh c6 dang;:
x*+
(x2+])+y(x+y—2)=2y y
=

(x2+]).(x+y—2):y X’ +1
y

I+(y+x—2):2

(x+y—2)=]

XX +1

y

u+v=2

Dat =u,x+y—2=v hé phuong trinh cé dang: {

uy =1
Suy ra u, v 1a nghiém ctia phuong trinh x> -2x+/=0<x, =x,=1
x*+1

=] 2 — 2 _2_ 2 o
Dodéu=1v=1=4{ y Q{X +31 y@{x +1=3 x@{x +x-2=0
y=3-x

y=3-x y=3-x

x+y-2=1

Giai hé phuong trinh trén ta dwoc nghiém cuia hé phuong trinh (x; y) la: (1; 2); (—2;5 )

2x y+yJ;=3 4y -3

29x +xyfy =3V4x -3

Giai

Vi du 6. Giai hé phuong trinh {

Tim cdch giai. Bai toan c6 dang doi xtng loai 2. Suy luan ty nhién ta c6 hai cach giai:
- Cich 1. Banh gia cac an, d€ ching to x =y.

- Cich 2. V€ trir v€, r0i ching to x =y.

Trinh bay loi giai

Cach 1. Diéu kién x> %,- yz2
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o -l -
2y\x +xify = 34x -3 \/5(2 y+\/;)=3\/4x7_3

*Néu x >y suy ra v4x—3 >/4y—3 dan dén:

\/E(Z\/;+\/;)>\/E(2\/;+\/;):>y>x mau thuan.

* Néu x <y teong tu dan dén mau thuan.
Do do x =y suy ra:

2xvx+xvx = 3Vdx-3 o 3xx =3J4x-3 o x —4x+3=0
113 14413
2 T

Giai ra, ta dwoc: x, =1, x, =

Vay hé phrong trinh cé nghiém (x;y)la:
1) (—14173 _ —1—@]_ [—1+JE _ —1+\/EJ
] i) 2 ) ) ) .

2 2 2

Cach 2. Tt phuong trinh (1) va (2), v€ trir v€ ta duoc:

xy —y\x +34x—3-3J4y-3=0

- xy(\/;_\/;)+3(4x—3—4y+3)_0

J4x-3+/4y-3
12(&—&)“@6)

Vix—3+J4y-3

= xy(\/;—\/;)+

=0

12
= \/;— VI Axy + =0
( \/7)(\/7 \/4x—3+\/4y—3]
@\/;—\/;=O<:>x:y
Suy ra: 2xv/x +xvx =3J4x-3 < 3xfxr =3V4x-3 o ¥’ —4x+3=0

S1-N13 1413
2 T '

2

Giai ra, ta dwoc: x, =1, x, =

_1- 13.—1—\/5]{—“ 13.—1+\/EJ
272 ) T2

Vay hé phurong trinh c¢6 nghiém (x;y) la: (1; 1 )[ >
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xz=x+4(1)
Vi du 7. Giai hé phuong trinh: {2y’ =7xz-3x—14 (2)

X +7 :35—y2(3)

Giai

Tt phwong trinh (1) x=xz—4 thay vao phuong trinh (2) ta dugc
2y° =7xz=3(xz—4)-14 =y’ =2xz-1
Thay vao phuong trinh (3) ta duoc:

P4 =35-(2xz-1) & (x+z) =36 x+z=6
x+z=-06

* Truong hop 1. Xét x+z=6 < z=6—x thay vao phuong trinh (1) ta duoc:

x.(6—x)=x+4<:>x2 -5x+4=0=x,=1x,=4 .

Véi x=1= z=6-1=5; thay vao phuong trinh (3): 1+25=35-y’ < y=143 .

V6i x=4=>z=6-4=2; thay vao phuong trinh (3): 16 +4=35-y’ < y=+/15. Vay tap nghiém
hé phwong trinh da cho c6 nghiém (x; y; z) la:

(1:3:5):(1=3:3)3 (4:15:2)3 (4,15 :2).

* Treong hgp 2. Xét x+z=-6 ta co:

:—71@
2

x(—6—x):x+4©x2+7x+4:0<:>x

Véi x = _7_—2\/£ =>z= ﬂthay vao (3) ta duoc phuong trinh vo nghiém.
Véi x =" +2@ g ‘2@ thay vao (3) tim duoc y = +4/33.

Vay tap nghiém hé phuong trinh da cho c6 nghiém (x; y; z)la:

74433 oz -5-+/33 ) (-7-/33 =z —5++/33
8 a8

x> +xy+y’ =1(1)
Vi du 8. Giai hé phuwong trinh {y* +yz+2° =4(2)

22 +zx+x>=7(3)

Giai
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Tim cdch gidi. V€ trai ctia mdi phuong trinh, cac bién ¢é vai tro nhu nhau, con vé phai la ba so 1; 4;
7 cach déu. Do d6 rdt tu nhién chiing ta nghi t6i viéc v€ trit v€ ctia hai phuong trinh dé duoc hai
phuong trinh méi ¢ vé& phai la - 3, tir d6 so sanh vé trai. Ching ta biéu dién duwgc hai an theo an
con lai, ttr d6 giai dwoc phuwong trinh.
Trinh bay loi giai
Trie tiing vé€ cac phuong trinh (1); (2) va trie titng v€ cac phuong trinh (2); (3) ta dugc:

x> —z* +Xy—yz :—3<::> (X—Z)(X"'Y"‘Z) =-3

vy —x’+yz—zx =-3 (y—x)(x+y+z)=—3
Suyra: x—z=y-x<2x=y+z (4).

T phuong trinh (1) va (3) v€ trit vé ta duoc: y* —z° +xy —zx = -6 < (y —z)(x +y+z) =-6 két hop

vOi (4): (y—z).3x:—6<:>y_zz_g
X
Mat khac y+z=2x.

Suy ra: y =x —i; z=X+ 1 thay vao phuong trinh (2) ta duoc:
X X

2 2
(x+£j +(X+£j[x—£j+(x—£j =4 3" -4x*+1=0
X X X X

V3 V3

Gidi ra ta duoc: x, =1 x, =-1; x, =?; X, :_?

e Voix=1suyra: y=1-1=0; z=1+1=2.

e Véix=-1lsuyra: y=1+1=2; z=1-1=0.

V3. 3 23 3 3 43

. 3
* Voi X=— suyrai y=—-—=———;z2=—+—=

3 3 3 3 3 3
V3.3 2938 3 3 43
; .

B 33 B3
Vay hé phuong trinh da cho c6 nghiém (x;y; z)1a

e (£ 25 (R 254

* Voi x:—?s suy ra: y =
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x?—2X\ly +2y =x
Vi du 9. Giai hé phuong trinh < y? - 2y\/; +2z=y
- 2Z\/; +2x=12

(Thi hoc sinh gidi Todn 9, tinh Bic Ninh, nidm hoc 2009-2010)

Gidi
Tim loi gidi: Bai toan nay la dang hoan vi vong quanh vi vay ching ta nén dung ky thuat danh gia
an. V& trai ctia mdi phuong trinh c6 béng déng ctia hang dang thiec nén chiing ta dwa vao dé dé
danh gia an.
Trinh bay loi giai

biéu kién: x>0,y >0;,z>0

(x—y) =x—y®

2
Hé phuong trinh trong dwong véi (y Az ) =y—-2(2)

Tt cac phrong trinh (1);(2);(3) ta co:

x—-y=>0
y—z220=>x2y2z22xXx=>Xx=y=2

z—x2>0

Suy ra {X:y:ZZOQX:y:z:O hoac x=y=z=1
X — \/_ =0
Tht lai thdy thoa man
Vay tap nghiém ctia hé phuong trinh (x; v, z) la (O;O;O);(L'];l)
B. Bai tap van dung

X2 —2Xy+Xx-2y+3=0

1.1. Giai hé phuong trinh:
Yo —X*+2xy+2x-2=0
Huéng dan giai - Pap s6

) {x2—2xy+x—2y+3:0(1) {2x2—4xy+2x—4y+6:0
Ta co: =

Yo —x?+2xy+2x-2=0(2) Yo —Xx*+2xy+2x-2=0
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=X +y? —2xy+4x—-4y+4=0

<:>(x—y+2)2 =0 y=Xx+2

54421
2

Thay vao phuong trinh (1) ta duoc: x* +5x+1=0 <> x=

Vay hé c6 hai nghiém (x;y) la [_S_Jﬁ;_l_\/ﬂj{—5+\/ﬁ;—l+\/ﬂ]

2 2 2 2

1.2. Gidi hé phuong trinh {XZZ ~2y+1=0(1)
y +x-3y+1=0(2)
(Thi hoc sinh Gidi Todn 9, tinh Déng Nai, nam hoc 2012 —2013)
Huéng dan giai — Dap s6
Tt phuong trinh (1) va (2) vé trit v€ ta duoc

Xx—y=0
X+y-1=0

X =y —x+y=0(x-y).(x+ y—1)=0c{
Truong hop 1. Xét x—y =0 < x =y thay vao phuong trinh (1) ta dwoc:

X -2x+1=0<x=1suyra y=1

Truong hop 2. Xét x+y—-1=0< y=1-x thay vao phuong trinh (1) ta duoc:
X’ =2(1-x)+1=0 < x* +2x-1=0

Giai ra ta dugce: X, = -1+42 =y, :l—(—l+\/§):2—\/§;

X, =—l—\/§:> Y, =1—(—1—\/§):2+\/§

Vay tap nghiém ctia hé phuong trinh (x;y) la (1;1) ;(—1+ J2:2 —\/E) ;(—1—\/5; 2+\/§)

2+3x= %( 1)
1.3. Giai hé phuong trinh: 6y
x*—2=—(2)
y

(Thi hoc sinh gioi Todn 9, tinh Thanh Héa, Ndam hoc 2012-2013)
Huéng dan giai - Pap s6

Ttr phuong trinh (1) va (2) cong v€ véi vé ta duoc

N +3x:i3+9<:> x3—%+3x—9:0 c{x—gj.(xz+%+iz+3]:0
y y y y y y 'y
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2
Ta co X2+3+i2+3=(x+1j +%+3>0 nén X—£=O<:>X=g thay vao phuong trinh (1) ta
y 'y y y y y

duoc:

6

1= _1
2+V=%® Y +3y —4=0c(y-1).(y+2) =o@{y 0 @[y

y+2=0 y=-2

-Véiy=L:x=%=2

- Véi y=—2:>x=iz=—1

Vay tap nghiém cua hé phuwong trinh (x;y) 1a (2;1);(-1;-2)

y=x"(1)
1.4. Giai hé phuong trinh: <z=xy(2)
1 1 6

=-==2(3)
X y z

(Thi hoc sinh gioi Todn 9, tinh Quang Ngai, nam hoc 2011-2012)
Huéng dan giai - Pap s6
Tt phrong trinh (1) va (2) thay vao phuong trinh (3) ta dugc:

l_izzisj X*—X=6< x> —x-6=0
X X X

Giai ra ta dwoc X, =-2;X, =3
- Véi x, =-2 thay vao phwong trinh (1); (2) ta dwoc y=4;z2=-8
- V6i x, =3 thay vao phuong trinh (1); (2) ta dwoc y=9;z2=27
Vay hé phuong trinh ¢6 nghiém (x;y;z) la (-2;4;-8);(3;9;27)
X+y—1= g( 1)
1.5. Giai hé phuong trinh: X 3
(x+ y)2 +2:7(2)
(Thi hoc sinh gioi Todn 9, tinh Quang Binh, nam hoc 2011-2012)

Huéng dan giai - Pap s6

Tt phuwong trinh (1) suy ra X+Yy = 1+£thay vao phuong trinh (2) ta dugc:
X
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(1+£j +2:%<:>1+i+i2+2=%<:>3x2+4x+1:0
X X X X X

Giai ra ta dwocx, =-1;X, =—=

- Véi x, =-1 thay vao phwong trinh (1) ta duwoc -1+ y-1=-2<y=
g 1 . . 1

- Véi x, = -3 thay vao phuong trinh (2) ta duoc 3 +ty-l=-b6oy=

Vay hé phuong trinh da cho c6 nghiém (x;y) 1a (~1;0) (‘?1 ‘—;4)

1.6. Giai hé phuwong trinh: {X: - XS.Z #xyt=11)
X*y—=Xx"+xy=1(2)
Huéng dan giai - Pap s6
Tt phuong trinh (1) va (2) vé trit v€ ta duoc:
X' =2x3y+x2y*+ x> —xy=0 <:>(x2 —xy)2 +(x2 —xy):O

x=0
<:>x(x—y)(x2—xy+1)=0<:> x-y=0
x> —xy+1=0

- Vi x = 0 thay vao phuwong trinh (1), phwong trinh v6 nghiém.

0

~14
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-Véi x—y=0 <> x=y thay vao phuong trinh (1) ta duge x* - x*+x* =1l x=tl y=1+1

-Véi X2 —xy+1=0 < x* —xy = -1 hé phuong trinh viét dudi dang:
X4—XY(X2—XV)=1 x*+xy=1
< 3
ey-(¢-m)=1  xy=0
- Néu x=0= phuong trinh v6 nghiém
- Néu x # 0 thi y = 0 thay vao phuwong trinh (2) suy ra x* =-1 (loai).
Vay hé phuong trinh da cho cé nghiém (x;y) 1a (1;1);(-1;-1).

X2 (y+1)(x+y+1)=3x"-4x+1

1.7. Giai hé phuong trinh:
Xy +X+1=x°

Huéng dan giai — Dap s6

{xz(y+l)(x+ y+1)=3x"-4x+1 {(xy+x)(x2 +xy+x):3x2—4x+1(1)
=

Xy +X+1=x° Xy +x=x*-1(2)
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Tt phuong trinh (2) thay vao phuong trinh (1) ta duoc:

(x2 —1)(x2 +X° —1) =3X*-4x+1e2x* -6X* +4x=0 2x(x—1)(x2 —2x—2):0
- V6i x = 0 thay vao phwong trinh (2) ta dwgc 0.y +0=0° —1= vd nghiém
- Véi x =1 thay vao phuong trinh (2) ta duoc 1.y+1=1-1<y=-1

- Xét x2—2x—-2=0 gii ra ta duoc x, =1++/3;x, =1-+/3

+ Vi x=1+4/3 thay vao phuong trinh (2) ta tinh duoc y = i+\/\/§
+

+V6i x =1-+/3 thay vao phurong trinh (2) ta tinh duwoc y = %

Vay hé phuong trinh da cho c6 nghiém (x;y) 1a (1;-1); (1 +4/3: 1+\/;] (1 \/— - \/\/:J
+

x*+2x%y + x7y? =2x+9(1)

1.8. Giai hé phurong trinh:
X2 +2Xy =6X+6(2)
Huéng dan giai - Pap s6

_ 2
Tt phrong trinh (2) ta cé: xy = w thay vao phuong trinh (1) ta dugc:

=2X+9

= (x +xy)2 =2x+9 <:>(x2 +M]

4 3 2 3 x=0 Xx=0
< X' +12x7 +48x° +64x =0 = x.(x+4) =0 = o

X+4=0 X=-4

- Vi x = 0 thay vao phuwong trinh (1) ta dwgc phuong trinh vo nghiém.
- V6i x = -4 thay vao phuong trinh (2) ta dwocy =4,25.

Vay hé phuong trinh ¢6 nghiém (x;y)la (—4;4,25).

X —8x=y>+2y

1.9. Giai hé phwong trinh:
P & {x2—3=3(y2+1)

Huéng dan giai - Pap s6
[xi-Bx=yi+2y  [P—y=2(4x+y)(1)
Taco: § , ) =
X*-3=3(y"+1)  |x2-3y?=6(2)

2 a2
Tt phuong trinh (2) ta cé: 2= X 3y

thay vao phuong trinh (1) ta duoc:
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3(x°—y®)=(x*-3y’)(4x+y) & X+ X’y —12xy* =0
x=0
< x(x-3y)(x+4y)=0<| x-3y=0
X+4y=0

- Trwdng hop 1. Xét x = 0 thay vao phwong trinh (2) ta dwgc: -3y? =6 = V06 nghiém.
- Trwong hop 2. Xét x—3y =0 < x =3y thay vao phuong trinh (2) ta duwoc: 9y° -3y* =6 < y=+1

- Trwong hop 3. Xét x+4y =0 & X =-4y thay vao phuong trinh (2) ta duoc:

6 6
16y* -3y’ =6 y=1+,|— < x=74,|—
4 V=1 713
Vay hé phuong trinh da cho ¢6 nghiém (x;y)la (3;1);(-3;-1); 4‘/2;—,/i ; —4‘/3;‘/i
’ i ) 13 13 13 V13

X+ y—\/@:S(l)
VX+1+4y+1=4(2)

Huéng dan giai — Dap s6

1.10. Giai hé phuong trinh: {

* Ap dung bat dang thitc C6 — si ta co:

Xty

x+y:3+\/ﬁs3+ S X+Yy<6(3)

*Ap dung bat ding thirc ax+by <va® +b? \/x* +y? ta c6:

\/x+1+\/y+1£\/x+1+ y+1.\/1+1<:>4£\/m.\/§<:>x+y26(4)
Tt (3) va (4) suy ra x+y =6 . Dang thttc xay rakhix =y =3

Vay hé phurong trinh ¢ nghiém (X; y)lé (3;3)

X y+2y\/§:3xm
y\/;+2x\/§:3y\/m

Huéng dan giai — Dap s6

1.11. Giai hé phuong trinh: {

Diéu kién le;yzi
2 2
Doy (Vx+2y ) =3x/2x-1
Hé phuong trinh c6 dang;:

M(ﬁ+2ﬁ):3ym
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- Néu x >y suy ra3xy/2x-1>3y,2y—-1 dan dén: \/E(\/;+2\/§)>\/W(\/§+2\/;): y > X mau

thuan.

- Néu x <y tuwong tw dan dén mau thuan.

Do d6 x =y suy ra: x/x +2x3/x =3x/2x-1 = x =v2x-1 = x=1
Vay hé phuong trinh c6 nghiém (x;y)la (1;1)

X3+y3=22

1.12. Tim nghiém nguyén duwong cta hé phuong trinh sau:
3xy+z =12

Huéng dan giai - Pap s6

Xy =272 X +yi=17° X +yd=2%(1)
Ta co: = =
3xy+z=1° 3xyz+2*=17° 3Ixyz+ x> +y*=27%(2)

Tir phuong trinh (2): X° +y° —2° +3xyz =0 <> (x+y—2)(X* + y* +2° = xy + yz+ 2x) =0
*Ma x> +y*+7° —xy+ yz+zx:0,5(x—y)2+0,5(y+z)2+0,5(z+x)2 >0
Suyra Xx+y-z=0&x+y=z2
Vay vdi x; y; z thoa man x + y = z thi hé phuong trinh c6 nghiém.
Thay x +y = z vao phuong trinh (1) ta dwoc:
x3+y3:(x+y)2<:>x2—xy+y2:x+y(v‘1x+y>0)
<y —(x+1)y+x*—x=0
Phuong trinh béac hai (dn y) ¢6 nghiém khi va chi khi:
A=(x+1) -4(X’ -x)20 < 3(x-1) <4
Do x nguyén dwong nén x = 1 hoac x =2
Véix=1lsuyray=2,z=3
Véix=2suyrayi=1,z1=3
y2=2,z22=4
Vay hé phuong trinh ¢6 3 nghiém nguyén duong (x;y;z)1a (1;2;3);(2;1;3);(2;2;4)

\/§+\/§:7
VX-20+,/y+3=6

1.13. Giai hé phuong trinh: {
(Thi hoc sinh gioi todn 9, tinh Binh Dinh, nam hoc 2008 - 2009)
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Huwéng dan giai — Pap s6

Diéu kién x>20;y >0

Dat u=+vx-20;v=,/y+3(u>0;v>0)

Suy ra x=U*+20;y=Vv*-3

Ju? +20 +v2 =3 =7(1)

trong d6 U<6;v<6.
u+v=6(2)

Hé phuong trinh da cho c6 dang {

Tt phuong trinh (1) binh phuong hai vé ta duoc:

U2 +20+V2 -3+ 2\/(u2 +20)(v:-3)=49  (@3)

Tt phuong trinh (2): v=6-4 thay vao phuong trinh (3) ta duoc:

UZ + 20+ (6—U)? —3+ 24/ (U? + 20)(U?—12u+33) = 49

o \/(uz +20) (U2 ~12u+33 = % + 6U -2
< (u?+20)(u? ~12u+33) = (~u? +6u—2)’
< 13u?-216uU+656 =0

Giai ra ta dwoc u, =4;u, = 116;34 > 6 (loai).

V(’yiu=4th‘1v=25uyra{

Jx-20 =4 {x=36
=
y+3=2 y=1

Vay hé phuong trinh da cho c6 nghiém (x;y)la (36;1)

; XY =4(1)
1.14. Cho hé phuong trinh véian x: § ,
x> +(5y+2)x+4y* +2y<0(2)

Tim y sao cho hé trén c6 nghiém x.

(Thi hoc sinh gioi toan 9, TP. H6 Chi Minh, nam hoc 1992 — 1993 — Vong 2)

Huéng dan giai — Dap s6

Tir (1) c6 y> =4-x2<4 dodé —2<y<2

Tacd X=+,/4-y? vGi —2<y<2.He¢ cd nghiém.
(«/4—y2 )2 +(B5y+2)4/4-y* +4y* +2y <0

f—g

(—W)Z +(5y+2)(—ﬂ)+4y2 +2y<0
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(5y+2)4-y* <-3y*-2y-4
=
(5y+2)y4-y? >3y*+2y+4
< [py+2/J4-y* >3y’ +2y+4
o (5y+2) (4-y?)>(3y* +2y+4)
< 34y* +32y® —68y> —64y <0
©2y(y*-2).(17y+16)<0

<:>—17—6<y<—\/§ hodc 0<y<+/2

Do d6 gia tri y d& hé c6 nghiém x 1a 0 < y <~+/2 hoic —17—6< y<—/2

3x* +2y* —4xy +x+8y—-4=0
1.15. Giai hé phuong trinh: ymmyxey
x> —y?+2x+y-3=0

(Thi hoc sinh gioi todn 9, tinh Phii Thg, nam hoc 2013 - 2014)
Huéng dan giai - Pap s6

o [3XP+2y* —Axy+x+8y—-4=0 [3x*+2y* —4xy+x+8y-4=0 (1)
Ta co: =
2x° —2y* +4x+2y-6=0 (2)

X*—y>+2x+y-3=0
Lay (1) trie (2) theo v€ véi vé ta co:
(¥ —4xy+4y°)-3(x—-2y)+2=0 < (x-2y) -3(x-2y)+2=0
& (x=2y-1)(x—2y-2)=0< x=2y+1hodc x=2y+2
-V6i x=2y+1, thé vao (2) varit gon, ta cd y(y+3)=0< y=0 hodc y=-3
Suyrax=1,y=0hodcx=-5y=-3.

-Véi x=2y+2, thé vao (2) va rat gon ta co:

3y2+13y+5:0<:>y:—_13+6'109 hodc y:—_13_ /109

6

—7 ++/109 -13++/109
Suyra x= Y =
3 6
Hodc x = -7 —3\/109 Y= -13 —6\/109

Vay hé phuong trinh ¢6 tap nghiém (x;y) la
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S ={(1;0);(_5;_3){—7 +?\’/ﬁ ;—13+\/@}[—7—\/@ ;_13_\/@}

6 3 6

y=2Jx-1
JX+y=x'-y

(Thi hoc sinh gioi toan 9, TP. H6 Chi Minh, nam hoc 2014 - 2015)

1.16. Giai hé phuong trinh: {

Huéng dan giai - Pap s6
DKXD: x>1va x>-y.

y=2vx-1 y=2vx-1
=
Jx+y=xt-y X+24/x-1=x>-2Jx-1

Do x+2vx—1=(vx~1+1) nén:
Sx—1+l=x-2x Lo xt-1=3Jx—1 & (¥ ~1) =9(x~1)

1= vy=
<:>(x—1)(x—2)(x2+3x+5)=0<:{§_2z);_2

Vay tap nghiém ctia phuong trinh 1a (x;y) € {(1;0);(2;2)}

X2 +y2+xy=2
1.17. Giéi hé phuong trinh: Yy
X +y=2x+4y

(Thi hoc sinh gioi todn 9, tinh Nghé An, nam hoc 2014 - 2015)
Huéng dan giai — Dap s6

[P +yPxy=2 X*+y?+xy =2 (1)

Ta co: ) )
Xyt =2x+4y  |(x+y) (X -xy+y?)=2x+4y (2)

Tt phuong trinh (1) thé vao phwong trinh (2), ta duoc:
(x+Yy)(2-2xy)=2x+4y < X’y +xy’ +y=0
y=0

S y(xX¥+xy+1)=0<
y( y ) {x2+xy+1:0

- Trwong hop 1. Xét y = 0 thay vao phuong trinh (1), ta dwoc X =++/2.

- Truong hop 2. Xét x*+xy+1=0=>x*+xy=-1, thay vao phuong trinh (1) ta dugc:
y?=3oy=13

Suy ra X2 ++/3x+1=0 c6 4<0= phuong trinh v6 nghiém.
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Vay hé phuong trinh c6 nghiém (X; y)lé S = {(\/E,O) ,(—\/E;O)} .
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