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TU HOC TOAN 8
MUC LUC
PHAN 1. PAI SO

CHUONG 1: Phép nhan va phép chia da thirc

C-Baitap tr luyen ..o i
CHUONG 2: Phan thirc dai s6

1. Tinh chit co ban ctia phan thirc, rit gon Phan thirc. .. .........coevueeeeeiie e

A-Tom tat Iy thuy@t ............coooiieieiiiiiieeee,

2. Céac phép tinh v& phan thlrc. ...........cooovieiiiiiiiieeiiann,
A-Tom tét 1 thuy@t ......ooveeie el
B-Cacdang todn ..........ccoiiiiiiiiiii e
C-Baitaptuluyén ........oooiiiiiiiiiiii

3. Mot s6 phuong phap phan tich da thirc thanh nhan tir .............oooeiiiiei e,

A- Phuong phap tach mot hang tir thanh nhiéu hang tir
B- Phuong phap thém va bot cung mét hang tur ...

C- Phuong phap hé sO bAt NN .......ovmiiie e

D- Phuong phap X€t @Ia tr1 TIENE ....outii et e e e aeeaaaes

4. Tinh chia hét cla SO NGUYEN ... .ooomiie e,

A- Chimg minh quan hé chia hét ...

B-Tim SO AU oo

C- Tim diéu Kien dé chia Bt ... ooo e

D BATEAD «eveeeeee e,
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5. Tinh chia h&t ddi VO QA thUC ..o e,
A- Tim du cua phép chia ma khong thuc hién phépchia ...,
B- SO A0 HOOCIE e oo e e e e e e e e

CHUONG 3: Phuong trinh bic nhit mdt an
1. Khai niém vé phuong trinh. Phuong trinh bAc nhat ............coooiiiiiii i
2. Phuong trinh tiCh ... e
3. Phuong trinh chtra 4n & MAU thic .. ... oivve i et eae s
A-TOM AL T UYL ..ot .
O T Y VPP
C- Bal A t Y@M ..o
4. Giai bai toan bang cach 1p phuong trinh ..............ooiiiiii e
CHUONG 4: Bit phwong trinh bic nhit
1. Lién hé gitra thtr tyr va phép cong, phépnhan ...,
A-TOM AL T UYL ..o,
B VIO SO VI QU -+ttt
2. Bat phuong trinh bAc nhAt MOT AN .........iiie et
A-TOM AL T UYL ..ot
B- CAC dang tOAN .....ui i e
3. Phuong trinh chira 4n trong ddu gid tri tuy8t A1 ..........cooovveeeiiiee e
A- TOM AL 1 thUYEE ..ot
B VIO SO VI QU -+ttt e s
4. Bt phuong trinh chtra an trong dau tri tuyt ddi ............ooveeiiiiee e,
A= TOM AL T UYL ..o
B VIO SO VI QU ettt
5. Bat phuong trinh tich. Bat phuong trinh thUrong ..............oveeiee e,
A- TOM AL 1 thUYEE <o
B MOE SO VI QU « et
6. Chuyén d& chimg minh bat dAng thirc ............oooiiiei it
A- Céc tinh cht clia bAt GANG thTIC ..........ueieen et
B- Cac hang bAt dANG thiIC .......iivee it et e e e e e e e e e,
C- Cac phuong phap ching minh bat GAng thirc ..............ooveiiiieeeiiiie et
D- Bét dang thirc vOi $6 t NIIBN .......oooven it

E- Vai diém chi y khi chimg minh bat dang thirc .............ooiiiiiiiir e
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D- Ap dung chimg minh bat dang thirc vao giai phuong trinh .............ccooeeiiiieeeiii....
7. Tim gié tri nho nhét, gia tri 1on nhat cia mot bidu thirc .................cooooooi i,
A- Gi4 tri nho nhat, gia tri 16n nhat ctia mot biéu thirc .............oooveeiie e
B- Tim gi4 tri nho nhat, gia tri 16n nhat cta biéu thirc chta mot bién ...................cc.ee...
C- Tim gi4 tri nho nhat, gia tri 1én nhit cua biéu thic co quan hé rang budc giita cac bién...
D- Cac cha y khi tim gia tri nho nhét, gia tri 16n nhat cia mot biéu thire ........................

E- Bai toan cuc tri vO1 SOt NNIEN ...

PHAN 2. HINH HQC

CHUONG 1: Ti giic

. T T P
A- TOM AL 1 thUYEE ..ot
B MOt SO DA TAD -ttt

2. HINN tANG .o e
A TOM A T HAUYEE ... vt e e e e e e e
B- CAC dang tOAN ... e

3. Dung hinh bang thurdC VA COM PA .....vneeee et

B- CAC dang tOAN ...t e
C- Bal tap t Ty G ..o e
5. HINh BINh hanh ... e
A= TOM AL T UYL ..o,
B- CAC dang tOAN ...ttt e
C- Bal tap tl TUY G .o
6. PIOT XUNG TAM ..ot e

A- TOM AL 1 thUYEE <.

T HIND Gt DAt .o e e e e e
A- TOM AL 1 thUYEE <.
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9. HINN VUBNG et e e e e e et e e e e e
A= TOM AL T UYL ..o,
B- CAC dang toAn ... ....ooeiiii i

CHUONG 2: Pa giac — Dién tich da giac

LR 5 T . T P
A-TOM AL T UYL ..o,

2.Di€n tich clla @a GIAC ....oouiiii i e

A- TOM AL 1 thUYEE ..ot

CHUONG 3: Chuyén dé

L THM AP NP GIEIM ..o e,
A- Hai tAp hop BANG MNAU ....oiiee e,
B- Cac tAp hop dHm dAN0C ....ovvee e
D- Thir ty nghién ctru va trinh bay 101 giai bai toan tim tap hop diém ...........................

E- Phén chia cac trudng hop trong bai toan tim tAp hop diém .............coeevuveiieeeiinn....

CHUONG 4: Tam giic dong dang
LoDInh Iy Ta-l8t ... .o e e e e e e e e e e e
A-LIthUyEt ..o e e e,

2.DINh 1Y Ta-18t QA0 ... e
A- TOM AL 1 thUYEE ..o
B- Bai taAp t0 TUYCIN .o
3. Tinh chét dudng phan giAc cla tam GIAC .........evvveneeiee et
A-TOM AL T HRUYEE ..o
B- Bai taAp t TUYCN .o e
4. Céc truong hop dong dang clia tam GIAC .............eeeen e
A-TOM AL T UYL ..o,
B- CAC dang tOAN . ....ui i e
Dang 1. Truong hop canh - canh -canh ...,
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Dang 2. Truong hop canh - gOC - canh ............oooiiiiiii e,
Dang 3. Truong NOP ZOC = GOC ... euune it et e et e et e et e e e et e e e e eaaes
Dang 4. Phéi hop céc trudng hop canh - goC - canh va g0¢ - GOC ....vvvvvieeeeeeeeeeiee e,
Dang 5. Dung hinh ... s
5. Céc truong hop ddng dang clia tam GIAC VU .........un.eeeee e
A CAC AN tOAN ...t
Dang 1. Hai tam gidc vuong d0ng dang .............oeeeueriereeeeseeeieseeeeeeeeeiieeee e,
B- Ti sb cac duong cao, ti s6 dién tich ctia hai tam gidc dong dang ..............c.ccoeeeevueeii.
C- Ung dung thuc té ctia tam giac dONG dang .............cooeeimee e,
CHUONG 5: Hinh ling tru ding. Hinh chép déu
L.Hinh hop chit nhat ... e e e ees
A- TOM AL 1 thUYEE L.
B- CAC dang tOAN ...t
Dang 1. Hinh hdp chltnhat ...... ... e
Dang 2. DI€n tiCh ...
Dang 3. TRE HCR «...oovve e
Dang 4. Cac dang Khac ... ...ooiiiii i e
CHUONG 6: Prong thing va mit phang trong khong gian
L HInh [Ang tru GUNE . ..o e
A-TOM AL T UYL ..o,

J A S § R 0 : s e (o 5 o A
B- Cac bt dang thirc thuong ding dé giai tOAN CUC tr .. .oevvneeeeeeei e

C- Cac chil y khi @141 tOAN CUC T ..oviitiii e e e
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Chuong
1

PHEP NHAN VA PHEP CHIA

PA THU'C
N .

NHAN DA THU'C

0 Tém tat ly thuyét

DPé nhan mot don thirc v6i mot da thire ta thue hién nhan don thire véi tung hang tir cia da
thire roi cong cac két qua voi nhau.

A(B+C)=AB+AC

Dé nhén hai da thirc ta 1an luot nhan timg hang tir cia da thirc nay v6i cac hang tir ciia da
thirc kia roi cong cac két qua voi nhau.

(A+B)(C+D)=AC+AD+BC+B.D

Q Mot sd vi du
A4

0 Vi du 1. Tinh gia trj cta biéu thie A= x*-17x*+17x* =17x+20 tai x=16.

(& Loigiai
e Cach1l

Chu y rang x =16 nén x—16 =0, do d6 ta bién d6i dé biéu thirc chtra nhiéu biéu thirc dang
X—16

A=x*-16x3—x*+16X° + x> —16X— x+16+4
=x*(x—-16)—x*(x—16)+x(x—-16)—(x-16)+4 =4
e Cach?2

Trong biéu thirc A, ta thay cac $6 17 boi x+1, con 20 boi x+4

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC



Website: tailieumontoan.com

A=x" =3 (x+1)+ X3 (X +1) = x(x+1)+x +4

=X =X =X+ X+ X=X =X+ Xx+4 =4,

0 Vi du 1. Tim ba s6 ty nhién lién tiép, biét rang néu cong ba tich cua hai trong ba sb 4y, ta
duoc 242.

(& Loigiai

Coi x—1,x,x+1 1a ba sb tu nhién lién tiép. Ta co:
X(X=1)+X(X+1)+(x-1)(x+1)=242 = 3x’-1=242< x* =81

Do x la sb tu nhién nén x=9. Ba sd ty nhién can tim 1a 8;9;10.

Q Bai tap ty luyén

0 Bai 1. Thuc hién phép tinh

a) 3x" -(6xH +1)— 2X" -(9x“’3 —1) .
b) 5n+1 _4.5n

c) 6°-6°—4°-(3°-1)

(@ Loigiai

a) 3x" (6x"’3 +1)— 2X" (9x"’3 —1) =18x"""° +3x" —18x*"% + 2x" =5x".
b) 5™ — 45" =55"—45" =5".
c) 676" -4°(3°-1)=(3.2)° —(22)3 (3°-1)=8-2°-2°-3"+2°=2°,

0Bai2. Tim x, biét

a) 4(18-5x)-12(3x—7) =15(2x—-16) —6(x+14) .
b) 5(3x+5)—4(2x—-3) =5x+3(2x +12) +1.

c) 2(5x—8)—3(4x-5) =4(3x—4) +11.

d) 5x—3[4x—2(4x—3(5x—2))]=182.

(& Loigiai
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a) 4(18—-5x)—12(3x—7)=15(2x-16)—6(x+14)
72—-20x—36x+84=30x—240-6x—-84
156 —56x=24x—-324
156 + 324 = 24X + 56X
80x =480
X="6
b) 5(3x+5)—4(2x—3)=5x+3(2x+12)+1
15X +25-8x+12 =5x+6x+36+1
7x+37=11x+37
4x=0
x=0
c) 2(5x—8)—3(4x—5)=4(3x-4)+11
10x-16-12x+15=12x-16+11
—2Xx-1=12x-5
5-1=12x+2x

14x =4
2
X=—
7

d
| 5x—3| 4x—2(4x-3(5x-2)) | =182
5x—3[ 4x—2(4x—15x+6) |=182
5x—3[ 4x - 2(~11x+6) |=182
5X —3[4x +22x —12]=182

Bx—-78x+36=182
—73x=182-36
X=-2.
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0 Bai 3.
Tinh gia tri ctia cac biéu thirc
a) A=x’-30x*—-31x+1 tai x=31.
b) B = x> —15x* +16x° —29x* +13x tai x =14
¢)C = x"* —10x" +10x* =10x™" +---+10x* —=10x +10 tai x=9.
OLoi giai
a) Vi x=31 nén x—31=0 do d6 ta bién do6i
A=x®-30x*-31x+1
= x>+ x> —31x* -31x+1
=x*(x-31)+x(x—-31)+1
=1.
b) Vi x=14 nén x—14 =0 do d6 ta bién ddi
B=x>-15x* +16x> — 29x* +13x
= x° —14x" —x* +14x% + 2x% - 28x* — x* +14x - X
=x*(x—-14)-x* (14— x)+ 2x*(x—14) + x (14— x) - x
=—X
=-14.
¢) Trong biéu thirc C, ta thay cac s 10 boi x + 1.
C=x"—(X+1) X2 +(x+1) X = (X+1) X" +---+(X+1) X* = (X +1) x +(x +1)

=X XM XX X X X e X XX+

=1.
0 Bai 4.
Tinh gia tri ctia biéu thtrc sau bang cach thay sb bai chit mot cach hop 1y
_, 1 1 1 .65%0 4 4
315 651 105 651 315-651 105
OLoi giai

1 1 1 ,650 4 4
315 651 105 651 315-651 105

231541 1 3 36514650 4 43
315 651 315 651  315-651 315

fop )l o ) L
315) 615 315\ 651) 315 651 315

TAI LIEU TOAN HOC
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1
a=——
315
1
651
Khi d6 biéu thirc c6 dang

bat

A=(2+a)b-3a(4-h)-4ab+12a

=2b+ab-12a+3ab—-4ab+12a

=2b
_2
651
2. Nhan da thire vo6i da thire
0 Bai 5.
Thuc hi¢n phép tinh
a) A=(x=D(X°+x* +x* +x* +x+1).
b) B=(X+1)(x° x>+ x* = x>+ x* —=x+1).
OLoi gidi
a) Tacd
A=(x-D(X°+x* +x}+ x> +x+1)
=X+ X+ XXX (X + X+ X+ x+])
=x°-1.
b) Taco
B=(Xx+D(X*=x*+x*—x®+x*—x+1)
=X =X+ =X X=X X) (X=X X =X X =X +])
=x"+1.
0 Bai 6.
Tim x, biét

a) (Xx+2)(x+3)—(x—2)(x+5)=6.
b) (8x+2)(2x+9)—(x+2)(6x+1) = (x—-1)—(x—6).
c) 3(2x-1(3x-1)—(2x-3)(9x-1) =0.
OLoi gidi
a)
(X+2)(x+3)—(x—2)(x+5)=6

(X* +5x+6)—(x* +3xx—-10) =6
2x+16=06
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(3x+2)(2x+9)—(x+2)(6x+1)=(x+1)—(x—6)
7

(6x* +31x+18) - (6x* +13x + 2)=

18x=-9
1
X=——
2
c)
3(2x—1)(3x—1)—(2x—3)(9x—1) =0
3(6x2 —5x+1)—(18x2 —29x—3) =0
(18x2 —15x+3)—(18x2 — 29X —3) =0
14x =0
x=0.
0 Bai 7.

Cho a+b+c=0.Ching minhring M =N =P véi
M =a(a+b)(a+c); N=b(b+c)(b+a); P=c(c+a)(c+h).

OL&i gidi

a+c=-b
Via+b+c=0=<:b+c=-a

at+tb=-c
Do do
M =a(a+b)(a+c)=a(-c)(-b)=abc (1).
N =b(b+c)(b+a)=h(-a)(—c)=abc (2).
P=c(c+a)(c+b)=c(-b)(-a)=abc (3) .

Tu (1), (2)va (3) suyra M =N=P.
0 Bai 8.
Chtng minh rang céc hang dang thurc
a) (x+a)(x+b)=x*+(a+b)x+ab.
b) (x+a)(x+b)(x+c)=x>+(a+b+c)x*+(ab+bc+ca)x+abc
OLoi giai
Thuce hién phép toan nhan da thirc bién d6i VT thanh VP.
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0 Bai 9.
Cho a+b+c=2p. Ching minh himg hang ding thirc
2bc+b®+c’—a*=4p(p-a).
OLoi giai
Taco 4p(p—a)=2p-(2p-2a)
=(a+b+c)(a+b+c—2a)

=(a+b+c)(b+c-a)

0 Bai 10.
Xét cac vi du 53-57 =32021, 72-78 =5616 .
Hiy xdy dung quy tic nhan nham hai s6 c6 hai chit s, trong d6 cac chit s6 hang chuc bang nhau,
con chir s6 hang don vi ¢6 tong bang 10 .
OLoi giai
Ta xét hai s6 ab va ac théa man b+c =10. Khi do
(10a+b)(10a+c)=100a’ +10ac +10ab +bc

=100a* +10a(b+c)+bc

=100a* +100a +bc
=100a(a+1)+bc.

Quy tac: Nhan chir s6 hang chuc voi chir s6 hang chuc thém 1 r61 viét vao sau tich do tich cta hai
chit s6 don vi (tich nay viét bang hai chir s6 ).

0 Bai 11.
Cho biéu thic M =(x—a)(x—b)+(x-b)(x—c)+(x-c)(x—a)+x>.
, 2 1 1 1
Tinh M theo a,b,c bietrang x=—a+=b+=c.
2 2 2
OLoi gisi
Taco

M =(x—a)(x=b)+(x-b)(x—c)+(x—c)(x—a)+x’
=(x2 —ax—bx+ab)+(x2—bx—cx+bc)+(x2 —ax—cx+ac)+x*

=4x*-2x(a+b+c)+(ab+bc+ac). (1)

Theo gia thiét x:%a+%b+%c<:> 2x=a+b+c.
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Do d6 thay vao (1) ta dugc M =4x*—4x* +ab+bc+ac=ab+bc+ac.

0 Bai 12.
. n(n+1
Cho day s6 1,3,6,10,15,---, ( 5 ),
Chitrng minh rang tong hai s6 hang lién tiép cta diy bao gio ciing 1a sé chinh phuong.
OLoi giai
. . ; n(n+1
Xét day so co so hang tong quat u, = ( > )
. n-1)n n(n+1 2_ 2
Theo gia thiét U, +U_ _(n-Yn n(n+d) n*-n+nien_ o,
2 2 2
Vay téng hai s6 hang lién tiép cta ddy bao gid ciing 14 sb chinh phuong.

0 Bai 13.

Cho a gébm 31s61,s6 b gdm 38 s6 1 . Ching minh ring ab—2 chia hét cho 3.
OLoi giai

Vi a gém 31 s6 1 nénsd a chiacho 3 dul.

Vi b gém 38 s6 1 nén sb b chiacho3du 2 .

a=3n+1 .
bat vol m,neZ.
b=3m+2
Khi do:
ab—2=(3n+1)(3m+2)-2
=9mMn+6n+3m+2-2

=3(mn+2n+m):3.

0 Bai 14.
S6 3% +1 c6 1a tich cna hai sé ty nhién lién tiép khong?
OLoi gidi
Vi tich ctia hai sb tu nhién lién tiép 12 mot sb chin va c¢6 sb tan cung 13 0,2,6.
Do d6 phan du cua tich cta hai sb tu nhién lién tiép chia cho 3 13 0 hoic 2 (1)
Mait khac 3*° +1 chia cho 3 du 1 (2)

Tur (1)va (2)suy rasd 3% +1 khong thé 1a tich cuia hai s6 tw nhién lién tiép.
0 Bai 15.
a) Thyc hién phép tinh A=(2°+27 +1)(2% - 2% +20 =27 + 21 -2 4+ 2° 2" +1).
b) S6 2% +1 c6 1a s6 nguyén khong?
OLoi giai
a) Tacé
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A=(2+27+1)(2%° -2 +2° - 27+ 21 294 2° - 27 +1)
A=2%4(2° 427 -2")+(2° =27 -2")+(2°+2°-2")+1
A=2%4(228-2")+(2%-227)+(22°-2°)+1
A=2%211,

22 +1)i(2°+2" +1
IV 2232+1;32223—221+)219—2”+214—2l°+29—27+1)

nén (2% +1) khong 1a s6 nguyén tb.

CAC HANG PANG THU'C PANG NHO

e Tém tat ly thuyét

Tém tat ly thuyét

Thuc hién phép nhan da thirc, ta dugc cac hiang dang thirc dang nhé sau:
1. (a+b)*=a’+2ab+b*.
2. (a—b)*=a’-2ab+b?
3. (a+b)(a-b)=a’-b’

(a+b)* =a®+3a’h+3ab*+b’

(a—b)® =a®-3a’h+3ab® -b°

(a+b)(a’-ab+b*)=a’-b’

o o &

7. (a-b)(a*+ab+b*)=a’+b’.
Ta cling c6
(a+b+c)* =a’ +b* +c® +2ab + 2bc + 2ca.
Téng quat cua cac cong thire 3 va 7 , ta co hing dang thic

a"-b" = (a—b)(a”’l +a"?b+a"h?—...—ab"? +b”’l) v6i moi s6 1é n.
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Téng quat cua cac hang dang thirc 1,2,4,5, ta c6 cong thirc newton. (xem chuyén dé Tinh
chia hét dbi voi s6 nguyén).

Q Mot sd vi du
A

0Vidu 1.

Chtrng minh rang 3599 viét duoc dudi dang tich cua hai sb ti nhién khac 1.

OL&i gidi
Ta co 3599 = 3600—1=60>—1° = (60+1)(60—1) = 61.59.
0 Vi du 2.

Chtrng minh rang biéu thirc sau viét dudi dang tong cc binh phuong ctia hai biéu thirc
X2 +2(x+1)* +3(x +1)* + 4(x +3)°.

OL&i giai
Tacéh

X2+ 2(X+1)2 +3(x+1)° +4(x +3)* = X + 2(X* + 2X +1) +3(X* + 4x + 4) + 4(x* + 6x +9)
= X+ 2X° +4X+2+3x> +12X +12 + 4X” + 24% + 36
=10x" +40x +50
= (x2 +10x + 25)(9x2 +30x + 25)
=(x+5)* +(3x+5)°.
0 Vi du 3.

Cho X+y+2=0 va xy+Yyz+2x=0. Chimg minh rdng X=y=12.

OL&i gidi
Tacé

(X+y+2)° =X+ Y+ 22+ 2Xy + 2yX + 2XZ
S0=x"+y*+17°
S x=y=2=0

0 Vi du 4.

a) Tinh A=-1"+2*-3"+4%*—...—99* +100°.
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b) s Tinh A=—12+2—32 + 4% —...4+ (=1)" -n2.

OL&i giai
a) Taco
A=-1"+2" -3 +4*—...—99° +100°
=(2°-1°)+(4* -3 )+ +(100* 997
=1+2+3+4+---+99+100

~100---101
2

=5050.
b)

Xét hai truong hop

e Néu n 1a chin thi A:(22—12)+(42—32)+---+(1002—992)

=1+2+3+4+---+(n-1)+n
n(n+1)
o
e Néu n 1a1¢ thi A:(22—12)+(42—32)+---+(1002—992)

=1+2+3+4+---+(n-1)-n’
_n(n-1)
2
n(n+1)
>

Hai két qua trén co thé viét chung trong mot cong thirc (—1)" -
0 Vi du 5.
Cho x+y=a+b (1),
x> +y>=a’+b*(2)

Ching minh rang x° +y®=a’+b°® .
OLoi giai
Taco X°+y° =(x+y)(X* —xy+y*) (3)

Tu (1)suy ra (x+Yy)* = (a+b)?
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Tacla x> +2xy+y° =a’ +2ab+b’.

Do x*+y?=a’+b® nén 2xy =2ab, suy ra xy = ab (4)
Thay céc két qua (1), (2), (4)vao (3) ta dugce

X +y° =(x+y)(X’ +y’ —xy)=(a+b)(a’ +b* —ab) =a’ +b.
0 Vi du 6.

Cho a+b=m,a-b=n.Tinh ab va a®-b° theo m va n.

OLoi giai
m-n m+n
Cach 1. Tir a+b=m,a~b=n. ta tinh duge b=""".a= ; .
2 2
Dodé ap=M+N m-n_m’-n
2 4
aS_bgz(m+n)s_(m—nj3:(m+n)3—(m—n)3
2 2 8
2 3
Rut gon biéu thire trén, ta dugc M .
Cach 2. Taco
m? —n?

4ab=(a+b)’—(a—-b)>=m’—-n’ nénab =

Taco
a’-b’ =(a-b)(a’+ab+b*)=(a—b)[ (a+b)’ -ab]

m? —n?

4

:n[mz_ j

Q Bai tap tv luyén

0 Bai 16.

Tinh gia tri ctia cac biéu thuc.
63% — 472

215% -105%

4372 —363?

5372 —463%

437° —363?
5372 — 4632

4 4

a)

b)

c)

0 Loi giai
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632 - 47° (63-47)(63+47) 16110 1

2 21571057 (215-105)(216+105) 110320 20
b) 437° —363° (437-363)(437+363) 74-800 4
5372 -463°  (537-463)(537+463) 74-1000 5
0 437° —363° (437-363)(437+363) 74-800 4
5372 -463° (537-463)(537+463) 74-1000 5
0 Bai 17.
So sanh A=262—24% va B =27%-25%.
0 Loi giai
A=(26-24)(26+24) va B =(27-25)(27+25)=(26-24)(26+24+2)> A.
0 Bai 18.
Tim x, biét 4(x+1)> +(2x—1)* -8(x-1)(x+1)=11.
0 Loi giai
Taco
4(X* +2x+1)+(4x* - 4x+1)-8(x* -1)-11=0,
< 4x+2=0
1
SO X=——
2
0 Bai 19.

Rut gon biéu thirc:
a) 2x(2x—1)% =3x(x +3)(x—3) - 4x(x+1)*.
b) (a—b+c)*—(b—c)* +2ab-2ac.
c) (3x+1)" —2(3x+1)3x+5)+(3x+5)".
d) (3+1)(3° +1)(3" +1)(3° +1)(3"° +1)(3” +1).
e) (a+b—-c)*+(a—-b+c)*-2(b-c)’.
f) (a+b+c)’+(a-b-c)*+(b-c-a)*+(c—a-b)’.
9) (@+b+c+d)*+(a+b-c—-d)*+(a+c—b-d)*+(a+d-b-c)’.
OLoi gidi
a) 2x(2x—1)% =3x(x+3)(x—3)—4x(x+1)°
:2x(4x2—4x+1)—3x(x2—9)—4x(x2+2x+1)

= x> —16x% + 25X.
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b) (a—b+c)*—(b—c)® +2ab—2ac

=(a® +b* +¢* + 2ac - 2ab - 2bc) - (b” + ¢ — 2bc) + 2ab - 2ac
=a’.

c)bat a=3x+5, b=3x+1.

Biéu thirc da cho tré thanh b? —2ba+a® = (a—b)? =4 =16.

d) Nhan biéu thirc da cho véi 3-1, ta duge 3% -1
Gi4 tri ctia biéu thuc 1a %(364 -1).

e) (a+b-c)*+(a-b+c)*-2(b-c)?
=(a”+b’ +¢* +2ab—2ac—2bc)+(a’ +b” + ¢ — 2ab+ 2ac — 2bc) - 2(b* + ¢ - 2bc)
=2a’.
f) (a+b+c)*+(a-b-c)’+(b-c-a)’+(c—a—b)?
=(a” +b’ +¢* +2ab+2ac + 2bc)+(a’ +b? +¢* - 2ab - 2ac + 2bc) + (a* + b + ¢* — 2ab + 2ac — 2bc)
=4(a’ +b*+c?).
0) (a+b+c+d)*+(a+b-c-d)’+(a+c—b-d)*+(a+d-b-c)’
=[(a+b)+(c+d)+[ (a+b)-(c+d) +[(a+c)—(b+d)]+[ (a+d)-(b+c)]
=2(a+b)*+2(c+d)*+(a+c)’+(b+d)’+(a+d)*+(b+c)*—2(ad +bc+ac+bd)
=4(a’+b* +c* +d?).
0 Bai 20.
Cho x+y=3. Tinh gia tri ciia biéu thirc A= x* + 2xy + y> —4x -4y +1
OLoi gidi
Tacd A=(x+Yy)’—4(x+y)+1=3"-4.3+1=-2.
0 Bai 21.
Cho a?+b?+c? =m. Tinh gia trj ctia biéu thic sau theo m
A=(2a+2b—-c)* +(2b+2c—a)’>+(2c+2a—b)°.
OLoi gidi
bat x=a+b+c thi
A= (2x—-3c)* +(2x—3b)* + (2x — 3a)?
= (4x2 —12xc+902)+(4x2 —12xb+9b2)+(4x2 —12xa+9a2)
=12x* -12(a+b+c)+9(a* +b* +¢?)

=12x%-12x* +9m
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=9m.
0 Bai 22.
Hay viét cac sb sau ddy dudi dang tich cia hai sb tu nhién khac 1
a) 899 .
b) 9991.

OLoi gidi
a) 899 =900-1=30%-1* =(30-1)(30+1)=29-31.
b) 9991=10000-9 =100° —3° = (100—3)(100+3) = 97-103.
0 Bai 23.
Chtrng minh rang hiéu sau ddy 1a mot s6 gdm toan cac chir s6 nhu nhau
7778% —2223%.
OLoi gidi
Tacd 7778% —2223% = (7778— 2223)(7778 + 2223) =5555-10001 = 55555555 .
0 Bai 24.
Chtng minh cac hing dang thirc:
a) (a+b+c)’+a*+b*+c*=(a+b)*+(b+c)’+(c+a)’
b) X* + y* + (x+y)' =2(x* +xy + yz)z.
OLoi gidi
a) Taco (a+b+c) +a’+b*+c* =(a’ +b”+c”+2ab+2bc+2ca) +(a” +b° +¢?)
=(a”+2ab+b*)+(b*+2bc+c’)+(c’ +2ca+a’)
=(a+b)’ +(b+c)’ +(c+a)’.
b) Taco x* +y*+(x+y) =x"+y*+(x* +2xy+y )
=2(X 4y X7y + 2y + Xy + 2xy°)
2(x4+y +2x2y2 +2x%y + 2xy° )
=2(
0 Bai 25.
Cho a?—b? =4c?. Chting minh hing dang thirc
(5a—3b—8c)(5a—3b+8c) =(3a-5b)’
OLoi gidi
(3a—5b)° = 9a® +25b* —30ab
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=252’ +9b° —30ab-16(a’ —b?)
= (5a)’ +(3b)* —2-(5a)(3b)—-16-4c”
=(5a—3b)2 —(8c)2
=(5a—-3b—8c)(5a—3b+8c).
0 Bai 26.
Chiing minh ring néu (a® +b”)(x* +y*)=(ax+by)’ véi x#0,y =0 thi %z% :
OLoi giai
(a®+b?)(x* +y*) =(ax+by)’
o a’x? +b%y? +a’y’ +b’x® = a’x® +b’y® + 2abxy
< a’y? —2abxy +b*x* =0

< (ay-bx)’=0<ay—bx=0

a b
S —=—.
Xy

OBAI 27. Chimg minh rang néu (a2 +b? +c2)(x2 +y? +22):(ax+by+cz)2 v6i X, Y,z khéc 0 thi
a_b_c
X y z

Lovi gidi
(a®+b° +¢%)(X* +y* +2°) = (ax+by +c2)’
< (a’y? - 2abxy +b*x* )+ (a’z” — 2acxz + ¢*x* ) +(b?z* - 2bcyz +¢°y*) = 0

< (ay —bx)* +(az—cx)* + (bz—cy)* =0

< ay-bx=0,az—cx=0,bz—cy=0

a
= —
X

:Bzg(x,y,z:&O)
y z

OBAI 28. Cho (a+h)* =2(a’+b®). Ching minh ring a=b.

Lo gidi

Taco
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(a+b)’ =2(a’+b?)

< a?+2ab+b% =2a%+2b?
<at-2ab+b?=0
< (a-b)?=0

< a-b=0

OBAI 29. Ching minh rang a =b = ¢ néu c6 mét trong cac diéu kién sau:
a) a’+b°+c*=ab+bc+ca

b) (a+b+c)’ =3(a*+b*+c?)

c) (a+b+c)2 =3(ab+bc+ca)

Loi giai

a) a’°+b°+c*=ab+bc+ca

& 2a% +2b% +2¢” = 2ab + 2bc + 2ca

& (a®—2ab+b?)+(b* - 2bc+c?)+(c* ~2ca+a’)=0
<a-b=0,b-c=0,c-a=0

Suyra: a=b=c=0.

b) (a+b+c)’ =3(a*+b*+c?)

& a +b* +c? +2ab+2bc + 2ca = 3a” + 3b* +3¢®

< a’+b’+c® =ab+bc+ca

Theocauasuyra: a=b=c=0.

C) (a+b+c)2 =3(ab+bc+ca)
Theo cau b (a+b+c)2 =3(ab+bc+ca)=3(a”*+b*+c?)

s at+b’+c?=ab+bc+ca

Theocduasuyra: a=b=c=0.
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OBAI 30. Hiy viét cac biéu thirc sau dudi dang tong cia ba binh phuong:

a) (a+b+c)*+a*+b*+c?;
b) 2(a-b)(c-b)+2(b-a)(c—a)+2(b-c)(a-c).
Loi giai:

a) (a+b+c)*+a*+b”+c?
=(a”+b* +¢” +2ab+2bc+ 2ca)+(a’ +b’ +¢?)
=(a®+2ab+b*)+(a”+2ab+b*)+(b* + 2bc +¢?)
=(a+b)’ +(a+b)* +(b+c)’;

b) Pat x=a—b,y=b—c,x=c—a thi biéu thtrc trd thanh

22Xy —2x2-2yz=X*+y* + 7  —(x+y+2)* =(a-b)* +(b—c)’ + (c—a)°.

OBAI 31. Tinh gié tri ciia biéu thirc a* +b* +¢*, biét raing a+b+c=0 va:
a) a’+b*+c*=2;
b) a® +b*+c* =1.

Lo gidi

(a2 +b? +c2)2

Theo cong thic a* +b* +¢* = ,taco

2
a) a4+b4+c4=27=2;

2

b) a*+b*+c* S
2 2

OBAI 32. Cho a+b+c=0.Chtng minh a*+b*+c* bang mdi biéu thuc:

a) 2(a’h® +b’c’ +c’a’);

b) 2(ab+bc+ca)’
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(a2 +b? +c2)2

C) >

Loi gidi
a) Binh phwong hai vé ciia a+b+c =0, dugc
a’+b’+c*+2(ab+bc+ca)=0<=a’+b*+c®>=-2(ab+bc+ca) (1)
Binh phuong hai vé cua (1) ta duoc:
a’+b*+c* +2(a’h’ +b’c’ +¢’a’) =4[ a’b® + b’ +¢’a’ + 2abc(a+b+c) |
=4(a’h’+b’c’ +c%a’)
Suy ra a' +b* +c* =2(a’h’ +b’c’ +c’a’)
b) Binh phuong hai vé cia (1), duogc
a*+b*+c*+2(a’h’ +b’c’? +c’a’) = 4(ab+bc + ca)’ (2)

a'+b*+ct+ Z(azb2 +b?c? +c2a2)
2

Tir (2) suy ra 2(ab+bc+ca) = 3

T (3) vacaua)suyra a* +b* +c¢* =2(ab+bc+ca)’
¢) Binh phuong hai vé cua (1), chia cho 2 , duoc

a?+b?+c?)
gzZ(ab+bc+ca)2 =a’+b* +c*

OBAI 33. Chimg minh rang cac biéu thic sau ludn ludn co gia tri dwong véi moi gia tri cua bién:
a) 9x* —6x+2
b) X* +x+1;
) 2x* +2x+1

Lo gidi

a) 9x* —6x+2=(3x-1)*+1>0
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2
b) x2+x+1:x2+2-1x+1+§:(x+£j +§>0
2 4 4 2 4

C) 2x° +2x+1= x2+(x2 +2x+1):x2 +(x+1D*>0

OBAI 34. Tim gia tri nho nhét cia cac biéu thirc:
a) A=x>—3x+5;
b) B =(2x—1)*+(x+2)>.
Loi gidi
3.9 11 3) 11 11

2
a) A:x2—3x+5=x2—2-—x+—+—:(x——j +=>=
2 4 4 2 4" 4

Gia tri nho nhét cua la A:% khi x=g.

b) B=(2x-1)°+(x+2)* =5x*+5>5

Gia tri nho nhét cuala B=5 khi x=0.

OBAI 35. Tim gia tri 16n nht ciia cac biéu thirc:
a) A=4-x"+2x;
b) B=4x-x°.

Lo gidi

a) A=4-x*+2x=5-(X" - 2x+1)=5-(x-1)’<5
Gi4 tri 16n nhat cua biéu thirc 14 A=5 khi x=1.
b) B:4x—x2:4—(x2—2-2x+2):4—(x—2)2<4

Gia tri 16n nhét cua biéu thuc 1a B =4 khi x=2.

OBAI 36. Chimg minh rang:

a)Néu p va p®+8 la cac sd nguyén t6 thi p?+2 ciing la sd nguyén td.
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b) Néu p va 8p®+1 la cac sé nguyén t6 thi 2p+1 ciing 1 s6 nguyén td.

(& Loigiai
Loi giai

a) Xét p=3k+1 ( k nguyén) thi p?+8:3, 13 hop sb.
Xét p=3k+2 thi p?>+8:3,1a hop sb.
Vay p=3k, ma p lasdnguyéntbnén p=3.
Khi d6 p®+2=11 1a s6 nguyén td.

b) Xét p=3k+1 ( k nguyén) thi 8p®+1:3, 12 hop sb
Xét p=3k+2 thi 8p®+1:3, 1a hop sb.
Vay p=3k,ma p 1asbnguyén tbnén p=3.

Khi d6 2p+1=7, 1a s6 nguyén td.

OBAI 37. Ching minh cac s6 sau 1a hop sb
a) 999991.
b) 1000027.

Lo gidi
a) Tacd 999991=1000000-9 = 1000% —3? =1003-997 nén la hop $6.

b) Ta c6 1000027 =100° +3°:100+ 3 nén 1a hop so.

OBAI 38. Thuc hién phép tinh:
a) (x—2)° = x(X+1)(x—1) +6x(x—3) .
b) (x—2)(x2 —2x+4)(x+2)(x2 +2x+4)

L&i gidi
a) Tacd

A =(x=2)° —x(X+1D(x=1) +6x(x—=3) = x> —6X> +12x -8 — x> + X+ 6x* —18x = -5x —8.

b) Taco

B=(x—2)(x2—2x+4)(x+2)(x2+2x+4)=(x+2)(x2—2x+4)~(x—2)(x2+2x+4)
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=(x3+8)(x3—8)=x6—64
OBAI 39. Tim x biét:
a) (x=3)(X* +3x+9)+x(x+2)(2-x) =1.

b. (x+1)° - (x-1)>-6(x-1)* =-10.

Loi giai
a) Tacéd

(x—3)(x2+3x+9)+x(x+2)(2—x):1
e xX*-F+x(4-x")=1e x=7
b) Taco

(x+1)° - (x-1)°-6(x-1)*=-10

N 6x2+2—6(x2—2x+1)=—10<:> x=—%

0 BAI 40. Rut gon cac biéu thirc sau:
a) (a+b+c)’—(b+c-a)’-(a+c—-b)’—(a+b-c)®
b) (a+b)*+(b+c)’ +(a+c)’—3(a+b)(b+c)(c+a)

Lo gidi

a) Taco
(a+b+c)’—(b+c-a)’—(a+c-b)}’—-(a+b-c)’
=[a+(0+c) -[(b+c)-al ~[a-(b-C)F ~[a~(b-0)F
=6(b+c)*a+2a’—2a*—6a(b—c)?
= 24abc

b) Ta co

(a+b)’+({+c)’+(c+a)’-3(@+b)(b+c)(c+a)
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=2a’+2b%+2¢° +3(a’b+ab’ +a’c+ac’ +h’c+bc’ ) -3(a*h +ab® +a’c +ac’ + bc+hc” + 2ahc)
=2(a’+b’® +c’ - 3ahc)
OBAI 41. Chimg minh cac hiang dang thirc:
a) (a+b+c)’-a’-b*-c*=3(@+b)(b+c)(c+a).
b) a®+b°+c’~3abc = (a+b+c)(a*+b* +c’ —ab—bc-ca).
Loi giai
a) Tacé:
(a+b+c)’-a’-b*-c?
=[(a+b+c)’-a’]|-[b*+c’]
=(b+c)| (@a+h+c)*+a(@+h+c)+a’ |- (b+c)(b* —bc+c?)
= (b+c)(3a” +3ab+3ac+3bc)
=3(a+b)(b+c)(c+a)
b) Taco
a®+b*+c®—3abc
=(a+b)’+c®-3ab(a+b+c)
=(a+b+c)[ (a+b)’ —c(a+h)+c’—3ab |
=(a+b+c)(a’+b*+c*—ab-bc-ca)

OBAI 42. Cho a+b+c=0. Chting minh a®+b®+c® =3abc.

Lo gidi

Tir gia thiét a+b+c=0= c=—(a+b), thay vao dang thic can ching minh ta dugc
a’+b®—(a+b)®=—-3ab(a+b)

< —3ab? —3a’h =-3ab?*-3a%b

Vay ta c6 diéu phai chirng minh.

OBAI 43.Cho x+y=a va xy =b. tinh gia tri ciia cac biéu thirc sau theo a va b.

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC




Website: tailieumontoan.com

c) x"+y*.
d) xX>+y°.

Loi giai

a)Tacd X’ +y° =(x+y)*—2xy=a*-2b.

b) Taco x> +y° =(x+y)*—3xy(x+y)=a’—3ab.

c) Taco x* +y* =(x2+y2)2—2x2y2 =(az—2b)z—2b2 =a*—4a’h+2b%.
d) Taco

X5

+y = (X +y?) (X +Y7) - Xy (x+y)
=(a’-3ab)(a*-2b)-b’a
=a°—2a’h-3a’h +6ab® —ab* = a® —5a% + 5ab’
OBAI 44.
a) Cho x+y =1. Tinh gi4 tri cua biéu thirc x*+ y* +3xy .
b) Cho x—y =1. Tinh gia trj cta biéu thic x* —y* —3xy.

Lo gidi

a) Tacd
XX+ Yy +3xy = (X+Y)® =3xy(x+y)+3xy =1-3xy +3xy =1.
b Tacé
X2 —y? —3xy = (x—y)* +3xy(x—y) —3xy =1+3xy —3xy =1.
OBAI 45. Cho a+b=1. Tinh gié trj ctia biéu thirc M =a’ +b® +3ab(a’ +b*)+6a’h’ (a+b).

Loi giai

Tacéh
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M = (a+b)’ -3ab(a+b)+3ab[ (a+b)’ - 2ab |+ 6a’h’(a+b)

=1-3ab+3ab-6a’h? +6a’h? =1

OBAI 46.

a) Cho x+y=2va x*+y?=10. Tinh gia tri ciia biéu thic x* + y°.
b) Cho x+y=a va x?+y? =b. Tinh gi4 tri ciia biéu thirc x*+ y* theo a,b

Loi giai

a) Tir gia thiét ta co:
X+Y=2va (x+y)* —2xy =10 suy ra Xy =-3 nén
X2+ =(x+y)’ - 3xy(x+y)=26

b) Tur gia thiét ta co

2

X+y=a va (x+y)° —2xy=b suyra xyzal nén

3
X+ vy = (x+y) =3xy(x+Yy) = Sab-a

OBAI 47.
a) Néu s6 n 1a tong cua hai s6 chinh phuong thi 2n ciing 1a tong ctia hai s6 chinh phuong.
b) Néu s6 2n 1a tong ctia hai s6 chinh phuong thi n ciing 13 tong cta hai s chinh phuong.
¢) Néu n 1a tong cta hai s6 chinh phuong thi n? ciing 1a tong cta hai sé chinh phuong.

d) Néumdi sé m va n déu la tong cua hai s6 chinh phuong thi tich m.n ciing 14 tong cta
hai s6 chinh phuong.

Loi giai

a) Gia st n=a’ +b’(a,b e N). Khi do
2n=2a’+2b* = (a+b)*+(a—b)?

b) Gia sir 2n=a”+b*(a,b e N) . Khi do

a’+b? (a+bj2 (a—bjz
n= = +
2 2 2
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a+b . a-b A1y A
VaTdeulaso

Vi a? +b? 1as6 chdn nén a va b cung tinh chén, 1¢. Do do,
nguyeén.

¢) Gid sit n=a’+b*(a,b e N). Khi d6
n? =(a?+b?) =(a’-b?) +(2ab)’
d) Giasat m=a’+b*,n=c’*+d?. Khi do,
mn=(a’+b%)(c*+d*)=a’c’ +a’d’ +b’c* +b’d” = (ac+bd)* + (ac - bd)*
OBAI 48. Mbi sé sau 1a binh phuong cta sb tu nhién nao?

a) A=99...900...025.
b) B=99...9800...01.
n n

c) C=44..488..89.
—_—

n n-1

d) D=11..122...25.
[

n n+l

Lo gidi

a) A =(a-10")-100+25 = a(a+1)-100 + 25 =100a* +100a + 25 = (10a +5)* = (99...95)".

n-1

b) bat a=99...9 tacd 10" =a+1. Do do,
%r_/

n

B =99...9-10" +800...01=a(a+1)-100+80(a+1) +1=100a> +180a +81
%f—/ %,—/

n n

= (10a+9)* = (99...9)°.

n+1

c)bat a=11...1 tacd 10" =9a+1. Do do,
——

n

C=4a-10"+8a+1=4a(9a+1)+8a+1=36a"+12a+1

= (6a+1)° = (66...67)

n-1
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d)bat a=11...1 tac6 10" =9a+1. Do do,

n

D =a-10""* +20(10a+1) + 5= a(900a +100) + 200a + 25

=900a’ +300a + 25 = (30a +5)2 = (33...35).

OBAI 49. Chimg minh rang cac biéu thic sau 1a s6 chinh phuong:

a) A=11..1-22...2
2n

n

b) B=11...1+44...4+1
2n

n

Lo gidi

a)A=11..1-22...2=11...100...0-2-11...1=a(9a+1) +a—2a = (3a)° .

b) B=11...1+44...4+1=a(9a+1)+a+4a+1=(3a+1)>.
2n

n

OBAI 50.

a) Cho a=11...1,b=100...05. Chimg minh rang ab+1 1a s6 chinh phuong.

n n-1

b) Cho mot day $6 0 s6 hang dau 12 16, cac sb hang sau la s6 tao thanh béng cach viét
chén sb 15 vao chinh giita s6 hang lién trudc: 16,1156,111556,... Ching minh moi sé hang cua day

déu 1a s6 chinh phuong.

Loi giai

a) Tacod 9a+1=10",b=10"+5=9a+6. Do do
ab+l=a(9a+6)+1=9a’+6a+1=(3a+1)°

b) Ta can ching minh moi s6 c6 dang A=11...155...56 déu la s6 chinh phuong. That vay,
n n-1
dat 11...1=a thi 10" =9a+ 1 nén
—

n

A=11..1.10" +55...56 = a(9a+1) +5a+1= (3a+1)2.

n n-1
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OBAI 51. Chimg minh rang ab+1 1a s6 chinh phuong v6i a=11...12,b=111...14.

n n

Loi gidi
Tanhan thdy b=a+2 nén ab+1=a(a+2)+1=(a+1)°.

OBAI 52. Ching minh v&i moi sd tu nhién a, ton tai s6 ty nhién b sao cho ab+4 1a s6 chinh
phuong.

Lo gidi
V&i moi s6 ty nhién a, tachon b=a+4 khido ab+4=a(a+4)+4=(a+2)°.

OBAI 53. Cho a 1a s6 gdm 2n chirsé 1, b1asé gdm n+1 chirsé 1, ¢ 1as6 gdm n chirsd 6 .
Chimg minh a+b+c+8 13 s6 chinh phuong.

Loi giai

bat k =11...1. Khi do,
—

n

a=11...1=11...100...0+11...1=k(9k +1) + k =9k* + 2k
n n n

1.
—_—
2n

b=11...1=10k+1; c=66...6=06k
— —

n+l n

Suy ra a+b+c+8=9k*+2k +10k +1+6k = (3k + 2)°.

OBAI 54. Chimg minh rang biéu thtc sau khong 1a 1ap phuong ctia mét s ty nhién
10" +5.10%° +1

Loi giai

Ta co;
(10°)’ <10 +5.10° +1 <10 +3-(10° ) +3-10° +1=(10° +1)

Vay 10™° +5-10% +1 khong 14 1ap phuong ctia mot sé ty nhién.
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OBAI 55. Chimg minh rang tich ba s6 nguyén duong lién tiép khong 1a 1ap phuwong ctia mot sb tur
nhién.

Loi giai

Gia st ba sd nguyén lién tiép 1a n—1,n,n+1. Taco
(n-1°<(n-Dn(n+1) =n(n*~1)=n’-n<n®

Tir d6 ta thdy (n—1)n(n+1) khong la lap phuong ctia mot sb tw nhién.

OBAI 57. Chia 27 qua can c6 khdi lwong 10,20,30,...,270 gam thanh ba nhém c6 khdi lwong bang
nhau.

Loi giai
Trude hét ta thay
n+(N+5)+(N+7)=3n+12=A
(n+D)+(M+3)+(n+8)=3n+12=A
(n+2)+(n+4)+(n+6)=n+12=A

Ap dung nhan xét trén vao chia chin qua can 10, 20,30,...,90 thanh ba nhom nhu trén, khéi luong
cac nhom déu béng nhau. Lam tuong ty cho hai nhém 100,110,120, ...,1800 va 190,200, 210,...
270 .

OBAI 58. Chia 18 qua can c6 khdi luong 12,22,3%,...,18? gam thanh ba nhom c6 khéi lugng bang
nhau.

Loi giai

Trudc hét ta thay
n’+(n+5)°=2n°+10n+25= A+12
(N+D*+(n+4)>=2n° +10n+17 = A+ 4;
(N+2)*+(n+3)*>=2n*+10n+13= A

Ap dung céc dang thirc trén: Lan tht nhat, chia sau qua can 12,22,...,6° thanh ba phan: A+12,
A+4,A
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Lan thir hai, chia sau qua can 7°,8%,...,12% thanh ba phan: B,B+12,B+4
Lan thir ba, chia chin qua can 13%,14%,...,18? thanh ba phan: C +4,C,C +12.

Nhom thr nhit gdm céc phan: A+12,B,C +4. Nhém thir hai gdm céc phan: A+4,B+12,C.
Nhom thir ba gdm cac phan: A, B+4,C +12. Khéi lugng mdi nhém déu bang A+ B+C +16. [ BAI
59. Chia 27 qua can c6 khdi luong 12,22,3%,...,27% gam thanh ba nhom c6 khéi lugng bang nhau.

Loi giai

Trudc hét ta thay
N’ +(nN+5)°+(N+7)>=3n"+24n+74=A+18
(N+1D?+(N+3)*+(n+8)>=3n"+24n+74 = A+18
(N+2)*+(N+4)°+(n+6)>=3n"+24n+56= A

Ap dung cac dang thirc trén ta chia cic qua can thanh ba nhom nhu sau

Nhom thtr nhat gdm cac phan: A, B+18,C +18. Nhom thir hai gdm cac phan: A+18,B,C +18.
Nhom thtr ba gdm cac phan: A+18,B +18,C . Khdi luong mdi nhom déu bang A+B+C +36.
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BAl PHAN TiCH PA THU'C THANH NHAN TU’

Q Tém tat ly thuyét

Phwong phap

Dé phan tich da thire thanh nhén tir, ta thuong ding cac phuong phap
- Dat nhén tir chung: AB+AC =A(B+C).

- Dung céac hing dang thirc dang nho.

- Nhém hang tir: viéc nhém cac hang tir mot cach thich hop nham lam xuét hién dang hang
dang thurc hodc xuat hién nhan tir chung maoi.

- Tach hang ttr.

- Thém bot hang tu.

- bt 4n phu.

- Phéi hop nhiéu phuong phép.

Trong pham vi bai viét nay sé trinh bay ba phuong phap dau. Bén phuong phéap con lai s& trinh bay
o

ndi dung sau.

Q Mot sd vi du
A4

Vi du 1. Phan tich da thire sau thanh nhan to: x* +x° +2x> +x+1

(7 Loigiai
Cach 1:
X+ 22+ x+1=X"+ X+ X2+ X2+ x+1
= xz(x2 +x+1)+(x2 +x+1)
:(x2 +x+1)(x2 +1).

Cach 2: x4+x3+2x2+x+1:(x4+2x2+1)+(x3+x)
= (x2 +1)2 + x(x2 +1)

=(x2 +1)(x2 + x+1).
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Vidu2.Choa+b+c=0 .Rat gon biéu thtc M =a’ + b’ +c(a2 +b2)—abc.

(Z Loigidi

M =a’+b®+c(a’+b?)-abc.
=a’+b’+a’c+b’*c—abc
=(a’+a’c)+(b® +b’c)-abc
=a’(a+c)+b?(b+c)—abc
=a’(-b)+b*(-a)—abc
=—ab(a+b+c)

=0.

Vidu 3.
1) Phén tich da thic sau thanh nhan ti: @’ +b° + ¢’ —3abe

2) Phan tich da thirc sau thanh nhan tir bang cach ap dung cau 1) (x—y)’ +(y—2)* +(z —x)’

(7 Loigiai
1) a® +b®+c®—3abc = (a+b)* —3a’b—3ab* +¢* —3abc

=[(a+b)’+c*]-3ab(a+b+c)

[
(a+b+c)[(a+b)’ —c(a+b)+c*|-3ab(a+b+c)
(a+b+c)(a®+2ab+b* —ac—bc+c’ -3ab)
=(a+b+c)(a* +b*+c* —ab-ac—hc).
2)Pit a=x—y,b=y-z,c=z—-x thi a+b+c=0. Do d6 theo két qua ciia cau 1) ta co
a’+b®+c*-3abc=0

=a*+b®+c®=3abc
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= (X=y)’+(y-2)’ +(2-x)° =3(x-y)(y-2)(z-X).

ACd‘n nhé két qua ciia cdu 1) dé van dung vao gidi todn dé dwoc két qua nhanh nhat.

Vi du 4. Phéan tich da thirc sau thanh nhén ti:

1) (a+b+c) —a’ b -’

2) 8(x+y+z)3 —(x+y)3—(y+z)3 —(z+x)’

(& Loigidi
1) Ap dung nhiéu lan cong thirc (a+b)* =a’+b®+3ab(a+b), taco
(a+b+c)’-a’-b*-c® =[(a+b)+cf-a’-b°—c®

=(a+h)*+c’+3(a+b)c(a+b+c)-a’-b*-c?
=a’+b®+3ab(a+b)+c’®+3(@+b)c(a+b+c)—a’-b®-c?
=3(a+b)(ab+ac+bc+c’)

3(a+b)[a(b+c)+c(b+c)]

3(a+b)(b+c)(c+a).

2)bat x+y=a,y+z=b,z+x=c thi a+b+c=2(x+y+2z). Da thic da cho c6 dang

(a+b+c)’-a’-b*-c?

Ap dung két qua cua ciu 1), ta duogc
8(x+y+2)°—(x+Yy)’ = (y+2)° —(z+x)°=3(x+2y+z)(x+y+2z)(2x+y+2).

A Can nhé két qua ciia cdu 1) dé van dung vdo gidi todn dé dwge két qud nhanh nhat.

Vi dy 5. Phan tich da thirc sau thanh nhantlr P = x’y —x’z+zp” —xp” + xz° — yz°

(Z Loigiai
Khai trién hai hang tir cudi roi ding phuong phap nhom céc hang tir &é lam xuét hién nhan tir chung
y—z.

P=x*(y-z)+zy’ —xy* +xz* - yz*

=x*(y-z)+ yz(y—z)—x(yz—zz)
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=x*(y-2z)+yz(y-z)-x(y-z)(y+z)

(y-2)(X* +yz—xy—xz)
(y-2)[x(x=y)-z(x-y)]
(y=2)(x=y)(x-2).

Vi du 6. Xét hang ding thuc (n+1)° =n’ +3-n* +3-n+1. Lan luot cho nbing 1, 2, 3, ... rdi cong
tirng vé n ding thirc trén dé tinh gié trj cua biéu thuc:

(7 Loigiai
Tir hing déng thire di cho, ta co
2°=(1+1)°=1r+31"+31+1
F=(2+1)°=2°+3-2+3-2+1
4 =3+1)*=3+3-37+3-3+1

(n+1D*=n*+3-n"+3-n+1
Cong timg vé n ding thirc trén rdi rat gon, ta dugc
(n+1)3=13+3(12+22+32+---+n2)+3(1+2+3+~--+n)+n
Do do
3n(n+1
3(12+22+32+---+n2)=(n+1)3—¥—(n+1)
, 3N
3Sz(n+1){(n+1) —7—1}

3S=(n +1)(n2 +gj
35 :%n(n+1)(2n+l)

Viy S =%n(n+1)(2n+l).

Q Bai tap tw luyén
W

0Bai 1. Phan tich thanh nhan t
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a) (ab-1)* +(a+b)?; b) x*+2x* +2x+1;
) x}—4x*+12x-27; d) x*—2x®+2x-1;
e) x*+2x°+2x* +2x+1.
(7 Loigiai
a) (ab—1)° +(a+b)* =a’h* —2ab+1+a’ +2ab+b’
=(a’b? +a*)+(b* +1)
=a’ (b’ +1)+(b*+1)
=(b* +1)(a’ +1).
b) x3+2x2+2x+1:(x3+1)+(2x2+2x):(x+1)(x2—x+1)+2x(x+1):(x+1)(x2+x+1).
¢) X° —4x* +12x - 27 =(x* - 27) - (4x* —12x)
=(x=3)(x* +3x+9)-4x(x-3)

:(x—3)(x2 +3x+9—4x)

€) X' +2x7+2x" + 2x+1=(x* + 26 + x* )+ (X* + 2x+1)
= xz(x2 +2x+1)+(x+1)2

=X (x+1)% +(x+1)°

=(x+1)2(x2+1).
0Bai 2. Phan tich thanh nhén tur
a) X —2x—4y* —4y; b) x* +2x° —4x—4;
c) xz(l—xz)—4—4x2; d) (1+2x)(1-2%x)—x(x+2)(x—=2);

e) X+ y2—xX’y?+xy—x—V.

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC



Website: tailieumontoan.com

(Z Loigiai

a) x2—2x—4y2—4y=(x2—4y2)—(2x+4y)
(x+2y)(x—2y)—2(x+2y)
(x+2y)(x—2y-2).

b) x4+2x3—4x—4=( x* 4)+(2x3—4x)

(x*=2)(x* +2)+2x(x* - 2)
:(x2—2)(x2+2x+2).

0) X (1-X*)-4-4x* =x* -x* —4-4x*
=x2—(x2+2)2
=(x—x2—2)(x+x2+2)

d) (1+2x)(1-2x)—x(x+2)(x-2)

=1-4x? —x(x2 4)

=1-4x* - x* +4x

N,

(1+x+x )+4x 1-x)

2

(x +5x+1)
(

2

X2 =x)+(y2=x*y? )+ (xy - y)
Y1)y (x-
X=1)=y*(x- )(X+1)+y( 1)
x—1)| x—y*(x 1)+y]

e) X2+ Yy =X’y +xy—x—y=

Il
>
N~
><
H
~—
+
<

0Bai 3. Ching minh rang 199° —199 chia hét cho 200.

(7 Loigiai
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Taco 199° -199 =199. (1992 —1)
=199-(199+1)-(199-1)

=198-199-200:200.
Vay 199° —199 chia hét cho 200 .

OBai 4. Tinh gi4 tri cua biéu thirc sau, biét x® —x =6

A=x®—2x* + 3+ x> —x.

(7 Loigiai

Taco A=x6—2x4+x3+x2—x:(x6—2x4+x2)+(x3—x)
:(x3—x)2+(x3—x):62+6:42
OBai 5. Phan tich thanh nhéan tr
a) a(b® +c® +bc)+b(c’ +a’ +ac)+c(a’ +b’ +ab);
b) (a+b+c)(ab+bc+ca)-—abc;
c*) a(a+2b)®—b(2a+b)®.
(7 Loigidi
a) a(b®+c® +bc)+b(c’ +a’ +ac)+c(a’ +b’ +ab)
= ab® +ac” +abc +bc® +ba® +abc + ca® + cb® + abc
= (@b’ +abc+ba’)+(ac’ +abc +ca? )+ (b +abc + cb? )
=ab(b+c+a)+ac(c+b+a)+bc(c+a+b)
=(a+b+c)(ab+bc+ca).
b) (a+b+c)(ab+bc+ca)—abc
a+b)(ab+bc+ca)+c(ab+bc+ca)—abc
a+b)(ab+bc+ca)+abc+c(bc+ca)—abc

=(
=(
=(a+b)(ab+bc+ca)+c*(a+b)
=( ab+bc+ca+c)
=(
=(

(b+c)+c(b+c)]

(
(
(
[ab+ac bc+c2)]
[
(

=(a+b)(b+c)(c+a).
c*) a(a+2b)’ —b(2a+b)®

TAI LIEU TOAN HOC
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=al (a+b)+b]’-~b[ a+(a+b)f

=al (a+b)’+3b(a+h)*+30b* (a+b)+b® |-b[ a®+3a” (a+b)+3a(a+h)* +(a+h)*]
=a(a+b)’+3ab(a+b)’ +3ab*(a+b)+ab® —ba’® —3ba’(a+b)-3ab(a+hb)* —b(a+b)’
=(a—b)(a+b)’+3ab(a+b)(b—a)+ab(b-a)(b+a)

=(a—b)(a+b)[ (a+h)*~3ab—ab |

=(a—b)(a+b)(a’—2ab+b?)

=(a-b)(a+b)(a-h)’

=(a+b)(a-h)’.

OBai 6. Phan tich thanh nhan tir :

a) ab(a+b)—bc(b+c)+ac(a-c)

b) a(b®+c”)+b(c’+a’)+c(a*+b*)+ 2abe;

¢) (a+b)(a®—b?)+(b+c)(b*—c*)+(c+a)(c’ —a*);

d) a’(b—c)+b’*(c—a)+c’(a—b).

(Z Loigiai

a) ab(a+b)—bc(b+c)+ac(a-c)=ab(a+b)—b*c—bc’ +a*c—ac
=ab(a+b)+(a’c—b’c)—(ac® +bc?)
(
(

)-

)
=ab(a+b)+c(a’-b*)-c*(a+b)

)

=ab(a+b)+c(a—b)(a+b)-c?(a+b)

a+b)(ab+ac—bc— c)

(
[(ab be)+(ac—c? )}

(a+b)
(a+b)
(a-+b)bla—c)+o(a—c)]
=(a+b)(b+c)(a—c).

b) a(b®+c”)+b(c®+a’)+c(a* +b*)+2abc = ab® +ac’ +hc” +ba’ +c(a’ +b” +2ab)
= (b’ +a%h)+(ac’ +hc? ) +c(a+b)’
=ab(a+b)+c’(a+b)+c(a+b)’

:(a+b)(ab+c2 +ac+bc)
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a+b)[(ab+ac)+(bc+c2)}

(

=(a+b)[a(b+c)+c(b+c)]

_(a+b)(b+c)(c+a).

¢) Nhan thdy b? —c? = —[(a2 ~b?)+(c? —a’-’)} nén
(a+b)(a*~b*)+(b+c)(b*-c*)+(c+a)(c* -a*)

(a+b)(a*~b?)-(b+c)[ (a” ~b*)+(c*~a) [+ (c+a)(c*-a’)

(a+b)(a*~b*)-(b+c)(a*~b*)-(b+c)(c* —a*)+(c+a)(c* —a’)

(a-)(e" ) (o)

(a-c)(

(a-b)[

a

—+

cz—a)

a—c)(a—-b)(a+b)+(a-b)(c—-a)(c+a)

a-b)[(a-c)(a+b)-(a-c)(c+a)]
=(a-b)(a-c)(b-c).
d) Nhén thdy c—a=—[(b—c)+(a-b)] nén
a’(b—c)+b*(c-a)+c*(a—b) =a’(b-c)-b’[(b—c)+(a—b)]+c’(a-b)
a* (b—c)—b (b—c)~b* (a—b)+c*(ab)

a b(a2+ab+b2) a- b)(b—c)(b2+bc+c2)
(az+ab+b2 b? —bc — c)

(a*—c?)+(ab— bc)}
(

a-b)[(a- c)(a+c)+b(a c)]

(2"

~¢)(a-b)
~¢)(a-b)
—¢)(a-b)
—¢)(a-b)
—¢)(a-b)

a—b)(a—c)(a+b+c).
OBai 7. Phan tich thanh nhéan tr
a) (a+b+c)®—(a+b-c)®—(b+c-a)’—(c+a—-b)%
b) abc—(ab+bc+ca)+(a+b+c)-1.
(7 Loigiai
a)bat a+b-c=x,b+c—a=y,c+a—-b=z.Khido
X+y+z=a+b-c+b+c—-a+c+a-b=a+b+c.

Ap dung hing dang thire (x+y+2)°-x*—y*-2°=3(x+y)(y+2)(z+x). Taco

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC



Website: tailieumontoan.com

(a+b+c)’—(a+b-c)’-(b+c—-a)’—-(c+a-h)’

=3(a+b-c+b+c-a)(b+c-a+c+a-b)(c+a-b+a+b—c)
=3-2b-2c-2a

= 24abc.

b) abc—(ab+bc+ca)+(a+b+c)-1=abc—ab—bc-ca+a+b+c-1

=abc—-bc—ab+b-ca+c+a-1
=bc(a-1)-b(a-1)-c(a-1)+(a-1)
=(a-1)(bc—b-c+1)
(a-1)[c(b-1)(b-1)]
=(a-1)(b-1)(c-1).
OBai 8. Chimg minh rang trong ba sé a,b,c ton tai hai s6 bang nhau, néu
a’(b—c)+b’(c—a)+c*(a—h)=0.
(Z Loigiai
a’(b-c)+b*(c—a)+c’*(a—-b) =a’h-a’c+b*c—b*a+c’(a-b)
=(a’b-ab®)-(a’c-b’*c)+c*(a—b)
=ab(a—b)-c(a-b)(a+b)+c’(a-b)
=(a-h)[ab—ac—bc+c’ ]
(a-b)[b(a~c)-c(a-c)]
(a-b)(a-c)(b-)
)

Theo gia thiét a*(b—c)+b?(c—a)+c’(a—b)=0 nén

a-b=0 a=>b
(a—b)(a—c)(b-c)=0<|a-c=0<|a=c
b-c=0 b=c

Vay trong ba sb a,b va ¢ ton tai hai sé bing nhau.
0Bai 9. Ching minh rang néu a’+b* =2ab thi a=b.

(@ Loigiai
Taco a’+b®=2ab < a?-2ab+b’>=0

< (a-h)*=0

< a-b=0
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<a=h.
Vay néu a’+b*=2ab thi a=b.
0Bai 10. Chimg minh rang néu m=a+b+c thi

(am+bc)(bm+ca)(cm+ab) = (a+b)*(b+c)’(c+a)*.

(7 Loigiai
Tacé am+bc=a(a+b+c)+bc=a(a+b)+ac+hc
=a(a+b)+c(a+b)
=(a+b)(a+c).
Twong ty bm+ca=(b+c)(b+a) va cm+ab=(c+a)(c+b). Khido
(am+bc)(bm+ca)(cm+ab) =(a+b)(a+c)(b+c)(b+a)(c+a)(c+b)
= (a+b)*(b+c)*(c+a)’.

0Bai 11. Cho a®+b? =1,c2+d? =1,ac+bd =0. Chirng minh rang ab+cd =0.

(Z Loigiai

Do a®+b*=1va ¢ +d* =1 nén
ab+cd =ab-1+cd-1=ab(c*+d*)+cd (a’ +b*)

= abc’® +abd? +cda® + cdb?

= (abc® +cdb’) +(abd? +cda®)

=bc(ac+hbd)+ad (bd +ac)

=(ac+hd)(bc+ad)

=0( doac+bd =0).
OBai 12. Xét hing déng thirc (X+1)% = X2+ 2x+1. Lan luot cho x =1,n rdi cong timg vé n ding
thire trén dé tinh gia tri ciia bicu thirc

S=1+2+3+---+n

(# Loigiai
Tt hang dang thue da cho, ta cé

22 =(1+1D)*=1"+2-1+1
F=(2+1)°=2"+2-2+1
4 =(3+1)*=3*+2-3+1
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(n+1D?=n*+2-n+1.
Cong timg vé n dang thic trén rdi rut gon, ta dugc

(N+1)? =1 +2(1+2+3+---+n)+n

Do dé
2(1+2+3+--+n)=(n+1)*—(n+1)
28 =(n+1)[(n+1)-1]
25 =(n+1)n
s n(n+1)
2
Viy S = n(n+1)_

2
0Bai 13. (*) Phan tich thanh nhan tu:
a) a(b+c)’*(b—c)+b(c+a)*(c—a)+c(a+b)*(a—b);

b) a(b—c)* +b(c—a)’+c(a—b)’;

c) a’h?*(a—b)+b’c?(b—c)+c*a’*(c-a)

d) a(b®+c?)+b(c’ +a’)+c(a’ +b*)-2abc—a’ -b* ¢’
e) a’(b—c)+b*(c—-a)+c*(a—b).

(Z Loigiai

a) Taco c—a=—[(b—c)+(a—b)].Khidé
a(b+c)*(b—c)+b(c+a)*(c—a)+c(a+b)*(a—b)
=a(b+c)’(b—c)-b(c+a)’[(b—c)+(a-b)]+c(a+b)*(a-b)
=a(b+c)*(b-c)—b(c+a)*(b—c)-b(c+a)’(a—b)+c(a+b)’(a-b)
=(b-c)[a(b+c)*~b(c+a)* |-(a—b)[b(c+a)’ —c(a+h)’ |
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=(b

c)(a-b)[(c-a)(c+a)+b(c-a)]
=(a—b)(b—c)(c—a)(c+b+c).
b) Tacé c—a=—[(b—c)+(a-b)]. Ap dung cong thirc (x+y)* =x*+3xy(x+y)+Yy’. Ta dugc:
a(b—c)’*+b(c—a)*+c(a—h)®
=a(b—c)’-b[(b—c)+(a—b)]’ +c(a—b)’
=a(b—c)’~b| (b—c)’+3(b-c)(a-b)(a-c)+(a-b)’ |+c(a-h)®
:(a—b)(b—c)3—3b(b—c)(a—b)(a—c)—(b—c)(a—b)3
—c)[(b—c)’ -3b(a-c)-(a-h)*]
b-c)[b?—2bc+c® -3ab+30bc—a’ +2ab b’ |

I
I
[ —2bc+c?—3ab+3bc—a +2ab}

o
|
o

(c* —a’)—(2bc - 2ab)+(3bc —3ab)]
(

(
(b=
(b-c
(b-0)[(c-a)(c-+a)-2b(c-a)+3b(c-a)]
(b—c)(c—a)(c+a—2b+3b)
_c)(c-a)(a+bc).
c) Taco b—c=—[(a-b)+(c—a)]. Khi dé:
ah? (a—b)+b7c? (b—c)+ c%a’ (c-a)
=a’h’(a—h)-b’c*[(a—b)+(c-a)]+c’a’(c-a)
(

=a’b’(a—b)-b*c*(a—b)-b’c*(c—a)+c’a’(c-a)

a-b)b’(a’—c*)—(c-a)c’(b*-a’)
a—b)b*(a-c)(a+c)-(a—-c)c*(a—b)(a+b)
)

(

(
(a—b)(a-c)[b’a+b’c—c’a-c’]
(a-b)

(a—b)

a—b)(a—c)(b—c)(ab+ac+bc).

(
(a—c)[a(b—c)(b+c)+bc(b—c)]
(

d) a(b®+c’)+b(c?+a’)+c(a*+b*)-2abc—a’~b* -’

:a(b +C —2bc—a2)+b(c2+a2+2ac—b2)+c(a2+b2—2ab—cz)
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e) Taco c-a=—[(b—c)+(a—h)]. Khido

a*(b—c)+b* (c—a)+c* (a—b)
=a‘(b-c)-b*[(b-c)+(a-b)]+c*(a-h)
_ a* (b—c)~b* (b—c)~b* (a—b)-+c* (ab)
b-c)(a*-b*)-(a-b)(b* —c*)

)

a’-b’)(a’ +b*)—(a=b)(b* —c*)(b* +¢?)

0Bai 14. Chirmg minh rang néu a’®+b®+¢c® =3abc va a,b,c 1a cac s6 duong thi a=b=c.
(& Loigiai

Theo vi du 3 ¢ ndi dung nay. Ta co: a3+b3+c3—3abc=(a+b+c)(a2+b2+c2—ab—ac—bc)
Do d6 néu a’+b° +¢® =3abc thi (a+b+c)(a’+b*+c*—ab-ac—bc)=0
hay a’+b?+c?—ab—ac—bc=0 (do a,b,c 1 cac s6 duong nén a+b+c>0).

a’+b*+c?—ab—ac-bc=0
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< 232 +2b% +2¢?—2ab-2ac-2bc=0

= (a—b)*+(b-c)’+(c—a)*=0
a-b=0 a=b

< sb-c=0<<b=c

c—-a=0 c=a

Vay néu a®+b®+c® =3abc va a,b,c 14 cac s6 duwong thi a=bh=c.

0Bai 15. Chirng minh réng néu a* +b* +c*+d* =4abcd va a,b,c,d 1a cac sb duong thi
a=b=c=d.

(& Loigiai
a’ +b* +c* +d* = 4abcd
< a*+b*+c*+d* —4abed =0
< a*-2a’h’ +b* +¢* —2c’d® +d* +2a’n* —4abcd +2¢°d* =0
o (a?-b?) +(c?~d?) +2(ab—cd)* =0
a’-b*=0 a=tb

oicP-d’=0<{ c=+d
ab—cd =0 ab=cd

< a=b=c=d (do a,b,c,d la cac s6 duong)
Vay néu a*+b*+c*+d* =4abcd va a,b,c,d 1a cac sé duong thi a=b=c=d.
OBai 16. Bang phuong phap twong tu ¢ vi du 6 va bai tap trén. Hay tinh gié tri cia biéu thirc
S,=1’+2°+3+...4+n°
(@ Loigiai
Tir hing dang thirc (x+1)* = x* + 4x* +6x* +4x+1, ta c6
2' =1+ =1"+4.°+6-1° +4-1+1
F=2+)"'=2"+4-2°+6-2°+4-2+1
4" =(3+1)"=3"+4-3+6-37 +4-3+1

(n+D)*=n*+4-n*+6-n*+4-n+1
Cong timg vé n ding thirc trén rdi rat gon, ta dugc
(n+1)* =14+4-(13+23+---+n3)+6-(12+22+~--+n2)+4(1+2+~--+n)+n

=1+4S,+6S, +4S, +n
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Ta da bide 5, <"1+

S, :%n(n+1)(2n+1). Do dé
48, = (n+1)" -1-n—-n(n+1)(2n+1)-2n(n+1)
& 48, =(n+1)[ (n+1)°~1-n(2n+1)-2n |
48, =(n+1)[ (n+1)°—(2n+1)(n+1) ]
48, =(n+1)*(n*+2n+1-2n-1)

_n*(n+1)?

< S, 2

2 2
Vay S3=n (n+1)”
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CHIA PA THUC

Q Tém tat ly thuyét

Vi A(x),B(x),Q(x) va R(x) la cac da thirc. Ta c6

- Pa thire A(x) dugc goi la chia hét cho da thuc B (x) khac da thie 0 néu ton tai da
thirc Q(x) sao cho A(x)=B(x)-Q(x)
- Ngudi ta chimg minh duoc ring: Véi moi cdp da thie A(x) va B(x), trong d6
B(x)= 0, ton tai duy nhét cdp da thirc Q(x) va R(x) sao cho A(x)=B(x)-Q(x)+R(x)
Trong d6 R(X)=0 hodc béc ciia R(x) nho hon bac ciia B(x).
e Néu R(x)=0 thi A(x) chia hétcho B(x).
e Néu R(x)=0 thi A(x) khong chia hét cho B(x).Khidé Q(x) la thuong va
R(x) 1a du cua phép chia A(x) cho B(x)

e Mét sd vi du
-/

Vidu 1. Cho da thirc va don thirc

a) Tim s6 tuw nhién dé da thirc chia hét cho don thic.

b) Tim thuong trong trwang hop do.

(@ Loigiai

a) Diéu kién dé da thuc A chia hét cho don thirc B 1a

n-1>3
n>4
n+1>3 n>4
SN2 2s & n=4
6>n n<4
4>n
4>n

Viy véi n=4 thi da thirc A chia hét cho don thic B.
b) V6i n=4 thi A=3x>y°® -5x°y* va B=2x’y*. Khi d6
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A:B :(3x3y6 —5x5y“):(2x3y“)=%y2 —%xz

Vi du 2. Xac dinh cac s6 hitu ti va dé da thirc chia hét cho da thirc

@ Loigiai
Cach 1: bat tinh chia
X’ +ax Iy 4x 2
X3 4P —-2X [ x -1

—X* +(a+2)x +b
—X —X +2
(a+3)x +(b-2)

R 41 AL 1 , ve g . e, N a+3=0 a=-3
beé chia hét thi da thirc du phai bang 0 vi moi gia tri cia X nén b2 0<:> b2

Viy véi a=-3,b=2 thi dathic x*+ax+b chia hét cho da thirc x* + X—2, thwong 1a x—1.
Céch 2: (Phuong phap hé sd bét dinh)

Pa thure bi chia c6 bac ba va da thiic chia c6 bac hai nén thuong 1a mot da thic bac nhét, hang tr
bac nhatla x*:x* =x.

Goi thuong ctia phép chiala x+c,tacd x> +ax+b =(X2 +X—2)(X+c)
o X +ax+b=x"+(c+1)x*+(c—2)x—2c

Do hai da thttc trén bang nhau nén:

c+1=0 c=-1
c-2=ae><<a=-3
-2c=b b=2

Vay v6i a=-3,b=2 thi da thic X*+ax+b chia hét cho da thirc x* +x—2, thwong 13 x—1.

Céch 3: (Phuong phap xét gia tri riéng)

Goi thuong khi chia da thitc x* +ax+b cho da thuc x*+x—-2 la Q(x), taco
x3+ax+b:(x2+x—2)Q(x):(x—1)(x+2)Q(x)

Vi dfmg thirc dng vo1 moi X nén lan luot cho x=1,x = -2, ta duoc

l+a+b=0 a+b=-1 =-3
= =
-8-2a+b=0 -2a+b=8 b=2
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Vay véi a=-3,b=2 thi da thuc x*+ax+b chia hét cho da thirc x* +x—2, thuong 1a x—1

Q Bai tap tv luyén
S

Chia don thirc cho don thire
O0Bai 1. Thyc hién phép tinh
15 3 3
a) 87:4° b) 27°:9? 0) %
@ Loigiai
a) 82:4°=(2°)":(2?) = 2% 22 = 2
b) 27°:9% =(3°) :(32) =3°:3* =3*

g5 . 253 . 43 (32)15.(52)3.(22)3 30.56.06 30 1. 3%
) e - 3°.(2.5) T30.2552 115 5

0Bai 2. Chimg minh ring biéu thirc A=(-15x’y®):(~5xy’) khong am véi moi gié trj ctia bién.
(& Loigiai

Taco A= (—15x3y6) . (—5xy2) =3x%y*

Vi x* >0 v6i moi s6 thue x va y* >0 voi moi s6 thuc y nén 3x?y* >0 véimoi X, Y.

Vay biéu thirc A=(-15x’y®):(~5xy’) khong am véi moi gié trj ctia bién.

0Bai 3. Chung minh rang gia trj ctia biéu thirc B = % X2y (—% xyj +2x(y—1)(y+1)khong phu
thudc vao gia tri caa bién y (x=0;y #0)
(& Loigiai
Véi x=0 va, y=0taco:
B =%x2y3 :(—%xy)+2x(y—1)(y+1)

=-2xy°* + 2x(y2 —1)

= 2%y’ +2xy* — 2X
=—2X
Vay gia tri cua biéu thire B khong phu thudc vao gia tri cua bién y .
0Bai 4. Tim s6 tu nhién n dé don thirc A=4x""y? chia hét cho don thirc B =3x’y"™.

(@ Loigiai
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Dé don thitc A chia hét cho don thite B thi

n+1>3 n>2
= < 2<n<3
2>n-1 n<3

Ma neN nén n=2 hoic n=3
Vay v6i n=2 hoac n=3 thi don thirc A chia hét cho don thie B.
Chia da thirc cho don thurce
0Bai 5. Thuc hién phép tinh:

a) (%azx“ +%ax3 —%axzj:(—gaxz) b) 4(%x—1j+(12x2 —~3x):(-3x)—(2x+1)

@ Loigiai

a)(lazx4 +iax3—gax2j:(—gaxzj=_—3ax2 —2x+1
2 3 3 3 4

b) 4(%x—1]+(12x2 —3x):(—3x)—(2x+1) =3X—-4-4x+1-2x-1=-3x-4

0Bai 6. Thuc hién phép tinh roi tim gid tri nho nhit cua biéu thirc:
A=(9xy> —6X°y):(-3xy)+(6X’y +2x* ):(2x*)
(& Loigiai
A= (9xy2 —6x2y):(—3xy)+(6x2y+ 2x4) . (2x2)
=-3y+2x+3y+ x> =x"+2x
=x*+2-X-1+1° -1 =(x+1)°-1

Vi (x+1)% >0 véimoi x nén (x+1)>-1>-1 hay A>-1 véimoi x. Do d6 gia tri nho nhit cua

biéu thirc A bang —1 khi x=-1.

0Bai 7. Tim s ty nhién n dé da thac A=7x""y* —5x°y* chia hét cho don thirc B =5x°y".
@ Loigiai

n-3,,5-n 4-n

Xét thuong A:B = % XYyt = % X"y —xy

Pa thac A chia hét cho don thirc B thi
n-3>0 n>3
5-n20<{n<5<3<n<4
4-n>0 n<4
Do neN nén n=3 hoac n=4.
Vay véi n=3 hodc n=4 thi dathic A chia hét cho don thice B.
Chia da thirc cho da thuace
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OBai 8. Rt gon biéu thirc [(xg+y3)—2(x2—y2)+3(x+y)z]:(x+y)
(# Loigidi

[(x3+y3)—2(x2—y2)+3(x+y)z}:(x+y)
:[(x+y)(x2—xy+yz)—2(x+y)(x—y)+3(x+y)2]:(x+y)
=x*—xy+y* —2(x—-y)+3(x+y)
= x> =Xy +Yy° —2X+2y+3x+3y
=X* —Xy+ Yy’ +X+5y

OBai 9. Chia cac da thic

a) (3x* —2x° -2x* +4x-8):(x*=2)  b) (2x*—26x—24):(x* +4x+3);

c) (x3—7x+6):(x+3) (@ Loigiai
a)
Y —2x® —2x*  +4x —8| )
Ty 62 13" -2x +4
—2x° +4x* +4x -8
2 +4x
4x? -8
42 -8
0

Vay (3x“—2x3 —2x° +4x—8):(x2 —2)=3x2 —2x+4

b)
2x° —26x —24| X2 +4x  +3
_2x° +8x* 46X |2x -8
-8x* -32x -24
~ —8x* -32x_-24
0

Vay (2x°—26x—24):(x* +4x+3)=2x-8

c)
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x? -7x +6] x +3
- X3 +3X2 X2 —3X +2

-3x> -7x +6
3% 9x

2X +6

©2x +6

0

Vay (x3—7x+6):(x+3):x2—3x+2
0Bai 10. Xac dinh hing sé a sao cho:
a) 4x* —6x+a chia hét cho x—3;
b) 2x* + x+a chia hét cho x+3;

C) X3 +3.X2 —4 chia hét cho X2 +4x+4.
| l: Loi gidi
g

4x> -6x +al x -3
4x*  —12x 4x +6

6Xx +a

a) Xét phép chia:

6x -18
a+18

Dé 4x? —6x+a chia hét cho x—3 thi a+18=0<>a=-18.

Vay v6i a=—18 thi 4x*> —6x+a chia hét cho x-3.

b) Xét phép chia:
2x>  +x +al x +3
~2x% 46X 2x -5

—-5x +a
- B5x -15
a+15

Pé 2x% + x+a chia hét cho x+3 thi a+15=0<> a=-15.

Vay voi a=-15 thi 2x* + x+a chia hét cho x+3
¢) Giai tuong tu cau a), cau b) ta dugc a = 3.
0Bai 11. Xac dinh hing sé a sao cho:

a) 10x* —7x+a chia hét cho 2x—3;
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b) 2x*+ax+1 chiacho x—3 du 4 ;

¢) ax® +5x* —9 chia hét cho x—1.

(& Loigiai
a) Xét phép chia:
10x> -7x +al|2x -3
10x*  —15x 5x  +4
8x +a
©o8x  -12
 a+12

Pé 10x* —7x+a chia hét cho 2x-3 thi a+12=0<a=-12.
Vay v6i a=—-12 thi 10x> —=7x+a chia hét cho 2x—-3.

b) Giai tuong tu cau a) ta dugc a =-5.

¢) Giai tuong tu cau a) ta dugc a=4.

0Bai 12. Xac dinh cac hing sé a,b sao cho:

a) x*+ax+b chia hét cho x*—4;

b) x*+ax®+bx—1 chia hét cho x*-1;

¢) x*+ax+b chia hét cho x*+2x-2.

(@ Loigiai
a) Xét phép chia
x* +ax +b | x* 4
X —4x? Xt +4
4x*  +ax +b
C4x? -16
ax +(b+16)

Pé x* +ax+b chiahét cho x* -4 thi da thitc du ax+b+16 phai dong nhat 0. Do d6 a=0,
b=-16

Vay v6i a=0,b=-16 thi x*+ax+b chia hét cho x* -4

b) Giai trong tu cau a) ta dugc a+b =0 (tic la a tuy y b=-a).
¢) Giai twong tu cau a) ta dugc a=-6,b=4.

OBai 13. X4c dinh cac héng s6 a,b sao cho

a) x*+ax?+b chia hét cho x* —x+1;

b) ax®+bx? +5x—50 chia hét cho x*+3x—10;
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¢) ax* +bx®+1 chia hét cho x*+ax+b;

d) x*+4 chiahét cho x* +ax+b.

(& Loigiai
a) Xét phép chia

x* +ax? +b [ X2 —x +1
- X4 —X3 +X2 X2 +X ++a

X +(a-1)x* +b

RS —x? X
ax? X +b
~ax? —ax +a

(-1+a)x+(b-a)
Dé x*+ax’+b chia hét cho X —x+1 thi da thirc du (a—1)x+b—a dong nhat da thirc 0 nén a =1
vib=a=1
Vay v6i a=b=1 thi x*+ax’+b chia hét cho x* —x+1.
b) Giai trong tu cau a) ta dugc a=1,b=8.
¢) Giai tuong tu cau a) ta dugc a=3,b=—4.
d) Taco: X' +4=x"+4x* +4-4x* =(xX’ +2)2 —(2%)° =(X* +2x+2)(X* —2x+2)

Do d6 dé x* +4 chia hétcho x*+ax+b thi a=+2 vab=2.
0Bai 14. Tim cac hang s6 a va b sao cho x*+ax+b chiacho x+1 thi du 7, chia cho x—3 thi du
-5
(@ Loigiai
Vi x*+ax+b chiacho x+1 thi du 7 nén x* +ax+b=(x+1)-P(x)+7.
Véi x=-1thi -1-a+b=7 hay a=b-8
Tuong ty X* +ax+b chiacho x—3 thi du -5, tirc la x* +ax+b=(x-3)-Q(x)-5.
Khi do, v6i x=3 thi 27+3a+b=-5 hay 3a+b=-32.
Tur (1) va (2) suyra a=-10,b=-2.

OBai 15. Tim cac hang sé a,b,c sao cho ax® +bx?+c chia hét cho x+ 2, chiacho x*—1 thi du
X+5.

(@ Loigiai
Taco ax®+bx* +¢ chia hét cho x+2 nén ax®+bx* +c=(x+2)-A(x).
Khi @6, voi x=-2 thi -8a+4b+c=0.

Tuong ty, ax’ +bx*+c chiacho x* -1 thi du x+5, tic la
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ax’ +bx® + ¢ =(x+1)(x-1)-B(X)+x+5

Lan lugt cho x=1, x=-14 tadugc a+b+c=6 va —a+b+c=4 (4)
Te(3)va(4)suyra a=1, b=1vac=4

Chuong
2

PHAN THU'C PAI SO

TiNH CHAT CO BAN CUA PHAN THUC,
RUT GON PHAN THU'C.

Q Tom tat ly thuyét

; 2 A . R
Phdn thirc dai so 1a mot biéu thuc c6 dang B trong do A va B la cac da thirc, B = 0. Phan

thirc dai sO c6 cac tinh chat co ban sau:

- Néu nhan ca tir thire va mau thirc ciia mot phan thirc voi ciing mot da thirc khac 0 thi dugc
mot phan thic bang phan thic di cho.

- Néu chia ca tir thirc va mau thirc ciia mot phan thire cho cting mot nhan tir chung cuia chiing
thi dugc mot phan thirc bang phan thirc da cho.

Muébn rit gon mot phan thire dai s6, ta co thé:

- Phan tich tir thitc va mau thtrc thanh nhan tu;

- Chia ca tir thirc va mau thtrc cho nhan tir chung.

Q Mot sd vi du
A4

0 Vidu 1. Cho phan thtic: M =

(a2 +b? +c2)(a+b+c)2 +(ab+bc +ca)’

(a+b+c)2—(ab+bc+ca)
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1. Tim gia tri a,b,c dé phan thirc dugc xac dinh (tirc 12 dé mau khac 0).

2. Rut gon phan thirc M.

(2 Loigiai
1. Taco:
(a+b+c)*—(ab+bc+ca)=0 < a*+b*+c*+ab+bc+ca=0
& 2a%+2b* +2c” +2ab+2bc+2ca=0
< (a+b)?+(b+c)*+(c+a)*=0
< a+b=b+c=c+a=0
<a=b=c=0
Vi diéu kién dé phan thic M duge xac dinh 1a a,b,c khong dong thoi bang 0.
2. Chu y ring (a+b+c)’ =a’+b”+c”+2(ab+bc+ac).
Do d6, tadat a®>+b*+c’=x, ab+bc+ca=y.
Khi d6 (a+b+c)>=x+2y.Tacd

CX(x+2)+y? X a2xy+y? (x+y)?
X+2y—Yy X+Yy X+Yy

M X+Yy

=a’+b?’+c’+ab+bc+ca

0 Vi du 2. Rt gon biéu thirc:

_ (b-c)’+(c-a)’+(a-h)’
~a’(b-c)+b?(c-a)+c?(a-b)

(@ Loigiai

Phan tich mau thirc thanh nhén tir:
a’(b—c)+b*(c—a)+c’*(a—b) =a’(b—c)+b’c—ab’+ac® —bc?
=a’(b-c)+bc(b-c)-a(b’-c?)
=(b-c)(a’+bc—ab-ac)
—(b-c)[a(a-b)-c(a-b)]
=(b—c)(a-b)(a—c).
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(b—c)’+(c-a)’+(a-b)®

—(a-b)(b-c)(c-a)

Ta c6 nhan xét: Néu x+y+2z=0 thi x*+y°+2° =3xyz.

Do do A=

bat b—-c=x,c—a=y,a—b=1z thi X+ y+2z=0. Theo nhan xét trén

- xX+yi+z® 3xyz
—Xyz —Xyz

A -3

3
, , . N . . £ R C A £ NT42n N LA A As s
0 Vi du 3. Chirmg minh rang v&i moi sO nguyén nn thi phan so — 1a phan so to1 gian.

n*+3n%+1

(@ Loigiai
Dé chirg minh phén sb da cho 1a t6i gian, ta s& chimg t6 rang tir v mau chi c6 udc chung 13 +1.
Goi d laudc caa n®+2n va n* +3n?+1.
Taco: n’+2nid=n(n+2n)id=n*+2nid (1)
n*+3n° +1—(n4 +2n2) =n’+1d= (n2 +1)2 =n‘+2n°+1d (2
T (1) va (2)suyra: (n*+2n*+1)—(n*+2n%)id = 1id = d =1

3
n°+2n .
Viy —————— 1a phén so to1 gian.
i n*+3n°+1 P g

0 Vi du 4. Ching minh rang:

I+ X+ X2+ X3+ 4+ X = L+ )+ XA+ XA+ X)L+ x"™) (1)

(& Loigiai
Goi vé trai cua dang thte (1) 1a A, vé phai la B.
Taco: (1-x).A=1—x*( theo hang dang thirc).
(1-x).B=(1-x)A+x)1+x)A+xHA+x®) 1+ x*°) =1-x*

Néu x=1thi A vd B déubang 1-x¥*.Dodo A=B
Néu x=1thi A va B déubing 32. Do d6 A=B
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Trong ca hai trudng hop, dang thic (1) déu ding.

Q Bai tap tv luyén
¥

0 Bai 1. Tim gi4 tri cua X dé cac phan thirc sau bang 0 :

PP Hx+1 b) x* —5x*+4
XP x4+ 2x2 —x+1’ x* —10x*+9
4 L&i gidi
X+ x3+x+1 . . .
a) Phén thuc ——— > bang 0 khi tir thire bang 0 va mau thtrc khac 0 .
X' —=X"+2X —x+1
Taco: X*+x3+x+1=0

< X (x+1)+(x+1)=0

& (x+1)(x*+1)=0

&S x=-1
Thay x =-1 vao mau thuc ta duge (-1)* - (-1)° +2(-1)° —(-1)+1=0.
Viy x =—1 thoa yéu ciu bai.

4 g2
b) Phan thirc 5+ 2% *4
X" -10x"+9

bang 0 khi tir thire bang 0 va miu thie khac 0.
Taco:  x*-5x+4=0
(X -1)(x*-4)=0
Véi x2 =1 thay vao mau thirc, ta dugc 1-10+9 =0 nén loai.
Vé6i x? =4 thay vao mau thirc, ta duge (4)°—10-4+9=0 nén x =+2 thoa yéu ciu bai.

0 Bai 2. Rt gon cac phan thirc:

1235.2469 ~1234 4002
a) A= : b) B=
1234-2469 1000-1002 —999-1001

(2 Loigiai
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(x+1)(2x+1)—x

a)bat x=1234.Taco A=
x(2x+1)+x+1

22Xt +2x+1
2X% +2x+1

=1

4x +2
X(x+2)—(x-1)(x+1)

b) Dit x=1000. Tacod B=

o 2(2x+1)
% +2x—(x2 —1)

2(2x+1)
2%+l

=2
0 Bai 3. Rat gon cac phan thiec:
3 —7x*+5x-1

(x-y)’-3xy(x+y)+y’ X2+ Y2+ 2% —2xy +2x2—2yz

a ; b , C

) 2x% — x> —4x+3 ) X - By ) x> —2xy+y>—2°
(Z Loigiai

2 3 -7x*+5x-1_ (3x-1)(x-1)* 3x-1

2x° —x*—4x+3  (2x+3)(x-1)° 2x+3

b) (X—y)°’=3xy(x+y)+y°  x*-3x’y+3xy’ —y* -3’y -3xy’ +y°

X—6 X—06y
_ X2(x—6y)
X—6y
=X2
0 X2+ Y2 +2° —2xy +2x2-2y7 (X—y+2)? _X—y+1z
X2 —2xy +y? —7° (X—y+2)(x-y—-2) Xx-y-12

0 Bai 4. Rut gon cac phan thic voi n 1a s6 tu nhién:
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(n+1)!
ni(n+2)’

nt (n+1)(n+2)!
& (n+1)l-nt’ ) +2)1

(# Loigidi
(n+1)!  nl(n+1) n+1

n(n+2) n!(n+2) n+2

n! n! 1
") (n+1)=n! nl(n+1-1) n

0 (n+)-(n+2)!_ (n+1)-(n+1)!(n+2) (n+1)i(-n-1) —n-1

(n+)4+(n+2)! (n+1)4+(n+1)Y(n+2) (n+1)Y(n+3) n+3
0 Bai 5. Rat gon cac phan thiec:

a’(b—c)+b*(c—a)+c*(a-b) 2x* —7x* —12x+45

a ; ;
) ab® —ac® —b® +bc? ) 3x® —19x* +33x -9
c x*—y®+ 2% +3xyz _ x>+ y*+7° —3xyz -
(X+y) +(y+2)* +(z-%)?" (x=y)* +(y—=2)* +(z—x)°
@ Ligiai

2 a’(b—c)+b*(c—a)+c*(a-b) (a-b)(b—c)(a-c) a-c,

ab? —ac® —b® +bc? (a—b)(b—c)(b+c)=b+c’

2% —7x* -12x+45 (x—3)*(2x+5) 2x+5.

b = = ;
)3x3—19x2+33x—9 (x-3)*(3x-1) 3x-1

x*—y?+2° +3xyz —l(x— +2)
(x+y)+(y+2)°+(z-x?% 2 y

x> +y°+2° - 3xyz —l(x+ +2)
-+ -2+ 20

0 Bai 6. Ching minh rang cac phan s sau tdi gian v6i moi s6 tw nhién n :
3
2) 3n+1; b) 12n+1; c 4n +22n ; d) 2n2+1.
5n+2 30n+2 n*+3n°+1 2n° -1

(@ Loigiai
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a) Gia st (3n+1,5n+2)=d.

Tacé: 3(6n+2)-5(3n+1)id =>1id=d=+1

la phén so to1 gian.

. 3n+1

Vay phan so
P 5n+2
b) Gia st (12n +1,30n+2)=d .

Taco 5(12n+1)-3(30n+2)id => -1id =>d =+1

+1

Vay phan s6 2L 13 phan 6 téi gian.
30N+ 2

o) Gia sir: (n*+3n°+1,n*+3n’ +1) =d
Taco (n'+3n*+1)-n(n*+2n)=n’+1id.
Do d6 (n*+3n% +1)—(n? +1) =n’id.
Suyralid=d=+1
n®+2n

Vay phan s ——
P n*+3n?+1

13 phan sb téi gian.
d) Gia st d € (C)(2n+1,2n° —1) = n(2n+1)-(2n° -1) =n+1id = 2n+2id

=(2n+2)-(2n+1)=1id=>d=+1

. 2n+1 o Ae
Vay phéan so i 1 la phan so to1 gian.

2n?
. . n"+n’+1 . .
0 Bai 7. Ching minh rang phéan so ol khong t6i gidn voi moi s6 nguyén duong n.
(@ Loigiai

Taco: n” +n? +1:(n2 +n+1)(n5—n4 +n? —n+1)

va n +n+1=(n6 —n®+n®-n? +1)(n2 +n+1)
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7 2
O , N . A A« N +n"+1 Ko ea go .
Tir va mau cung chira thira s6 n* +n+1 16n hon 1 nén phan s6 ool khong toi gian voi moi
n+n+

s6 nguyén duong n .
0 Bai 8. Viét gon biéu thirc dudi dang mot phan thirc:
(x2 - x+1)(x4 X’ +1)(x8 -x* +1)(le -x? +1)(x32 —x* +1)
(& Loigiai
bat A= (x2 - x+1)(x4 —x? +1)(x8 —x* +1)(x16 —x® +1)(x32 — X' +1) .
Nhan biéu thirc A voi x* + X +1, ta duoc:

(x2 +x+1)-A:(x6“+x32 +1).

64 32
Dox2+x+1;«r&0nénA:X2+—XJrl
X“+X+1
2
0 Bai 9. Cho biét X, y,z khac 0 va wza%b%cz.cm’mg minhi:B:E_
XX+y +12 X y 2
(& Loigiai
.. (ax+by+cz)?
Ta co: %=az+b2+c2
X +y +12

< (ax)? + (by)® + (cz)? + 2abxy + 2acxz + 2bcyz = (a2 +b? +c2)-(x2 +yP 22)

& (ay —bx)* + (az—cx)* + (bz—cy)* =0

ay—bx=0
Do d6 ta dugc: az—cx=0
bz-cy=0
Suy ra 3:22_
y
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be(y —z)* +ca(x—z)* +ab(x—y)®

0 Bai 10. Cho biét ax+by +cz=0. Rit gon A= —
ax” +by“ +cz

(& Loigidi
Taco: B=bc(y—z)*+ca(z—x)*+(bz—cy)’=0
=bey? +bcz® +cax” + abx” + aby” — 2(bcyz + acxz + abxy) (1)
Tir gia thiét ta suy ra a’x” +b’y” +c’z” +2(bcyz + acxz +abxy) =0 (2)
Tur (1) va (2) suy ra: B=ax’(b+c)+by?(a+c)+cz’(a+b)+a’x* +b*y* +c’z?
=ax’(a+b+c)+by’(a+b+c)+cz’(a+b+c)
=(a+h+c)(ax’ +by? +cz°).

Do do A=—; Bz s=a+b+c
ax® +by“ +cz

X2 +y?+17?

0 Bai 11. Rt gon bicu thirc A= . . .
(Y=2)"+(z=%)" +(x~-y)

,biétrang Xx+y+2z=0.

(Z Loigiai
Ta co: X+y+z=0
S X+ Y +77+2xy+2x2+2y2=0
o X +yi+2t =—(2xy+2x2+2yz)

X +y*+7°

Do do: A=
(Y=2)* +(z2-x)* +(x—y)

B X2 +y%+17°
2X* +2y? +22% —(2xy — 2xz - 2yz)

X +y*+17°
3(x2+y2+22)
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0 Bai 12. Tinh gia trj ciia biéu thire A=>—Y biét x> —2y> = xy(y #0;x+y £0).
X+Yy
@ Loigiai

Ta co: X2 —xy—2y* =0 & x> +xy—-2xy—2y>*=0
< X(x+y)-2y(x+y)=0
< (x+y)(x—-2y)=0.

Do x+y=#0 nén x=2y. Vay A:ﬂzlzl.
2y+y 3y 3

3X_2y,biét rang 9x* +4y? =20xy va 2y <3x<0.
3X+2y

0 Bai 13. Tinh gia tri ctia phan thic A=
(@ Loigiai

9x*+4y*—12xy _20xy-12xy ~8xy 1

Taco A*=

9x% +4y2 +12xy  20xy+12xy 32xy 4
Do2y<3x<0:>3x—2y>0,3x+2y<0:>A<0.VayA:—%

2_
0 Bai 14. Cho 3x—y =32 Va 2x+y =72. Tinh gi trj cia biéu thic M =X —2Y (x 20,y %0).

X +Yy

(& Loigiai
o |3x—y=3z X=22
Ta co6 hé: &

2X+Yy =71 y=3z"

47°-2-22-3z -8z 8

Thay véo biéu thic M ta duge: M =

47% +97° 1322 13
0 Bai 15. . Tim s6 nguyén x dé phan thic sau c6 gia trj 1a s6 nguyén:

3 . b) 5 | 7
2x—1" x2+1' X2 —x+1’

a)
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&) X+2
X2 +4
@ Loigiai
a) bé > 3 7 00 gid tri 14 s6 nguyén thi 2x—1e{-3,-11;3}. Do d6 xe{-10;12}.
2 5X_1 TR T U N Yoyl A
b) bé = 7 0 gia tri 1 s0 nguyén thi x* +1e{1;5}. Do do x €{-2;0;2}.
X* +

c) bé ﬁ c6 gid tri 1a s6 nguyén thi x* —x+1e{-7;-117}. Do d6 x e {-2;0;1;3}.
- X+

x* —59

d) bé c6 gia tri 1a s6 nguyén thi X* —59:X+8 < x> —64+5:x+8 < 5:x+8.
Do d6 x e{-13;-9;-7;-3} .

X+2
x> +4

e) bé c6 gia tri 13 sb nguyén thi

X+2iX° +4= (x+2)(x-2)ix* +4 = x> +4-81x* +4 = 8ix* +4
Xét x> +4=4 < x=0 (khong thoa).
Xét x> +4=8 < x=+2; thir lai ta thdy x =—2 thoa yéu cau bai toan.

0 Bai 16. Tim s hitu ti x dé phan thirc c6 gia tri 1 s6 nguyén.

x?+1
(@ Loigiai
bit 30 =keZ,tacd kx?+k =10 nén xZ:M.
X“+1 k
Ta phai c6 ——— <0 nén cé 0<k <10. Ta co bang sau:

k 1 2 3 4 5 6 7 8 9 10
2 10—k | 9 4 7] 3 1 2 | 3 1 1 0
k 3 2 3 7 9
xeQ +3 +2 +1 ii il 0

2 3
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Vay x:J_r3;J_r2;i1;ii ;0.

N
Wl

0 Bai 17. Chimg minh ring nén cac chit s6 a,b,c khéac 0 théa man didu kién ab:chc=a:c thi
abbb:bbbc=a:c.

(@ Loigiai
Taco6: abbb:c=(1000a+111b)c=1000ac+111bc

=ac+111c(%a+b). a . bbbc

=a(1110b+c)

=ac+1110ab

Ta can chimg minh 111c(9a+b) =111ab, tirc 1a ¢(9a+b) =10ab

Theo gia thiét ta co

abc=bca = (10a+b)c=(10b+c).a
= 10ac+bc=10ab+ac
= 9ac+bc =10ab
= c(9a+b)=10ab
0 Bai 18.

Diém trung binh mén Toan cta cac hoc sinh nam va nir hai 16p 8A va 8B duoc thong ké & bang
sau:

Lép 8A | Lép 8B | Ca hai 16p 8A va 8B
Nam 7.1 8,1 7.9
Nit 7.6 9,0
Cé 16p 7.4 8,4

Tinh diém trung binh mén Toan cua cac hoc sinh ca hai 16p 84 va 8B.

0 Loi gii
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7,6b+9d

8B theo tht tu lacvad d. Ta can tim 4 Taco
+

7.1a+7,6b
S 7.4

a+b (1)
8,1c+9d
—— -84

c+d (2)
7,1a+8,1c
——=19 (3)
a+cC

Goi s6 hoc sinh nam va nit cta hai 16p 8A theo thirtyrla aava b, s6 hoc sinh nam va nit cia 16p

Tu (1)suyra b=15a. Tu (3)suyra c=4a. Tu (2) suyra d =0,5¢c, do d6 d =2a. Ta dugc:

7,6b+9d 7,6.1,5a+9a _

= 8,4
b+d 15a+2a

Viy diém trung binh phai tim 14 8.4 .
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CAC PHEP TOAN VE PHAN THU'C

Q Tom tit ly thuyét

Mubn cong cac phan thic, ta quy dong mau thic, cong cac ta thire voi nhau, gitt nguyén mau thic
chung, rdi rt gon phan thic vira tim duoc.

Mudn trir ¢i mot phan thirc, ta 1y phan thic bi trir cong vai phan thire d6i ciia phan thic trir. Mudn nhan
céc phan thirc, ta nhan céc tir thirc véi nhau, cac mau thie véi nhau, rdi rit gon phan thic vira tim duoc.

Mudn chia cho mét phan thirc khac 0, ta Iy phan thirc bi chia nhan véi phan thirc nghich dao caa phan
thac chia.

Q M@t s6 vi du
N

7~Vidul. Cho a+b+c=0 va a,b,c déukhac 0. Rat gon biéu thirc:

ab bc ca

+
272 P

A= +
a?+b’-c® b*+c’-a

= Loi giai
T a+b+c=0suyra a+b=-c
Binh phuong hai vé, ta duoc a® +b? +2ab=c? nén a?+b?—c? =—2ab
Tuong ty, b? +¢® —a? =-2bcva ¢® +a’ —b® = —2ca

ab+bc+ca 1 1 1 3
—2ab -2bc —-2ca 2 2 2 2

Do d6, A=

F~Vidu 2. Rt gon biéu thic:
1 1 2 4 8
= + + 5>+ T+ 5
1-x 1+x 1+x° 1+Xx° 1+X

= Loi gidi
Do dic diém cua bai toan, ta khong quy ddng mau tat ca cac phan thirc ma cong lan luot tirng phan
thuec.
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4+8 4 4 8 8 8 16

= = + —
1+x* 1+x2 1-x* 1+x* 1+x® 1-x® 1+x® 1-x*

+
1+ X2

7~Vi du 3. Rut gon biéu thic:

3 5 2n+1
:—2+—2 +—2
(1.2)" (2.3) [n(n+1)]

= Loi gidi

Puong nhién khong thé quy dong mau tat ca cac phan thic. Ta tim cach tach mdi phan thic thanh
hiéu caa hai phan thirc roi dung phwong phap khir lién tiép. Ta co

2k+1  (k+1)-K 1 1

[k(k+)] k(1) K (keaf

Do do6

1 1.1 1 1 1 1 n(n+2)
=T et ettt 7 =1 7 = 2
r 22 2° 3 " (n+1) (n+1)"  (n+1)

Vi du 4. Xéc dinh cé4c sb a, b, ¢ sao cho:

1 _ax+b ¢

(x2+1)(x—1)_ X+l x-1 @)

= Loi giai
Thuc hién phép cong & vé phai caa (1) ta duoc

(ax+b)(x—1)+c(x* +1) _ axt—ax+bx—b+oxt+c _(a+c)x*+(b-a)x+(c-b)
(x2+1)(x—1) (x*+1)(x-1) (x2+1)(x—1)

Ddng nhat phan thic trén véi phan thic , ta duoc

(x2+1)(x—1)
a+c=0
b-a=0=
c-b=1

(x2+1)(x—1)= >%2+12 x—1

Do d6 a= —%. Nhu vay
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Vi du 5. Cho
1 1 1
A= 3\ e
(x+y) \ X"y
1 1 1
B= el
(x+y)* Xy
1 1 1
C= 5| 22
(x+y)\X" Yy
Thyc hién phép tinh A+ B + C.

= Loi gidi
Tacéd
xR X)) (Y x)(y-x)
x“y“(x+y)3 x“y“(x+y)3 x“y“(x+y)2 '
B+C=— 2 (i_iJriyZ—sz
(x+y)4 Xy x+y Xy
_ 2 [i_ier—xj_ 2 Y-xX+xy(y-x)
(x+y)4 Xy Xy (x+y)4' x°y?
2 (y—x)(y2+2yx+x2)= 2(y-x)
(x+ y)4 ' x°y? (x+ y)2 x3y?
Do do,
A+B+C=(yz+x2)(y—x)+ 2(y—x)

x*y* (x+ y)2 (x+ y)2 X%y

~ (y2+x2)(y—x)+2xy(y—x) (y—x)(y2+x2 +2xy) _y-X

x*y* (x+ y)2 Xyt (x+ y)2 Xty

e Bai tap tw luyén
-

~ Bai 1.

Thuc hién cac phép tinh

x+3_2x—1_ X-3
Xx+1 x-1 x*-1

1)
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2)14_14_14_1

x(x+y) y(x+y) x(x-y) y(y-x)

» Loi giai

x+3 2x-1 x-3 (x+3)(x-1)-(2x-1)(x+1)=(x-3) —x*+1

1 _ -
)x+l x—1 x*-1 x? -1 x> -1

1 1 1 1 Xx+y L YX _i_i_o

V) Yy Xy VX)) (kY] w w

= Bai 2. Thuc hién phép tinh

b A=(a_b)l(a—cf(b—a)l(b—0)+(c—a)1(°—b);
2 B=a(a_b1(a—c)+b(b—al)(b—C) c(c-a)(c-b)
S)C:(a—bk)fa—c) balo-e) e al(e-b
R e O e o
= Lir g
L) A= (a—b)l(a—c)+(b—a)1(b—0)+(0—a)1(0—b) ) (::E;(i:z;(::z) -

B= + ! +
a(a—b)(a-c) b(b-a)(b—c) c(c—a)(c-b)

_ bc(b-c)-ac(a—c)+ab(a-b)
abc(a—b)(b—c)(a-c)

) c(b*—bc-a® +ac)+ab(a-b)
~ abc(a-b)(b-c)(a-c)

_ c[(b—a)(b+a)-c(b-a)]+ab(a-h)
abc(a—b)(b-c)(a-c)

(a-b)(-cb-ca+c’)+ab(a-b)
abc(a—b)(b-c)(a-c)
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_ (a—b)(-cb—ca+c’ +ab)
abc(a-b)(b-c)(a-c)

_ (a-b)(b—c)(a-c) _ 1
abc(a—b)(b—c)(a—-c) abc

3) Taco
bc ac ab

“=(a-b)(a=0) (b-a)(b-c) (c-a)(c-b)

_b (b—c)—-ac(a-c)+ab(a-b)
(a-b)(b-c)(a-c)

_c(b2 bc—a’ +ac)+ab(a-
(a-b)(b-c)(a-c)

:c[(b—a)(b+a)—c(b—a)]+ab(a—b)

(a—b)(b—c)(a-c)

_ (a-b)(-cb-ca+c’)+ab(a-b)
(a-b)(b-c)(a-c)

_ (a—b)(-cb—ca+c® +ab)

(a—b)(b-c)(a—c)
_(a-b)o-0)a-0)

a’ b? c?

“(a-b)(a-c)  (b-a)(b—c) (c—a)(c-b)

_a*(b-c)-b*(a-c)+c*(a-b)
(a-b)(b-c)(a-c)

_a*(b—c)-b%a+b*c+c’a-c’b
(a-b)(b-c)(a-c)

B az(b—c)—a(bz—cz)+bc(b—c)

(a-b)(b-c)(a-c)
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_ (b—c)(a® —ab—ac+ch)

(a-b)(b-c)(a-c)

_ (b—c)[a(a-b)-c(a-b)]
(a-b)(b-c)(a-c)

(a-b)(b—c)(a-c) 1

(a-b)(b—c)(a-c)

I/~ Bai 3. Cho a, b, cla c4c sé nguyén khac nhau d6i mét. Chirng minh rang biéu thirc sau cd gia tri
la mot s6 nguyén:

a’ b ct

"Tan)ao (b-ab-o (cacb

w Loi giai
Taco

a’ b

P= (a-b)(a-c) +(b—a)(b—c) +(c—a)(c—b) =

a’(b-c)+b’(c-a)+c’(a-b)

(a-b)(b-c)(a-c)

Phan tich tir thanh nhan tir
a’(b-c)+b’*(c-a)+c’(a-b) =a’h-a’c+b’c—b’a+c’(a-b)

= (a3b— b3a)—(a3c— b3c)+c3(a— b)
= ab(a-b)(a+b)-c(a-b)(a’+ab+b*)+c’(a-b)
=(a- b)(a2b+ ab® —ca® —cb® —abc + 03)
=(a- b)[(c3 —cbz)—(abc—ab2)+(a2b—ca2)}
=(a- b)(b—c)(—cb—c2 +ab+ az)

(a-b) b—c)[(ab—cb)+(a2 —cz)}

(
(b—c)(a-c)(a+b+c)

Il
—
¥
(=}
~—

Vay P=a+b+c

X +2x—3y

I/~ Bai 4. Cho 3y—x =6. Tinh gia tri biéu thirc A= .
y-2 X-6
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» Loi giai

X, 2x-3y 3y—6+2x—x—6 B
y-2 X-6 y-2 X—6
2y Xy +7

I~ Bai 5. Tim x,y,zbiét ring LS A
2 3 4 5

A=

3+1=4

7~ Bai 6. Tim x, ybiét rang x2+y2+i2+i2=4
X

y
» Loi giai

Taco

C6 bdn dap an nhu bang sau

y 1 -1 1 -1

7~ Bai 7. Cho biét T+ 14+1-2 )
a b c

1 1 1
¥+F+?=2 (2)
Chuang minh rang: a+b+c=abc

» Loi giai
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Tl‘yz(l)suyra:i2+1 1 (1 1

—+—5+2 —+—+i =4
b° ¢ ab bc ca

Do (2) nén i+i+i=1 suy ra

a+b+c:1_
Do do6: a+b+c=abc
7~ Bai8. Cho: X+Y1%-0 )
a b c
Va E+E+E=2 2
Xy z
2 2 2
Tinh gid trj biéu thie &+ 2 +< .
X° Yy z
w Loi giai

Tur (1) suy ra bex+acy+abz= 0

2 2 2
Tir (2) suy ra a—2+b_2+c_2+(@+ yzbe | c:a)= A
X y 7

2 2 2
Do d6 a—2+b_2+c_2 _4_pabzracy+bex
X ) Z Xyz

7~ Bai 9. Cho (a+b+c)? =a’+b®+c? vaa, b, c khac 0. Chiing minh rang

1,r1,1_3
a b ¢ abc
w Loi giai
ey ik ] bc
Tur gia thietsuy ra: ab+bc+ca=0=b+c=-

Do dé ab+bc+ca

=0, tac la 1+1+E:O
abc a b c
SUyral__(1+lj:>i__(£+Ej3__i_i_3(i+ij
a b ¢ a’ b ¢ b* ¢ bc?  b’c
:i+i+i__3(b+c)_ 3bc 3
a p® b’c?  ab’c® abc

+

7~ Bai10.Cho 242, C_b 2
cC a a ¢
nhau.

» Loi giai
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Ttr gia thiét suy ra

a’c+b*a+c’b=b’c+a’b+c’a = a’(c—b)—a(c® —b*) +bc(c-b)=0
= (c—b)(a®-ac—ab+bc)=0
= (c—-b)(a-c)(a—b)=0.

Tn tai mot trong céc thiraséc—b, a—c, a—b bang 0. Do do, trong ba s6 a,b,ctén tai hai sé bang
nhau.

7~ Bai 11. Tim céc gié tri nguyén ctua x dé phan thac sau c6 gia trj 1a sé nguyén:

3_ 2 _
1) A= 2X°—6X° +X—-8
X—3
x4—2x3—3x2+ 8x-1
2) B= >
X“-2x+ 1
4 3 2 _
3)C=x+3x+22x+6x 2
X+ 2
= Loi giai
3_ 2 _
1) A= 2X° —6X" + X 8=2X2+1_i
X-3 X-3

A nguyén khi x nguyén, x-—3nguyén va n6 la udc cua b.
Suy ra x—3=1hoac x—3=-1 hoac x—3=5hoac x—-3=-5
Hay x=4 hodac x=2 hoac x=8 hodc x=-2

4 3 2 _
X" =2X"=3x“+ 8x 1:)(2_4+ 3

2) B= 5
X —-2x+ 1 (x—l)

2

B nguyén khi x nguyén, (x—1)2 nguyén va né la uéc cua 3
Suy ra (x—1)° =1 hogc (x—1)° =3
Hay x—1=1 hoac x-1=-1hay x=2 hoac x=0

X'+ 3+ 2+ 6x—-2
=X"+ 3X—

3) C=
) X2+ 2 X2 +2

Cnguyén khi x nguyén, x*+2 nguyén va né la uéc cia 2 .

Suyra x*+2=2 hay x=0
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"~ Bai 12. Rt gon biéu thirc sau véi x =
3a+ 2

X+ 3a X-3a 2a
A= + - >+a
2—-X 2 +X 4-X

= Loi giai
X+ 3a x-3a 2a 6ax+ 4x—2a 2X(3a+ 2)-2a
= + - S+a= 5 +a= 5 +a=
2-X 24X 4-Xx 4-X 4-x

I/~ Bai 13. Rt gon biéu thirc

2 2, 2 +(a—b)2+(b—c)2+(c—a)2
a-b b-c c-a (a—b)(b-c)(c-a)

w Loi giai
bit a-b=x,b-c=y,c—a=zthix+y+z= 0

2 2 2 +(a—b)2+(b—c)2+(c—a)2

Taco: A=
a-b b-c c-a (a—b)(b-c)(c-a)
2 2 2 2
_ g+g+g+x +Y+Z (X+ y+ Z) ~0
X'y z Xyz Xyz

a+b—c_b+c—a_c+a—b
bc ca
tréi, c it nhat mot phan thirc bang 0 .

/= Bai 14. Cho biét

= 0. Chting minh rang trong ba phan thac ¢ vé

» Loi giai
Ta co:

atb-c b+c-a c+a-b_
ab bc ca

0 <ca+b-c)—a(b+c—a)—b(c+a-b)=0

s a’+b*-2ab-c¢*= 0
o (a-b)?-c*=0
< (a—b+c)(a-b-c)=0
Vay a-b+c=0hoiac a—b-c=0
7~ Bai 15. Xac dinh cac sé a,b,c sao cho:

1 a bx+c.

X(x2+ 1) Tx X+ 1

2) 21 _a b;
X° -4 X—2 X+ 2
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1 a b c

3 — _a., b o
(x+ D*(x+2) x+1 (x+ 1> x+2
= Loi giai
1) Taco: 2+ bx+c _a(x’+ D+ (bx+c)x _ (a+b)x*+cx+a

x xX*+1 X(x* + 1) X(X*+ 1)

a+b=0 a=1
ta duoc {c=1 =1b=-1
a=1 c=0

Dong nhat véi phan thic —;
X(x“+ 1

a b a(x+ 2) +b(x-2) _ (a+b)x+ 2(a-b)

2) Taco: + - 2 i
X—2 X+ 2 X° -4 X°—4
a+b=0 a:l
Déng nhat véi phan thic —~=— ta dugc 11 4
4

2

3) Taco a ,_ b _+ c _ax+ D(x+ 2) +t2>(X+ 2) +c(x+ 1)

x+1 (x+ 17 x+ 2 (x+ D*(x+ 2)

_ (a+c)x* + (3a+b+ 2c)x+a+ 2b+c
(x+ D*(x+ 2)

a+c=0 a=-1
Dong nhét véi phan thic 121 5 ta duoc {3a+b+2c=0={b=1
(x+ I7(x+ 2) a+2b+c=1 c=1

I/~ Bai 16. Rt gon biéu thirc

B= (ab+bc+ca)£1 + 1+ Ej—abc(iz + iz+ izj
a b c a b ¢

w Loi giai

B= (ab+bc+ca)[§ + %+ E)—abc(i + i+ ij

c a’ b> ¢
2.2 2.2 2112
_ (ab+bc+ca)bc+ca+ab—abcbc +(;6212+ab
abc a‘b°c

(bc+ca+ah)® b’c®+c’a’+a’h’
abc abc

2abc(a+b+c)
abc
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=2(a+b+c)
rBai 17

. Cho a, b, ¢ khac nhau 361 mot Vé£+%+1:0.
a C

R0t gon céc biéu thic:

M = —, 1 - 1 . 1
a“+2bc b“+2ac c°+2ab

2N = 2bc +2ac +2ab
a“+2bc b“+2ac c“+2ab

2 2 2

3)P= 2a + 2b + 2c
a‘+2bc b“+2ac c°+2ab

(¢ Loigiai

Tir gia thiét suy ra: ab + bc + ac = 0 nén:

a’+2bc=a’*+bc+(-ab-ac)=a(a-b)-c(a-b)=(a-b)@-c).

Tuong tu: b*+2ac=(b-a)(b-c)va c* +2ab=(c-a)(c-b).

1)M:21 +21 +21
a“+2bc b"+2ac c°+2ab

1 1 1
= + +
(a-b)(@@-c) (b-a)(b-c) (c-a)(c-b)

_b-c+c-a+a-b _
"~ (@-b)b-c)a-c)

_ bc ac ab
Z)N_ 2 + 2 + 2
a“+2bc b°+2ac c°+2ab

_ bc ac ab
= + +
(a-b)(@a-c) (b-a)(b-c) (c-a)(c-b)

_ be(b-c)+ac(c-a)+ab(a-b) _ -c(a’-b*)+c’(a-b)+ab(a-b)
(a-b)(b-c)(a-c) (a-b)(b-c)(a-c)

_(a-b)(-ac-cb+c’+ab) _ (a-b)[-c(a-c)+b(a-c)]
(a-b)(b-c)(a-c) (a-b)(b-c)(a-c)

:(a-b)(b-c)(a-c):1
(a-b)(b-c)a-c)

TAI LIEU TOAN HOC
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2 2 2
3)p= aZ b . c
a?+2bc b*+2ac c*+2ab
a’ b? c?
= + +
(a-b)(@a-c) (b-a)(b-c) (c-a)(c-b)

_ a’(b-c)+b’(c-a)+c’(a-b) _ ab(a-b)-c(a’-b*)+c’(a-b)
(a-b)(b-c)(a-c) (a-b)(b-c)(a-c)

_(a-b)(@b-a-bc+c?) _ (a-b)(b-c)(a-c) 1
(@a-b)b-c)a-c)  (a-b)(b-c)@a-c)

a+b b+c c+a

7~7Bai 18. Cho céc sb a, b, ¢ khac nhau d6i mot va .
C a

Tinh gia tri biéu thic M :(1+3j(1+9j(1+3j.
b c a
(& Loigiai

a+b b+c c+a a+b+b+c+c+a 2(a+b+c)

Taco
c a b a+b+c a+b+c

Néu a+b+c=0 thitisdtrénbang 2.Suyra a+b=2c,b+c=2a.
Do d6 a—c=2(c—a) nén c=a, trai véi dé bai.

Vay a+b+c=0. Taco M =a+b_b+c‘c+a=—_c_—_a_—_b=_1
b c a b ¢ a

r~Bai 19. Cho a®+b®+c®*=3abc va a+b+c=0.
a’+b%+c?

Tinh gid tri ca biéu thic N = -
(a+b+c)

(2 Loi giai

Taco a®+b*+c¢*—3abc=(a+b+c)(@® +b*+c”>—ab—bc—ca).
Do a®+b®+c® =3abc va a+b+c#0 nén dang thic trén trg thanh a® +b? +c® —ab—bc—ca=0
Lai co

a’ +b? +c2—ab—bc—ca:(aZ—Zab+b2)+(b2 —2bc+cz)+(c2—20a+a2)

=(a-b)*+(b-c)*+(c-a)’

Nhu vay tir a®>+b®+c*—ab-bc—-ca=0suyraa=b=c.
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2 2
Dods, N=—o__3% 1
(3a)° 9a° 3
/~Bai 20. RGt gon biéu thic A:(1-%)(1-3%)(1-%)...(1-%).
n
(& Loigiai

Tacéh
1 1 1 1.3 2-4 3.5 (n-1)(n+1)
SR R R (R R Y

1
n?

n
_1.2.3--(n-1) 3-4-5.--(n+1) 1 n+l n+l
2:3-4---n 2:3-4---n n 2 2n
2 2 2 2
~Bai 21. Rat gon bieu thic B = ——- 23 : 25 (2”+12) .
2°-1 4°-16°"-1 (2n+2)°-1
(&£ Loigiai
Taco
1 3 52 (2n+1)* _i. 3 ' 5? - (2n+1)*

T2 14-16-1 (2n+20-1 1335 5.7 (2n+1)(2n+3)
o 12.3.5.2n+)® 1
1.3.52...2n+1)%-(2n+3) (2n+3)

1
3.4

1
(n=Dn

1
+—+
2-3

+...+

F~Bai 22. Rt gon biéu thic 5

(& Loigiai

1
3-4

t 11

1 1
TacO—+—+ =
(n-Hn 1 2

1.2 2.3

+ o4

1 111
Fo— -+
2 3 3 4

+ L et L .
8-11 (3n+2)(3n+5)

1 1
+

/~Bai 23. R(t gon biéu thic
2-5 5.8

(& Loigiai

1 1

aco == ! !
Bn+2)(3n+5) 3

3n+2 3n+5

CEXE

Do do
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1 1 1 1 1(1 1111 1 1 1 )
+ + 4ot = | -t ——— e 4 _
2.5 5.8 811 (3n+2)(3n+5) 32 5 5 8 8 11 3n+2 3n+5
_1(3_ 1 j_1_3n+5—2_ n+1
3l2 3n+5) 3 23n+5) 2(3n+5)
1 1 1 1

I/~ Bai 24. Rut gon biéu thirc + + o —————
1.2.3 2-3-4 3-4.5 (n=Dn(n+1)

(¢ Loigiai

. 1 1[ 1 1 }
TacO —— == -
(n=Dn(n+1) 2| (n-Dn n(n+1)

Do do
1 1 1 1
+ + ot
1.2.3 2.3-4 3.4.5 (n=)n(n+1)
1| 1 1 1 1 1 1 1 1
= —| ——— =+ — =+ — + .4 —
2[1-2 2:3 23 34 34 4.5 (n-DYn n(n+1)}

2 2n(n+1) 4n(n+1)

2

1)1 1 _1n(n+)-2 (n-I)(n+2)
2 n(n+l) - N

/~Bai 25. Chirng minh rang véi moi s6 ty nhién n>1, ta luén c6

i+i+i+...+ 1 <1
22 46 (2n)2 2

@ Loigiai

Tacéh

1 1 1 1 11 1 1 1
A=gt sttt Il E T T Y Y.
2° 4 6 (2n) 4{1° 2° 3 n

Suy ra A<1 1+i+ 1 bt 1 .
4 1.2 2.3 (n=Dn

Laicél+i+i+---+ ! :1+1_£:2_£
2 23 (n=2D)n 1 n

Do do A<1(2—1), suy ra A<£.
4 n 2
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/~Bai 26. Chirng minh rang véi moi s6 ty nhién n>1, ta luén c6
1 1 1 1 1

—+t=+=++ <
¥ 5 7 (2n+1)? 4

(¢ Loi giai

Tacé

1 1 1 1 1 1 1 1
2ttt 7% At vt ottt o
3 57 (2n+1)? 3*-1 52-1 72-1 (2n+1)? -1

Lai co

1 1 1 1 1 1 1 1
Sttt = ettt
¥-1 52-1 7°-1 @2n+1)°-1 2.4 4.6 6-8 2n(2n+2)

1/1 1 1 1 1 1 1 1 11 1
=S| S S e —— == =—
2\2 4 4 6 6 8 2n 2n+2) 2\ 2 2n+2

Dodo B<1[1-—1
2\ 2 2n+2

1
, SUy ra B<=—.
) Y ey

F~Bai 27. Chtrng minh rang véi moi sb tu nhién n> 2, ta ludn c6

A—i+i+i+...+i<g
22 3 4 n> 3
(& Loigiai

Nhan xét, v&i moi sb tu nhién n>2ta luén co :
1 4 1 1
—2< 2 :2 - .
n“ 4n°-1 2n-1 2n+1
11

Khi do A< 2(———+
3 5

1 111 1 1
_—t——— 4+ —
5 7 7 9 2n-1 2n+1

111111 1 1 1 1
LalcO = —=—4+———4—_—Z4...4 _ ——_
3 55 7 7 9 2n-1 2n+1 3 2n+1
, 1
Do d6 A<2(——2 j,suy ra A<=
n

I/~ Bai 28. Chirng minh rang véi moi sé tu nhién n>3, ta ludn c6

1 1 1 1 1
Tt —<—

B=—+—+=
¥ 4 5 n® 12
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(& Loigiai
Vi moi s6 tu nhién n >3, ta ludn co:
11 1 _1@+)-e-n_ 1 1 1
N n*-n (n-Dn(n+1) 2 (n-Dn(n+1) 2| (n-n n(n+1)|
Khidc’>:B<E i-i+i-i+i-i+...+ t 1 :
2023 34 34 45 45 56 (n-Dn n(n+1)
. .1 1 1 1 1 1 1 1 1 1
Laicd, —-—+—-—+—-—+ ..+ ==

23 34 34 45 45 56  (n-1)n n(n+1) 6 n(n+1)

Do d6: B<£{1 -

1
,Suyra B <—.
2|6 n(n+1)} 12

F~Bai 29. Ching minh rang véi moi sé tu nhiénn>1, ta lubn co:

A=[1+ij(1+i][1+ij..{1+ L j<2
1.3 2.4 35 n(n+2)

(¢ Loigiai

Vi moi s6 tu nhién n > 1, ta c6:

L1 _nn+2)+1_ n+2n+1_ (n+1)°
nn+2) n(n+2) nn+2) n(nh+2)

22 3 4 (n+1p _234..(n+1) 2.34..(n+1)

Khi d6: A=—.—. = )
13 24 35 n(n+2) 1.23..n 345..(n+2)
:n+1. 2 :2.n+2-1:2 1- 1 .
1 n+2 n+2 n+2
DodoA<2.

/~Bai 30. Chttng minh rang véi moi s6 tu nhién n> 2, ta ludn co:

o025 )

(¢ Loigiai
Vi moi s6 tu nhién n > 2, ta co:

2 _n(n+1)-2_n*+n-2_(n-1)(n+2)
n(n+1) n(+1) n(n+1)  n(n+1) °

Khi do: B:(1-%(1-3)(1-3]_.(1-szHEE (n-1)(n+2)

6 12 20 nn+1)) 233445 n(n+1)
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_123..(n-1) 456..(n+2) _1n+2 _1
234.n '345.(n+1) n 3 3

32-17%-1 11%-1 43%-1
52-1'92-1'13%-1 45%-1

/~Bai 31. Rt gon biéu thac A=

(¢ Loigiai

.. _32-1 7%-1 11°-1 43°- 1_ 24 6.8 10.12 4244 2 1
Taco: A= T ey = =_
52.1°092-1'132-1"452-1 46 '8.10 12.14 4446 46 23

22+1 3F+1 43+1 93+1 3

F~Bai 32. Ching minh rang A= .
g g 2°-1'3%-174%-1"79%-1 2

(# Loigiai

e+l (n+1)(n -n+1) (n+1)[(n-0,57 +075]

Taco Pl (- 1)(n +n+1) (n- 1)[(n+0,5)2+0,75].
)

3(1,52+o,75) (252+o75 (3,52+o,75) 10(8,52+O,75)

5
Khidd A= 1(2’52 +0’75) 2(3’52 +0,75) 3(4,52 +0,75) 8(9’52 +O,75)

_345..10 1,5°+0,75 _9.10 3 _3 90

1.2.3.8 95°+075 12 91 291

DodéA<%.

/~Bai 33. Chttng minh rang véi moi s6 tu nhiénn> 2, lubn ¢ :

_2°-1 3-1 404 n-1>2
28 41'P+143+1 nP+1 3

(2 Loigiai

-1 (n-1)(n*+n+1) (n-1)[(n+0,5) +0,75]
n*+1 +1)(n?-n+1) (+1)[(n-05)+075]

V&i moi s6 tu nhienn>2,taco :

1(2,5°+0,75) 2,(3,5°+0,75) 3,(4,5°+0,75) (n-l).[(n+0,5)2+0,75}
3(15°+075) 425" +075) 5(35°+075) "(n+1), (n-0,5) +075 |

Khi d6 B=
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_123.(n-1) (n+05)°+075_ 12 n’+n+l_2 n*+n+l

T 345.(n+1)" 15°+075  n(n+l) 3 3" n’+n

Dod()B>E.
3

(14 +4)(54 +4)(94 +4)...(214 +4)
(3" +4)(7* +4)(11* +4).. (23" +4)

(& Loigiai

/~Bai 34. Rt gon biéu thuc P =

Taco: n*+4=(n? +2)2 -4n? = (n -2n+2)(n* +2n+2)=[(n-17 +1][(n+1)* +1],
Khi dé:
(02+1)(22+1) (42+1)(62+1) (82+1)(102+1) (202+1)(222+1)

" (22 +1)(42 +1) .(62 +1)(82 +1) '(102 +1)(122 +1) '"(222 +1)(242 +1)

/~Bai 35. Rat gon biéu thuc:
1 1 1 1
= + + + _
a’-5a+6 a’-7a+12 a’-9a+20 a’-1l1a+30

(& Loigiai
Ta co:

1 1 1 1
M= + + +
(@-2)(@-3) (a-3)(a-4) (a-4)(a-5) (a-5)(a-6)

1 1 1 1 1 1 1 1
- + - + - + -
a-3 a-2 a-4 a-3 a-5 a-4 a-6 a-5

1 ) 1 4
a-6 a-2 (a-2)(@a-6)

/~Bai 36. RUt gon biéu thuc:

n-1 n-2 n-3 2 1 1 1 1 1
+ + + ..+ + [ Ml R R St
2 3 4

1 2 3 n-2 n-1 n
(& Loigidi

n-1 n-2 n-3 2 1 _n-1.n-2 n-3 n-(n-2) n-(n-1)
+ + +..+ + = + + + ..+ +

Ta co:
1 2 3 n-2 n-1 1 2 3 n-2 n-1
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n-1 n-2 n-3 2 1 1 1 1 1
+ + +..+——+—— || =+ =++ .+ |=n.
1 2 3 n-2 n-1 2 3 4 n
/~Bai 37. Rat gon biéu thic:
1 1 1 1 1
+ + +..+ +
A_1(2n-1) 3.(2n-3) 5.(2n-5) (2n-3).3 (2n-1).1
B 1+1+E+_,_+ !
3 5 2n-1
(& Loigiai
Tacc’)nheinxét:#zi 1+ 1 .
k.(2n-k) 2n{k 2n-k

1 1 1 1
+ + = |+ —+=
(2n-3 3) (Zn-l 1}}

Khidé:A:i £+—1 +1+ 1 +
2n|{\1 2n-1 3 2n-3

2n 5 2n-1
1 1 1 1 B
=] 1+—+—+ ..+ =
n( 3 5 2n-1j n
Do do: A=1
B n
7~Bai 38.Cho abc=1va a+b+c= 1+%+l. Chuang minh rang trong ba sé a, b, ¢ ton tai mot
a c
so bang 1. @ Lo gidi

3 +bc+
Tur dang thtic: a+b+c:1+1+lsuy ra a+b+c:M_
a b c abc

Ma abc=1nén a+b+c=ab+hc+ca.
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Dé ching minh trong ba sé a, b, ¢ ton tai mot sb bang 1, ta can chiing minh:
(a-1)(b-1)(c-1)=0.

Ta co:
(a-1)(b-1)(c-1)=(ab-a-b+1)(c-1)
=abc-ab-ac+a-bc+b+c-1
= (abc-1)+(a+b+c)-(ab+bc+ca)

Viabc = 1vaa+b+c=ab+bc+canén biéu thic trén bang 0 .

Do d6, ton tai mot trong ba thirasba-1,b-1,c-1bang 0.

Vay ton tai mot trong ba sé a, b, ¢ bang 1.

F~Bai 39. Chting minh rang néux+y+z=a va Ll Lhiten tai mot trong ba s6 X, y, z
X y z a
bang a. (Z Loigiai
Tir gia thiét suy raa = 0. Khi do:
_+_+1= 1 ha Xy +yz+7x _ 1 _
X Yy 7 X+y+z Xyz X+y+z

Suy ra:(xy + yz+ zx)(x + y+2z) - xyz=0.

Taco: (xy+yz+zx)(x+y+2z)-xyz= X'y +Xyz+X*z+Xy* +Xyz+y?z+yz* +xyz+xz* - Xyz
=x2y+xy? + xyz+ y?z+ xyz + yz© + x*z+ xz°
=xy(x+y)+yz(x+y)+yz(x+z)+xz(x+z)
=y(x+y)(x+2)+z(x+2)(x+y)
=(x+y)(y+2z)(z+x).

Tur (1) suy ra: (x+y)(y+z)(z+x)=0. Do dé: x=-yhodc y=-zhoac z=-X.

- Vi x=-ythi l+1+1:i suy ra: z = a.
X y z a

-Véi y=-zthi E+£+1=£ suy ra: X = a.
X y z a

-Véi z=-x thi i+1+1:l suy ra:y = a.
X y z a
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4y ton tai mot trong ba sé X, y, z bang a.

F~Bai 40. C4c biéu thirc x+ y + zvalelilosne cling c6 gia tri bang 0 duoc hay khdng?

X y z
(@ Loigiai
Gia st x+y+z=0val+l+1:0.
X y z
Taco i+£+£:w. Ma 1+1+£:0 nén xy+yz+zx=0
X y z Xyz X y z

T x+y+z=0suyra (x+y+2)>=0 hay x*+y*+z°+2(xy+yz+12x)=0.

Vi xy+yz+zx=0nén x*+y*+z°=0,suyra x=y=z=0.

< | =
N |

Didu nay v6 Ii vi khi d6 =,=, = khong xac dinh.

L
y

Vay X+y+2Z va S khong thé ciing cd gia tri bang 0 .
X y z

P~ Bai 41. Tinh gi4 tri cua biéu thac M = 1,1 , biét ring
X+2 y+2 7+2
2a=by+cz;2b=ax+cz;2c=ax+by vaa+b+c=0
(& Loigiai
Cong theo tirng vé ba dang thirc
2a=by+cz;2b=ax+cz;2c =ax+hy
Tadugc a+b+c=ax+by+cz=ax+2a=a(x+2)
Suy ra ! __ 2
X+2 a+b+c
Tuong tu, = b , 1 = ¢ .
y+2 a+b+c z+2 a+b+c
Dodo M =3P+
a+b+c
.. . 2, a b 2cC
F~Bai 42. Cho abc = 2. R0t gon biéu thuc M = + +
ab+a+2 bc+b+1 ac+2c+2

@ Loigiai
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Véi abc=2,tachd
a b 2C a ab 2c
= + + = + +
ab+a+2 bc+b+1 ac+2c+2 ab+a+2 abc+ab+a ac+2c+abc

a ab 2 _a+ab+2
a+ab+2 a+ab+2 at+ab+2 a+ab+2

a N b N C
ab+a+1 bc+b+1 ac+c+1’

/~Bai 43. Cho abc =1. Rat gon biéu thiac N =
(& Loigiai

a b c _ a ab c

Vi abc=1,tacéd N = + + = + +
ab+a+1 bc+b+1 ac+c+1 a+ab+1 abc+ab+a ac+c+abc

a ab 1 _a+ab+1
a+ab+1 a+ab+1 at+ab+1l a+ab+1

r—~Bai 44. Cho E:Z—b a=0,c#0,a—b=0,b—c=0.Chting minh rang
C —C
1 1 1
_t— =
a-b b-c
(& Loigidi
Tur gia thiét suy ra a(b—c) =c(a—b) Q)

Taco L4t _a-brc )
c a-b c(a-h)

1 1 a-b+c
——= ®3)
b-c a a(b-c)

Tir (1),(2),(3) suy ra diéu phai chang minh.

r7Bai45.Cho a+b+c=0(a=#0,b=0,c#0).

2 2 2
Rt gon biéu thuc A= a_+b_+c_
bc ca ab

@ Loigiai

Taco
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A a2 b2 2 at+biicd (a+b+c)(a2+b2+c2—ab—bc—ca)+3abc 3abc
bc ca ab abc abc abc

/~7Bai 46. Cho a+b+c=0(a=0,b=0,c=0). Rat gon biéu thic

a’ b? c?
+

B= +
a?-b*-c® b*-c*-a* c?*-a’-bh?

@ Loigiai

Tr a+b+c=0 suyra b+c=-a.Khidé b’ +2bc+c*=a’ hay a®* —b*—c® =2bc.
Tuong tu, b> —c?—a® =2ca,c’ —a’ —b* =2ab.
Do d6

a? b? ¢ a+b’tc® (a+b+c)(a’+b’+c’—ab-bc—ca)+3abc 3apc 3

= + + = = =
2bc 2ca 2ab 2abc 2abc 2abc 2

F~Bai 47. Cho biét a+b+c =0, hay tinh gia trj cua biéu thic

(a—b b—c c—aj( C a b j
A= + + + +
C a b a-b b-c c-a

(@ Loigiai

b ab

=1+ 1 =1+
a-b ab ab abc
3 3
Tuong tu, M - a =1+ 2a , M- b 1+ 2b
b-c abc c—-a abc
Do dé :
2(a3+b3+c3) 2(a+b+c)(a2+b2+c2—ab—bc—ca)+6abc
A=3+ =3+
abc abc
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Gabc

=3+ 3+6=9
abc
P~ Bai 48. Chang minh ring, néu (a’ —bc)(b—abc) = (b® —ac)(a—abc) va cac sé a,b,c,a-b
khac 0
thi i+£+l=a+b+c. S
a b c (& Loigiai

Ttr gia thiét suy ra
a’b—a’bc —b’c +ab’c® = ab* —ab’c —a’c +a’hc?
= ab(a-b)+c(a’-b?)=abc® (a—b)+abc(a’ ~b?)
= (a—b)(ab+ac+hc)=abc(a-b)(a+b+c)
Chia ca hai vé cho abc(a—b) =0 ta duoc diéu phai ching minh.

I/~ Bai 49.Cho a+b+c=0,x+ y+z=O,E+E+E:O.Ch1’rng minh rang
X y 2
ax® +by® +cz* =0.

(& Loigiai

Tu x+y+z=0suyra x’=(y+2),y" =(z+x)% 2> =(x+y)’.

Do d6 ax®+by’*+cz’ =a(y+2z)°* +b(z+X)* +c(x+y)?
=a(y2+2yz+zz)+b(zz+22x+x2)+c(x2+2xy+y2)
=x*(b+c)+y*(a+c)+z°(a+b)+2(ayz+bzx+cxy) (1)

Thay b+c=-a,a+c=-b,a+b=-c( do a+b+c=0) vathay ayz +bzx+cxy =0 (do

2+E+£:Oj vao (1) ta dugc ax® +by? +cz* = —ax* —by? —cz’.
z

Xy
Cho nén 2ax” + 2by® + 2cz° =0 hay ax*+by*+cz* =0.

xy+1 yz+1 zx+1
y z X

7~ Bai 50. Cho . Chtng minh rang x =y =z hoic x’y’z* =1.

(@ Loigiai

Tt gia thiét suy ra X+t = y+1= z+=.Do do6
y z
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X — ~7)(z-x

Suy a (x-y)(y2)(z-x) - XD,
x*y’z
Cho nén (x—y)(y—-2)(z-x)(x’y*z*-1)=0.
Va x-y=0,y-2=0;2-x=0;x"y’z*-1=0 hay x=y=2z;xy’z* =1.
2 2 2

a ,b ¢ =1. Chitng minh rang L Y
b+c c+a a+b b+c c+a a+b

(& Loigiai

I~ Bai 51. Cho

~ , L, a b C , .
Nhan ca hai vé cua + + =1 vé6i a+b+c taduoc
b+c c+a a+b

a2+a(b+c)+ b2+b(c+a)+cz+c(a+b)
b+c c+a a+b
a’ b? c’ a’ b? c?

Suy ra +a+ +b+ +c=a+b+c hay + + =0.
b+c c+a a+b b+c c+a a+b

=a+b+c.

PvBais2, & 4 D, C =0. Chung minh rang: a ~+ b -+ ¢ =
b-c c—-a a-b (b-c)®* (c-a)" (a-b)

(& Loigiai
. a b c a b C b? —ab+ac-c?
Tu + + =0 suy ra = + = .
b—c c—a a-b b-c a-c b-a (a-b)(c-a)

o1 b? —ab +ac—c?
Nhan hai vé v6i —— ta duoc

a J—
b—c " (b-c)* (a-b)(b-c)(c-a)’
b  c¢*-bct+tbha-a®* . ¢ a*-ca+ch-b?
(c-a)* (b-c)(c—a)(a-b) (a-b)* (c-a)(a—b)(b-c)

Cong ting vé ba dang thirc trén ta dwoc didu phai ching minh.

Tuong tu,

~~Bai 53. Cho x+l =a. Tinh céc biéu thurc sau theo a
X

1, 1, 1,
a) x> +—; b) x*+—= o) X'+ d) X+
X X X X
(& Loigiai

a) Tu x+£=a,suyra x2+2+i2=a2 hay x2+i2=a2—2.
X X X
3
b) Taco x +i=(x+lj —3x- 1[XJrlj a’-3a.
X3 X

c) Taco x +—=[ X2 +

X
. 1 1
d) Tacé [xz —zj(x3+—3j X°+= +x+—5.

Suy ra

j X? iz_ a —2) —2=a'-4a’+2.
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ij—[x+%j=(a2—2)(a3—Ba)—a:a5—5a3+5a..

1
X2

M =(x4 —%j:(x“ +i4j theo a
X X

~Bai 54. Cho (xz -

j:(x2 +i2j =a. Tinh gié tri cua biéu thirc
X

(& Loigiai
Tu gia thiétsuyra a=1 va
4
- +
X4 1:a:>X4-1:aX4+a:>(1-a)x4:a+1:>X4:a_1.
X +1 1-a

Thay vao M ta dugc

M:(a+1_1-aj_(a+1+1-aj:(a+1)2-(1-a)2_ 4a _ 2a

1-a a+1) (1-a a+1) (a+1P+(1-ap 2a’+2 a’+1

4 2
/~Bai 55. Cho x? —4x+1=0. Tinh gia tri caa biéu thuc A:X+—)§+1.
X
(& Loigiai
Cach 1. Taco
2_
x2—4x+1:0:>x2—x+1:3x:>x—x+1:3
X
4,2 2 2 2
Mt khéc: A:X +>§ +1:x x+1.x +x+1:3_x +x+1'
X X X X
2 2
Tathiy X FXHL_ X X4 2X 4.0 8
X X
vay A=3.5=15.
X' +x%+1 (X2+1)2—X (4x)% — X2
Cach2.Taco A= 5 = S = 5 =15.
X X X
. X'+ x2+1
F~7Bai 56. Cho x* —4x+1=0. Tinh gi4 tri ciia biéu thirc A=—p—.
X

(& Loigiai
Truong hop 1. V6i x=0 thi a=0va M =0.
Truong hop 2. V6i x=0 thi a=0.
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x? X X

Tacod: M= = ) 1
X*+x3+1 X2 —x+1 X¥*+x+1 @)
Lai co:
2 2
X +x+1:x X+1+%:1+2:1+2a . @)
X X X a a
aZ
Tu(l)va(@)suyra M =a- = .
(1) va (2) suy 1+2a 1+2a
2
Viy M =2
1+2a
2,2 .2 2 (h_ )2 i
B2 57. Cho x=2 ¢ =8 v & =00 1t gi tri cita bidu thire x+y+xy.
2bc (b+c) —a
(& Loigiai

Ta xét biéu thic X+ y+xy +1=x(y+1)+(y+1)=(x+1)(y+1).

(b+c)*-a?
2bc
Do d6, (x+1)(y+1)=2.Vay x+y+xy+1=2,suyra x+y+xy=1.

Tur gia thiét suy ra x+1= ;y+1=4bc

~=Bai 58. Tim hai s6 ty nhién a va b sao cho a—b:%

(& Loigiai
bat: a-b=n(1)
a

—=n (2
b ()
trong d6 a,b,ne N,b=0.
Tu (1), (2)tacod bn—b=n nén b(n-1)=n.
. Néu n=1 thi a=b. Khi do, theo (1) thi n=0, loai.
o Véoi n#1,taco
b:L:1+L.(3)

n-1 n-1
VibeN nén n-1lauéccual,suyra (n—1)e{-11}.
Véi n—1=-1 hay n=0, tir (3) suy ra b=0, loai
oVéi n—1=1hay n=2,tir (3), (2) suy ra b=2,a=4. Thi lai ta thiy 4-2=%
Vay a=4,b=2.
F~Bai 59. Tim hai sé ty nhién a va b sao cho a—b=2%.

E"\ ---
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bat: a-b=n(1)

a
—=n (2

2b @)
trong d6 a,b,ne N,b=0.

Tir (1), (2) tacé 2bn—b=n nén b(2n—1)=n. Suy ra b=ﬁ 3)
n_

Néu n=0 tir (3)suy ra b=0, loai.

e Vé6inx1tathdy n<n+n-1=2n-1

eNsuyra n=2n-1,hay n=1.

Vi beN nén 2“

Te(l)va(3)suyra b=1vaa=2

Thir lai ta thay 2_1=2
2.1
Vay a=2,b=1.
I/~ Bai 60. Cho hai s6 nguyén duong a va b, trong d6 a >b. Tim s nguyén duong ¢ khac b sao
cho

a’+b® a+b

al+c® a+c
(& Loigiai

a’+b® a+b

Do a+b#0,a+c=0 néntu =
a+c° a+c

3 3 3 3
a’+b° a’+c

= < a‘-ab+b?=a’—-ac+c?
a+b a+c

< b?-c?=ab-ac
< (b+c)(b-c)=a(b-c)

Dob—c#0nénb+c=a.
Vayc=a—b.
F~Bai 61. Cho déy sb a,,a,,a;,... sao cho

a _al_l. _az_l. . an—l_l
2 a+1’ a,+1"""

1. Chang minhriang a, = a;.
2. Xac dinh nam s6 dau cua day, biét rang a,,, = 3.

@ Loigiai
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——1]:[1+a1+1j: 2a1: 2 =zilza1
1-a l1-a, 1-a, 2

a, = EERY B S e W
& a l-a

a5 = _1+a1_1]:(1+a1+1]= 22, ; 2 :Zi‘lza1

1-a 1-a l1-a 1-a 2
2. Theocautréntasuyra ay =a, =ay=--- =, =3
Tu do ta tinh duogc a1:3;a2=%;a3=—%;a4=—2;a5=3.
7~Bai 62.. Tim phan s6 ™ khéc 0 va s6 tw nhién K , biét ring 2 = mlk .
n n n

(& Loigiai
Tir gia thiét suy ra mnk = mn+nk . Chia hai vé cho n, ta dugc mk =m+k . Do dé m= k(m—l) .
Nhu vady m chia hét cho m—1. Tir d6 ta tim dwoc m=0 (loai) va m=2 . Khi d6 k =2. Vay phan
s6 phai tim ¢6 dang % va k=2.
/~Bai 63..Cho hai s6 ty nhién a va b(a <b). Tim tong cac phan s tdi gian c6 mau bang 7, mdi

phan
s6 16n hon a nhung nho hon b.

(¢ Loigiai
Tong phai tim bang A — B, trong d6
1 2 2 1
A:(a+7j+(a+7j+---+(b—7j+(b—7j
=%[(7a+1)+(7a+2)+---+(7b—2)+(7b—1)]
=i[(7a+1)+(7b—1)][(7b—1)—(7a+1)+1]
:%(a+b)(7b—7a—1).
B=(a+1)+(a+2)+--+(b-2)+(b-1)
:%[(a+1)+(b—1)][(b—1)—(a+1)+1] =%(a+b)(b—a—1).

Tinh hiéu A-B ta duoc 3(b2 - az)
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F~Bai 65. Mirc san xuat ciia mot xi nghiép nam 2001 ting a% so véi nim 2000, nam 2002 ting
b% so v&i ndm 2001. Mtc san xuét ctia xi nghiép d6 nam 2002 ting bao nhiéu phan trim so v&i

nam 2000 ?.
(& Loigiai

e o Ay oy iAo \ S A, \ a ;o
Gia s muc san xuat cia xi nghi¢p nam 2000 1a 1 thi mrc san xuat nam 2001 1a 1+ﬁ’ muc san

xubtnam 200218 [1+-2 |[14-2 |o14 2 B, 8D
100 100 100 10000

tang so v6i nam 2000 13 224+ pay [a4b+-22 |0
100 10000 100
F~Bai 65.. Mot sd a ting m% , sau d6 lai giam di n%(a, m,n 1a cac sé duong) thi dugc s6 b. Tim
lién hé gitta m van dé b>a.
(& Loigiai

Taco boa[1+™ (1" ) nen b—aza @A)@Lj_l.
100 100 100 100

Pidukiendé b>a 1a |1+ |1 |51,
100 )L 100

RUt gon diéu Kién trén ta dugc 100(m—n)>mn

/~Bai 66. Chirng minh tong sau khong I s6 nguyén véi moi s6 tu nhién n>2
A=1+1+£+...+£_
2 3 4 n

@ Loigiai
Goi k 1a s6 nguyén 16n nhit sao cho 2* <n. Chon miu chung 1a 2*P trong d6 P 1a tich céac sd 1é
A ’ 7 A A <\ A 5 A A 1 N A 1o \ . \ A
khong vugt qua n. Chi c6 duy nhat mot thira s6 phy ( cua phén s6 —- ) la s6 ¢, con moi thira s6
2

phu khéc déu chin. Nhu vy, sau khi quy dong miu, mau 13 sb chin, tir 1a s6 16. Do d6 A khong la
sd nguyén.
F~Bai 67. Ching minh tong sau khong 1a s6 nguyén véi moi sb tu nhién n>1

1 11 1
B=—+—+—-+4+---+
3 5 7 2n+1
(& Loigiai

Goi k 1a sb nguyén 16n nhat sao cho 3 <2n+1. Chon miu chung 14 3“P trong d6 P la tich cac
thira sb nguyén t6 1é khong vuot qua 2n+1. Chi c6 duy nhat mot thira s6 phu (ctia phan sd 3ik )

khong chia hét cho 3 , con moi thira sb phu khac déu chia hét cho 3 . Nhu vy, sau khi quy dong
mAu, mau 13 sb chia hét cho 3 , tir 1a s6 khong chia hét cho 3 . Do d6 B khéng la s6 nguyén.
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MOT SO PHUO'NG PHAP PHAN TiCH DA THU'C THANH

A. PHUO'NG PHAP TACH MOT HANG TU THANH NHIEU HANG TU'

£=~VIi DU 1. Phan tich da thirc thanh nhan tu:

3x° —8x+4

(¢ Lo giai
Pa thirc trén khdng chira nhan tir chung, khéng c6 dang mot hang ding thirc dang nhé nao, ciing
khong thé nhém cac hang tir. Ta bién ddi da thuc ay thanh da thirc ¢6 nhiéu hang tir hon.
Céch 1. (Tach hang tir thir hai)
3x* —8x+4=3x* —6X—2x+4=3x(x—-2)-2(x-2)=(x—2)(3x~-2)
Céch 2. (Tach hang tir thir nhat)
3x* —8Xx+4=4x"-8Xx+4-x*=(2x-2)* - X°
=(2x-2+x)(2x-2-x)=(3x-2)(x-2).
Nhén xét. Trong cach 1, hang tit —8x dwoc tach thanh hai hang tt —6X va —2x . Trong da thac
3x? —6x—2x+4, hé s6 ciia cac hang tir 14 3,—6,—2,4 . Céc hé sb thir hai va thir tu déu gap —2 lan
hé s6 lién truéc, nho d6 ma xudt hién nhan tir chung x—2.
Mot cach tong quat, dé phan tich tam thirc bac hai ax® +bx + ¢ thanh nhan tir, ta tach hang tir bx

thanh b,x +b,x sao cho E=b£, tc 1a bb, = ac.
a 2

Trong thuc hanh ta Iam nhu sau:
Budc 1: Tinh tich ac

Budc 2: Phan tich ac ra tich cua hai thira sé nguyén bang moi cach.
Budc 3: Chon hai thira s6 ma tong bang b .

Trong vi du trén, da thirc 3x* —8x+4 c¢d a=3,b=-8,c=4.Tich ac=3-4=12. Phantich 12 ra
tich cua hai thira s6, hai thira s6 nay cuing ddu (vi tich cua ching bang 12), va cing am (dé tong cua
chiing bang -8) :(-1)(-12),(-2)(-6),(~3)(~4) . Chon hai thira s6 ma tong bang -8, d6 1a -2 va
6.
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7=7VI DU 2 Phan tich da thtc thanh nhan tu:
4x* —4x-3 J

(& Lo giai
Cach 1. (Téch hang tu thir hai)
4x* —4x—-3=4x* +2x—6x -3 =2x(2x+1)-3(2x+1) =(2x+1)(2x-3)
Cach 2. (Téch hang tir thir ba)
4x* —4x—3=4x* —4x+1-4=(2x-1)" - 2" = (2x+1)(2x-3)

Nhan xét. Qua hai vi du trén, ta thdy viéc tach mgt hang tir thanh nhiéu hang ti khdc thwong nham
muc dich:

- Lam xudt hién cac hé sé ti 1é, nho d6 ma xuat hién nhan ti chung (cach 1);
- Lam xudt hién hiéu ciia hai binh phwong (cdch 2).

Véi cac da thirc ¢6 bac tir bac ba tro 1én, dé dé dang lam xuat hién cac hé ti 1&, ngudi ta thuong
dung cach tim nghiém cua da thuec.

Ta nhic lai khai niém nghiém ciia da thic: s6 a duoc goi 1a nghiém cua da thac f (x) néu
f (a)=0. Nhu vy, néu da thic f (x) c6 nghiém x =a thi n6 chira nhan tir x—-a.
Ta ching minh duoc rang nghiém cua da thirc(néu c6) phai 1a wéc cua hé sé tu do.
Ta chirng minh duoc rang nghiém nguyén cia da thirc, néu cd, phai 1a wéc caa hé sé tu do.
That vay, gia st da thic a,x" +a,a" " +---+a,_,x+a, voi cac hé sé a,,a,,...,a, nguyén, c6 nghiém
x=a(xeZ).Théthi
X" +a,a" "t +--+a, x+a, =(x—a)(bX" +bx"? 4. +b, )
trong d6 by,by,...,b,_, nguyén. Hang tir c6 bac thap nhét cua tich & vé phai bang —ab, ,, hang tir c6
bac thap nhat cia vé trai bang a . Do d6 —ab, , =a_, tac a la wéc cia a, .
bang -8):(-1)(-12),(-2)(-6),(~3)(~4). Chon hai thira s6 ma téng bing -8, d6 1a -2 va 6.

Vi DU 3. Phan tich da thic thanh nhan ti:

f(x)=x"-x"-4

(£ Lo giai
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Lan luot kiém tra véi x = +1,+2,+4, tathdy f(2)=2°-2°-4=0. Da thuc c6 nghiém x=2, do
d6 chtra nhan tor X —2. Ta tach cac hang t nhu sau:
Cachl . x*—x?—4=x*>-2x"+x*-2x+2x—-4

=% (x=2)+X(x=2)+2(x=2) = (x-2)(X* +x+2).
Cach2. xX*-x*—4=x*-8-x"+4
= (x=2)(X* +2x+4)—(x+2)(x~-2)
=(x=2)(x* +2x+4-x-2) =(x=2)(x* +x+2)
Nhan xét. Khi xét nghiém nguyén cua da thirc, nén nhé hai dinh 1i sau:

1) Néu da thc f (x) c6 tong cac hé s6 bang 0 thi 1 1a nghiém cua da thire, do d6 da thic chira
nhan tir x—1. Chang han, da thuc x* —5x* +8x—4 ¢6 1-5+8—4=0 nén 1 la nghiém cua da thic,
da thirc chira nhéan tir x —1.

2) Néu da thirc f (x) c6 tong cac hé s cia hang tir bac chang bang tong cac hé so cua hang tir
bdc lé thi —1 la nghiém cua da thire, da thirc chiva nhan ti X +1.

Chang han, da thirc x® —5x* +3x+9 ¢6 9-5=3+1 nén —1 |a nghiém cia da thitc, da thirc chira
nhan tir x+1.

Nhan xét. Bé nhanh chéng loai trir cdc wéc cia hé sé tw do khong 1a nghiém ciia da thirc, c6 thé
dung nhdn xét sau:
1) . f(-1
1Y

f C
déu la so
a-1 a+l

Néu x la nghiém nguyén ciia da thic f(x) va f (1), f (-1) khac 0 thi
nguyén.
(£ Lo giai

Séalanghiémcua f(x) nén f(x)=(x-a)-Q(x)
Thay x=1vao (1), taco f(1)=(1-a)Q(1).
Do f(1)=0 nén a=1, vithé Q(l)=g, tic 1a % la s6 nguyeén.
Lay mot vi du: f(x)=4x>-13x*+9x—-18.
Cac udc cua 18 la £1,+2,+3,+6,+9,+18.

f (1) =4-13+9-18=-18, f (—1) =-4-13-9-18=-44

-18 -18 -18 -18
-3-1'+6-1"49-1"+18-1

Hién nhién +1 khdng la nghiém cua f (x). Ta thay khéng nguyén
nén
—3;+6;+9;+18 khong la nghiém nghiém cua f (x).
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Ta thay %khéng nguyén nén 2 khong la nghiém cua f (x). Chicon -2 va 3. Kiém tra thay 3
+
la nghiém nghiém cua f (x). Do do, ta tach cac hang tir nhu sau:

43 —13x* +9x—18 = 4x® —12x* —x* +3x + 6x—18
= 4x2(x—3)—x(x—3)+6(x—3):(X—S)(4x2 —x+6).

£=7ViDU 4 . (Trieu Minh Ha, dy an EX-C2-L8). [8D1K9] Phan tich da thirc sau thanh nhan ti:

3x° =T7x* +17x-5

(& Loi giai
Céc s6 +1,45 khdng la nghiém cua da thirc. Nhu vay, da thac khong cé nghiém nguyén. Tuy vay,
da thtc ¢6 thé c6 nghiém hitu ti khac. Ta chimg minh duoc rang trong da thirc c6 cac hé s6 nguyén,

nghiém hitu ti (néu cd) phai ¢ dang P trong d6 p 1a uéc cua hé sé ty do, g 1a udc duong cua hé
q

r
A

SO

cao nhit.
Xeét c4c sd i%,i%, ta thiy % la nghiém cua da thie, do d6 da thie chia thira s6 3x—1. Ta tach
cac hang tir nhu sau: 3x° —7x* +17x-5=3x" —x* —6X* + 2x +15x -5

= %% (3x—1) - 2x(3x—1)+5(2x—1) = (3x 1) (x* - 2x+5).

B. PHUONG PHAP THEM VA BOT CUNG MQT HANG TU

1. Thém va bét ciing mot hang tir 1am xuét hién hiéu caa hai binh phuong.

L Vi du 5. Phan tich da thirc sau thanh nhan tu:
4x* +81

(£ Loigiai
Thém va bét 36x° :

4x* +81=4x"+36x*+81-36x%° = (2x2 +9)2 —(6x)2 = (2x2 +9+6x)(2x2 +9—6x)

L Vi du 6. Phan tich da thic sau thanh nhan tu:
64x* +y*

(£ Loigiai
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Thém va bot 16x°y? :
64x‘ +y* =64x" +16x°y* + y* ~16X°yy’ = (8x + y2)2 —(4xy)? = (8% + y* +4xy ) (8X* +y* —4xy)

2. Thém va b6t cing mot hang tir 1am xuét hién nhan ti chung

L1 Vi du 7. Phan tich da thirc thanh nhan tu:

X +x-1

Cach1. (& Loigiai

X2+ X=1=x"—x"+x*—x®*+x*—x>+x-1
:x3(x2—x+1)+x2(x2—x+1)—(x2—x+1)
:(xz—x+1)(x2 +x+1)

Céach 2. Thém va bot x? :

X+ X—1=x"+x*=x*+x-1= xz(x3+1)—(x2 —x+1)

= (x2 —x+1)[x2 (x+1)—1} = (x2 —x+1)(x3 +x° —1)

L Vi du 8. Phan tich da thiec thanh nhan tu:

X(x+4)(x+6)(x+10)+128

(¢ Loigiai
Dit x* +10x+12 =y, da thic di cho c6 dang:

(y—12)(y+12)+128=y* -16=(y+4)(y—4)
= (x2 +10x +16)(x2 +10x+8) =(x+ 2)(x+8)(x2 +10x+8)
Nhan xét. Trong vi du trén, nho phurong phdp déi bién, ta dwea da thirc bac bon véi x thanh da thirc

béc hai doi Véi y .

L Vi du 9. Phén tich da thiec thanh nhan tu:

A=x*+6x>+7x*—6x+1

(' Loi giai
Gia st x = 0. Ta viét da thic dudi dang:

TAI LIEU TOAN HOC
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A= xz(x2 +6x+7—%+i2j= X sz +i2j+6(x_lj+7}
x> X X X

bat x—£=y thi x2+i2:y2+2. Do d6
X X
2
2( 1,2 2 2 2 1 2 2
A=X (y +2+6y+7):x (y+3)" =(xy+3x) :{x[x——jﬁ%x} :(x +3x—1)
X

C. PHUONG PHAP HE SO BAT PINH

L1 Vi du 10. Phan tich da thirc sau thanh nhan tu:

x*—6x3 +12x% —-14x+3

(£ Loi giai

Céc sb +1,+3 khdng la nghiém cua da thirc, da thirc khong cé nghiém nguyén, ciing khong co
nghiém hitu ti. Nhu vy néu da thirc trén phan tich duoc thanh nhan ti thi phai c6 dang
(x* +ax+b)(x* +cx+d ). Phép nhan nay cho két qua
x'+(a+c)x*+(ac+b+d)x*+(ad +bc)x+bd . Ddng nhét da thic nay véi da thirc da cho, ta
duoc hé diéu kién:
a+c=-6
ac+b+d =12

ad +bc=-14
bd =3

Xét bd =3 véi b,d e Z,be{+1,£3}. Véi b=3 thi d =1, hé diéu kién trén tré thanh:

a+c=-6
ac=8
a+3c=-14

Suyra 2c=—14—(-6)=-8. Do d6 c=-4,a=-2
Véy da thirc da cho phan tich thanh (x* —2x+3)(X* —4x+1).
Ta trinh bay loi giai ctaa vi du trén nhu sau:

X —6x3 +12x% 14X +3=x* —4x3 + x® = 2x% +8x% —2x+3x* -12x+3

= x? (x2 —4x +1)—2x(x2 — 4x +1)+3(x2 —4x+1) = (x2 —4x+1)(x2 —2x+3)
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. PHUONG PHAP XET GIA TRI RIENG

Trong phuong phap nay, truéc hét ta xac dinh cac nhan tir chira bién cua da thirc, rdi gan cho cac
bién cac gia tri cu thé dé xac dinh nhan tir con lai.

L1 Vi du 11. Phan tich da thirc sau thanh nhan tu:

P=x*(y-z)+y*(z—x)+z°(x-Y)

(' Loi gidi
Thirthay x boi y thi P=y*(y—z)+2°(z-y)=0.Nhuvay P chiahétcho x-vy.

Ta lai thiy néu thay x boi y,thay y boi z,thay z voi x thi P khong dbi (ta néi da thirc P ¢6
thé hoén vi vong quanh x — y — 2 — X) . Do d6, néu P d chia hét cho x—y thi ciing chia hét
cho y—z va z—x. Vay P c6 dang

k(x=y)(y-2)(z-x)
Tathay k phai 12 hang sé (khéng chira bién) vi P c6 bac ba ddi véi tap hop céc bién x,y,z con
tich (x—y)(y—2)(z—x) ciing c6 béc ba déi véi cac bién x,y,z

Vi dang thae x*(y—z)+y*(z—-x)+2°(x—y)=k(x-y)(y—-2z)(z-x) dung véi moi X,y,X nénta
gén cho céc bién x,y,z cac gia tri riéng, chang han x =2,y =1,z=0, ta dugc:

4-1+1-(-2)+0=k-11-(-2) o k=-1

Vay P=—(x=y)(y-2)(z-x)=(x-y)(y-2)(x~2).

Q Bai tap ty luyén:
W

Phan tich da thirc sau thanh nhéan ta:
7~ Bai 1. (1) 6x% —11x+3
(2) 2x* +3x-27.
(3) 2x*—5xy—3y°.
(& Loigiai

(1) Bx-1(2x-3).
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(2) (2x+9)(x-3).

(3) (x=3y)(2x+Yy).

7= B&i 2. (1) x*+2x-3
(2) X*~7x+6.

(3) x> +5x°+8x+4.

(4) x* —9x> +6x+16.
(5) X*-x*—x-2.
(6)°+x* —x+2 (@ Loigidi
1) (x=1)(x* +x+3).

() (x=D1)(x-2)(x+3).

(3) (x+1)(x+2)*.

4) (x+D)(x-2)(x-8).

(5) Viét da thirc dudi dang x* —1—(x® + x+1) = (x—2)(X* + x+1)..

(6) -2 la nghiém. Pap sb: (x+2)(x* —x+1).
(7) 2 langhiém. Pap sb: (x+2)(x—3)(x-5).
I/~ Bai 3. x*—7x—6 bang nhiéu cach.
(& Loigiai
Pap s6: (X+1)(x+2)(x+3)
(1) X*=7x-6=x>+1-7x-7.
(2) X*-7x-6=x>-x—6Xx—6.

(B) xX*—7x—6=x"-x*+Xx"—Xx—6X—6.

(4) X*-7x-6=7x*-7x-6x>—6.Chay ring -2 1a mot nghiém, ta c6 cac cach bién dbi:

(5) X*~7x—6=x>—4x-3x—6.

TAI LIEU TOAN HOC
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(6) xX*-7x-6=x>+8-7x-14.

(7) x}*—7x-6=x>-9x+2x—6.

(8) x}*-7x—-6=x>-27-7x+21.
I~ Bai 4. (1) 27x*-27x* +18x—4.
(2) 2x®—x*+5x+3.

(3) (x*—3)*+16.
(& Loigidi

(1) % la mot nghiém. Bién ddi: 27x° —1—-27x® +18x—3 = (3x—1)(9x* —6x —4).
(2) _?1 la mot nghiém. Pap s6: (2x+1)(x* —x+3).
(3) (X¥* =3)*+16 =x* —6X*+9+16 = (X* + 4x+5)(X* —4x+5).
7 Bai 5. (1) (x* +2) —2(x* +x)-15.

(2) X2 +2xy+y*—x—y-12

(3) (X +x+1)(X* +x+2)-12

(4) (x+2)(x+3)(x+4)(x+5)—24

(¢ Loigiai

(1) Pat x* +x=y. Pép s (X* +x—5)(x* +x+3).
(2) bat x+y=a.Papsd: (x+y+3)(x+y-4).
(3) Pt x* +x+1=y.Pap s6: (X* +x+5)(x+2)(x-1).

(4) Bién ddi: (x2 +7x+10)(x2+7x+12)—24.

bt x* +7x+11=y. Dap s6: (x* +7x+16)(x+1)(x+6).
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I~ Bai 6. (1) (x+a)(x+2a)(x+3a)(x+4a)+a’;

(2) (x2+y2+22)(x+ y+2) +(Xy + yz + 2x)%;

(3) 2(x4+y“+z4)—(x2+y2+22)2—2(x2+y2+22)(x+ y+2)2+(X+y+2)".
(¢ Loigiai

(1) Pat x* +5ax+5a% = y. Dap sb: (x2+5ax+5a2)2.

(2) A=(X*+ Y +2°)(x+y+2)" + (xy +yz+2%)°.

Dit xX* +y*+2°=a,xy+yz+2x=b

A:a(a+2b)+b2:(a+b)2:(x2+y2+zz+xy+yz+zx)2

(3) M =2(x4+y4+z4)—(x2+y2+22)2—2(x2+y2+22)(x+ y+2)2 +(x+y+2)*
Dé y ring cac biéu thirc x+ y +z,x* + y? + z° xuat hién nhiéu lan trong biéu thac M
Tadat x*+y*+2' =a,x*+y*+72°=b,x+y+z=cC
Taco M =2a—b2—2bc2+c4=2a—2b2+b2—2bc2+c4=2(a—b2)+(b—c2)2.
Tac a—b® =-2(x*y* +x°2° +y*z*),b—c? =—2(xy + yz+2x) . Do d6

M = _4(x2y2 +x22% + y222)+4(xy+ Xz + yz)°

=8x"yz +8xy’z +8xyz* =8xyz(X+y+2)
P~ Bai 7. (a+b+c)° —4(a’+b°+c®)—12abc bing cach doi bién: dit a+b=m,a-b=n.
(& Loigiai
biat a+b=m,a—b=n thi 4ab=m?—-n?,

3, 13 Ry _ ,  m?—n’
a’+b’=(a+b)[ (a-b) +ab]_m[n = j

Tacé
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m® +3mn?

A=(m+c)’—4 —4c3—3c(m2—n2)

Bién ddi dau ngogc thanh (m—c)(c+n)(c—n).
Vay A=3(a+b-c)(c+a-b)(c+b-a).
P~ Bai 8. (1) 4x* —32x% +1.

(2) x*+27.

(3) 3(x* + x> +1) - (X* + x+1)?

(4) (26 —4)°+9

(@ Loigiai

(1) (2x* +6x+1)(2x* —6x+1) .

(2) (X*+2)(x* +3x+3)(x* =3x+3).

(3) 2(x=1)*(x* +x+1).

(4) (2x* +6%+5)(2x* —6X+5).

r~ Bai 9. (1) 4x* +1

(2) 4x* +y*
3) x*+324
@) (& Loigidi

(1) Thém va bot 4x%. Pap sb (2x2 +2x+1)(2x* —2x+1).
(2) Thém va b6t 4x%y? Pap s6 (2x% +2xy + y?)(2x% — 2xy + y?).

(3) Thém va bot 36x”. Dép s6: (x* +6x+18)(x* —6x+18).
=~ Bai 10. (1) x* +x* +1.
(2) x> +x+1.

(3) x®+x" +1.

(4) x°—x*-1.
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(BG) x +x°+1.

(6) x®+x*+1.
@ Loigiai
(1) Thém va bst x°.
5 4 5 4 3 3 3 2 2 2 3
XX 1= X+ x4 =X+ 1= (0 4+ x+1) = (x—1) (¢ + x+1) = (X° + x+1)(x* —x+1)
(2) Thém vabst x*. Dap so: (x* +x+1)(x° —x* +1).
(3) Thém va bét x* + x. Dap so: (x2+x+1)(x6—x4+x3—x+1).
(4) Thém vabét x*+x. Pap sd: (x* —x+1)(x* —x-1)
(5) Thém va bst x*+x. Dép s6 (X* +x+1)(x° = x* +x° —x+1)
(6) Thém va bot x*. Pép s6: (x“—x2+1)(x2+x+1)(x2—x+1).
7~ Bai 11. (1) x® +14x* +1.
(2) x®+98x* +1.
(@ Loigiai
(1) Thém va bot 4x°(x* +1) dugc
A= (X" +2x"+1)° —4x*(x* =1)? = (x* + 2x° + 2x® = 2x +)(x* = 2x° + 2x% + 2x +1)
(2) x® +98x* +1= (x4 +1)2 +96x*
= (x* +1)" +16x2 (x* +1)+ 64x* —16x>(x* +1)+32x*
= (x4 +4x° +8x% —4x +1)(x4 —4x® +8x% +4x+1)
I~ Bai 12. Dung phuong phap xét gia tri riéng:

M =a(b+c-a)’+b(c+a-b)*+c(a+b-c)?
(a+b-c)(b+c-a)(c+a—b)

@ Loigiai
Kiém travoi a=0 thi M =0. Do vai tro binh dang ciia a,b,c nén M c6 nhan tir abc, nhan tir
con lai 1a hang s6 k.
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ho a=b=c=1duoc k=4.Vay M =4abc.
I/~ Bai 13. Chitng minh rang tich bbn sé tu nhién lién tiép cong thém 1 1a mot sé chinh phuong.

(& Loigiai

2

Bién doi n(n+1)(n+ 2)(n+3)+1:(n2 +3n +1)

7~ Bai 14. Chiang minh rang sé A= (n+1)* +n* +1 chia hét cho mét s6 chinh phuong khac 1 voi
moi s6 n nguyén duong.
(& Loigiai
A =(n+1)4+n4+1:(n2+2n+1)2—n2+(n4+n2+1)
:(n2+3n+1)(n2+n+1)+(n2+n+1)(n2—n+1)
=(n2+n+1)(2n2+2n+2):2(n2+n+1)2

I/~ Bai 15. Cho A=a’+b?+c?, trong d6 a va b la hai sb tu nhién lién tiép, ¢ =ab. Chang minh
ring VA 12 mot sb tu nhién le.

(& Loigiai
A=a’+b*+c?=a’+(a+1)’+a’(a+1)?*=2a*+2a+1+a’(a+1)?
=a’(a+1)*+2a(a+1)+1=[a(a+1)+1]°

Taco VA= a(a+1)+1, lasé le.

Bai 4

TINH CHIA HET CUA SO NGUYEN.

0 Tém tat ly thuyét

Tinh chia hét d6i véi s6 nguyén da duoc trinh bay ¢ cudén Nang cao va phat trién Toan
6, Nang cao va phat trién Toan 7 . Nho st dung cac hang dang thirc dang nhd va phan
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tich da thirc thanh nhan tir ¢ 16p 8 ta ¢ kha nang giai quyét nhiéu bai toan vé chia hét
phuec tap hon ¢ cac 16p dudi.

A. CHUNG MINH QUAN HE CHIA HET
Goi A(n) la mét biéu thic phu thuge vao n(ne N hodc neZ).

Dé chung minh biéu thiic A(n) chia hét cho mét s6 m, ta thuong phan tich biéu thizc A(n)
thanh thua so, trong dé ¢6 mét thiiaso 1a m. Néu m 1a hop sé, ta phan tich n6 thanh met
tich cac thiia s6 déi mgt nguyén té ciing nhau, réi ching minh A(n) chia hét cho tdt ca cac

$6 d6. Nén huu y nhdn xét: Trong k so nguyén lién tiép, bao gio ciing ton tai mét bgi sé cua
K.

Q Mét sé vi du
-/

[ Vi dy 1. Chang minh ring A=n°(n? —7)2 —36n chia hét cho 5040 v&i moi sb tw nhién n.

(& Loigiai

Phan tich ra thira s6 nguyén t6: 5040 =2*.32.5.7.
Phantich A= n[n2 (n2 —7)2 —36} = n[(n3 —7n)2 —62} = n(n3 —7n—6)(n3 —7n+6)

Ta lai co:

n°-7n-6=(n+1)(n+2)(n-3)
n°~7n+6=(n-1)(n-2)(n+3)

Do d6 A=(n-3)(n-2)(n-1)n(n+1)(n+2)(n+3).

Day la tich cuia bay s6 nguyén lién tiép. Trong bay sé nguyén lién tiép:
e Ton tai mot boi sé cua 5 (nén A chia hétcho 5);
e Tbn tai mot boi sé cua 7 (nén A chia hét cho 7);
e Ton tai mot boi s6 cua 3 (nén A chiahétcho 9):

e Ton tai mot boi s6 cua 2, trong d6 c6 mot boi s6 cua 4 (nén A chia hét cho 16 ).
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A chia hét cho cac s6 5,7,9,16 doi mot nguyén té cling nhau nén A chia hét cho 5-7-9-16 = 5040

Khi chizng minh A(n) chia hét cho m, ta c6 thé xét moi trirong hop vé sé du khi chia n cho m.

£3 Vi du 2. Chitng minh rang véi moi s6 nguyén a thi

a) a’—a chia hét cho 2 b) a®—a chia hét cho 3.
¢) a®—a chia hét cho 5. d) a’ —a chia hét cho 7.
(& Loigiai

(1) a*-a=a(a-1), chiahétcho 2.

(2) a®—a= a(a2 —1) =(a-1)a(a+1), tich nay chia hét cho 3 vi tn tai mot boi cia 3 .
(3) A=a’-a=a(a’+1)(a*-1).

Néu a=5k(k Z) thi a chiahétcho5.

Néu a=5k +1(k € Z) thi a*-1 chiahétcho5.

Néu a=5k+2(k eZ) thi a*+1 chiahétcho5.

Truong hop nao ciing c6 mot thira s6 cua A chia hétcho 5 .

Céch 2: Phan tich a® —a thanh mot tong cua hai sé hang chia hét cho 5: Mot s6 hang la tich cua
nam s6 nguy@n lién tiép, mot s hang chua thira sé 5 .

a®-a=a(a’-1)(a’+1)=a(a’-1)(a*~4+5)=a(a* ~1)(a*-4)+5a(a’ 1)
=(a-2)(a-1)a(a+1)(a+ 2)+5a(a2 —1).

S6 hang thar nhat 12 tich cia nam s nguyén lién tiép nén chia hét cho 5, s6 hang thi hai ciing chia
hét cho 5. Do d6 a°—a chiahétcho5 .

Cach 3: Giai twong tu nhu cach 2 : Xét hiéu gitra a® —a va tich nam sb nguyén lién tiép (a— 2)
(a-1)a(a+1)(a+2), dugc 5a(a2 —1). Do d6 a°—a chiahétcho5.

(4) A=a’—a=a(a*+1)(a’-1).
Néu a=7k(k eZ) thi a chiahétcho 7.

Néu a=7k+1(k eZ) thi a®-1 chiahétcho 7.
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Néu a=7k-1(k € Z) thi a®+1 chiahétcho 7.
Néu a=7k+2(k eZ) thi a*-1 chiahétcho 7.
Néu a=7k-2(k eZ) thi a*+1 chiahétcho 7.
Néu a=7k+3(keZ) thi a®+1 chiahétcho 7.
Néu a=7k-3(keZ) thi a’®-1 chiahétcho 7.

Truong hop nao ciing c6 mot thira s6 cua A chia hét cho 7 .

Viy a’ —a chiahétcho 7.

3 Vi du 3. Chirng minh rang mét s6 chinh phuong chia cho 3 chi ¢6 thé ¢d s6 du bang 0 hoac
1.

(& Loigiai

Goi A l1asb chinh phuong A=n’(neN). Xét cac trudng hop
-n=3k(k e N)= A=9k?, chia hét cho 3

-n=3k+1(k e N)= A=9k? +6k +1, chia cho 3 du 1.

£3 Vi du 4. Chirng minh rang mét sé chinh phuong chia cho 4 chi ¢6 thé ¢ s du bang 0 hozc
1.

(£ Loigiai
Goi A la s chinh phuong A=n2(neN). Xét cac truong hop
—n=2k(k eN)= A=4k?, chia hét cho 4
—n=2k+1(k e N)= A=4k? + 4k +1=4k(k +1)+1, chia cho 4 du 1

Viy sb chinh phuong chia cho 4 chi ¢6 thé c6 sé du bang 0 hoac 1 .
Tur bai toén trén ta thdy

e S0 chinh phwong chan thi chia hét cho 4 .
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e S6 chinh phwong 1é thi chia cho 4 diw 1 (hon nita, chia cho 8 ciing dir 1).

E3 Vi du 5. Cac s6 sau c6 1a s6 chinh phuong khong?

M =1992% +1993% +19942
N =19922 +1993% +19942 +19952
P =1+9'° 4+ 9410 1994

(£ Loigiai

Céc s6 1993%,19942 1a c4c sb chinh phuong khong chia hét cho 3 nén chia cho 3 du 1, con 1992
chia hét cho 3. S6 M 14 s6 chia cho 3 du 2 , khong 1a sé chinh phuong.

Cac s6 1992%,1994% 14 s6 chinh phwong chan nén chia hét cho 4. Cac s6 1993%,1995% 14 cac s6
chinh phuong 1¢ nén chia cho 4 du 1. S6 N 14 sb chia cho 4 du 2 , khong 13 s6 chinh phuong. Cac
s6 94'° 1994 |4 s6 chinh phuong chan nén chia hét cho 4. Con 9" 14 s6 chinh phwong 1¢ nén
chia cho 4 du 1. S6 P 14 s6 chia cho 4 du 2 , khong 14 s6 chinh phuong.

EQ Vi du 6. Trong day sb sau ¢6 ton tai s6 nao la sé chinh phuong khong?

11, 111, 1111, 11111, ...

(& Loigiai
Moi s6 cua diy déu tan cing boi 11 nén 12 sb chia cho 4 du 3. Mat khac, sb chinh phuong 1¢ thi chia
chod4dul.
Vay khong c6 s6 ndo caa day 1a s6 chinh phuong.

Khi chizng minh vé tinh chdt chia hét ciia cdc liy thira, ta con sir dung dén cac hang dang thic 8, 9
o bai 2 va cong thuc Niu-fon sau day:

(a+b)"=a"+ca"'b+c,a" ?b’ +---+c,_,ab" "t +b"
Trong cong thic trén, vé phdi 1a mét da thirc 6 n+1 hang tiz, bdc cia méi hang ti déi véi tap hop
cac bién a,b 14 n (phan bién sé cia méi hang tir c6 dang a'b®, trong dé i+k =n Vvéi
0<i<n,0<k<n).Cachéss c,c,,...,C,, duoc xdc dinh bsi tam giac Pa-xcan:
Trong hinh 1, céc sé doc theo mét canh géc vudng bang 1, cac sé doc theo canh huyén bang 1.

Céng mai s6 Vdi sé lien sau bén phdi thi dwoc sé dimg ¢ hang dudi cia so lién sau dy, chang han ¢
hinh 2.
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Ap dung cac hang dang thirc d6 vao tinh chia hét, ta c6 vai moi sé nguyén a, b va sé tu nhién :
a"-b" chia heficho a-b(a=b)
a®™* —b*™* chia heéi cho a+b(a=-b)
(a+h)" =BSa+b"(BSa ladoicua a) .
Dic biét nén luu y dén:
(a+1)"=BSa+1;
(a-1)*" =BSa+1;
(a-1)>"' =BSa-1.

B3 Vi du 7. Chitng minh rang véi moi s6 tw nhién N, bidu thire 16" —1 chia hét cho 17 khi va chi khi
N 13 s6 chan.

(& Loigiai

Néu n chin (n=2k,k eN) thi A=16* -1= (162)k —1 chia hét cho 162 —1 theo hing ding thuc 8,
ma 162 —1 =255, chia hét cho 17 . Vay A chia hét cho 17 .

Néu n léthi A=16"+1-2, ma 16" +1 chia hét cho 17 theo hang dang thic 9, nén A khong chia
hét cho 17 .

Vay A chia hét cho 17 khi va chi khi n chin.

Cach2: A=16"—1=(17-1)" —1=BS17+ (~1)" -1 (theo cong thirc Niu-ton).

Néu n chinthi A=BS17+1-1=BS17.

Néu n le thi A=BS17-1-1 khdng chia hét cho 17 .

(1) Nguoi ta con dung phuwong phap phan chirng, nguyén i Di-rich-1& dé chitng minh quan hé chia
hét.

L3 Vi du 8. Chirng minh rang ton tai mdt boi ctia 2003 c6 dang 20042004...2004

(& Loigiai
Xét 2004 sb:
a, = 2004

a, = 20042004

8,00, = 20042004...2004 (nhém 2004 c6 mat 2004 lan )
Theo nguyén i Di-rich-18, ton tai hai s6 ¢ cung s6 du khi phép chia cho 2003 .
Goi hai s6 d6 1a a, va a,(L<n<m<2004) thi a, —a,:2003. Taco
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a_—a_=2004...20040000...0000 = 2004...2004.10*"
m n —_—

m—n nhotn2004

Do 10*" va 2003 nguyén té cing nhau nén 2004...2004 chia hét cho 2003

. ~ m-n nhém 2004
B. TIM SO DU

3 Vi du 9. Tim s8 du khi chia 2'%°
a)cho9 b) Cho 25 c) Cho 125

(@ Loigiai
1. Ly thira cua 2 s&t véi boi sé cua 9 1a 2° =8=9-1.
Tacd 2% =2(2°)" =2(9-1)® =2(BS9-1)=BS9-2=BS9+7

S6 du khi chia 2'° cho91a7.
2. Lily thira ctia 2 sat voi boi s6 cna 25 12 2'° =1024 = BS25-1.

10

Taco 2% =(2°) =(BS25-1)" =BS25+1

S6 du khi chia 2'®° cho251a1.
3. Dung céng thurc Niu-ton:

50-49
+—.

2% = (5-1)® =5° 505 +... 52-50.5+1

Khong ké phan hé s6 cua khai trién Niu-ton thi 48 s6 hang dau da chua liy thira cua 5 véi s6 mil
I6n hon hodc bang 3 nén chia hét cho 125. Hai s hang tiép theo ciing chia hét cho 125, s hang
cudi ciing 1a 1. Vay 2'%° = BS125+1.

* Tong qudt hon, ta chitng minh dwoC rang néu mét so tu nhién n khdng chia hét cho 5 thi chia n'*®
cho 125 ta dwoc so duwlal.

Thdt vay, n cé dang 5k 1 hodac 5k +2. Taco

100-99

(5K £1)'° = (5k)'®° +--- + (5k)? £100-5k +1= BS125+1

100-99
2

Ta lgi c6 2'° = BSI25+1(cadic). Do do (5k +2)* = BS125+1.

(5k +2)'® = (5K)'* +--- + (5k)? - 2% £100-5k - 2% + 2! = BS125 + 2'%°

3 Vi du 10. Tim ba chit s8 tan ciing cdia 2'* khi viét trong hé thap phan

(@ Loigiai
Tim ba chit s6 tan cung caa 2'° 1a tim s6 du khi chia 2'® cho 1000 . Trudc hét tim sb du khi chia
2% cho 125 . Theo vi du trén ta cé 2'° = BS125+1, ma 2'® 13 s chdn, nén ba chit sé tan cung
cua no chi co thé 1a 126, 376, 626 hoic 876 .
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Hién nhién 2'® chia hét cho 8 nén ba chit s6 tan cung cia né phai chia hét cho 8 . Trong bbn sé
trén chi c6 376 thoa man diéu kién nay.

Vay ba chir sb tan cung caa 2'° 13376 .

* Ban doc tu chitng minh rang néu n 1a s6 chin khong chia hét cho 5 thi ba chii s6 tan ciing caa
n'® 1a 376

[ Vi du 11. Tim b6n chit s tan cung cta 5" khi viét trong hé thap phan

@ Loigiai

5% = 625. Ta thay sd tan cung bang 0625 nang 1én lily thira nguyén duong bét ki van tan cing bang
0625 (chi can kiém tra: ... 0625x...0625=...0625 ).
Do do

5% = 52 = 25(5*)" = 25(0625)" = 25(...0625) = ...5625
Céch khac: Tim s du khi chia 5" cho 10000 = 2 -5°.
Nhan xét: 5* —1 chia hét cho 5* —1= (52 +1)(52 —1) nén chia hét cho 16 .
Ta Cé 51994 — 56 (51988 _1)+56
Do 5° chia hét cho 5%, con 5'**° —1 chia hét cho 16 (theo nhan xét trén) nén 5°(5'*° —1) chia hét
cho 10000 . Tinh 5°, ta dwgc 15625 . Vay bdn chit s6 tan cuing caa 5°* 12 5625 .
* Néu viét 5% =5° (5% 1) +5° thi ta c6 5 —1 chia hét cho 16, nhung 5° khong chia hét cho
5* Nhur thé trong bai todn nay, ta can viét 5° dudi dang 5" (5" ~1)+5" sao cho n>4 va
1994 —n chia hét cho 4 .

C. TIM PIEU KIEN DE CHIA HET

L Vi du 12. Tim s6 nguyén X dé gia tri cla biéu thirc A chia hét cho gid tri cla biéu thirc B

A= x*+2x%-3x+2 B=x?-x

(& Loigidi

bat tinh chia
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x° +2x* —3x +2 X% —X
+ X+3
—x°+x?
3X* -3x +2
n
- 3x* +3x
2

Muén chia hét, ta phai c6 2 chia hét cho n(n—1), do d6 2 chia hét cho n.

Taco
n 1 -1 2 -2
n-1 0 -2 1 -3
n(n-1) 0 2 2 6
loai loai
Vay n=-1n=2.
*Chay:

1. Khéng thé néi da thac A chia hét cho da thiec B. O day chi ton tai nhiing gia tri nguyén ctia n
dé gia tri cua biéu thuc A chia hét cho gia tri cua biéu thic B.
2. CO thé thay viéc dat phép chia bang cach bién doi:

x3+2x2—3x+2:x(x2—x)+3(x2—x)+2

3 Vi dy 13. Tim s6 nguyén duwong N dé n® +1 chia hét cho n® +1.

o (@ Loigiai
Bién doi

n®+1:n®+1 & n?(n°+1)-(n*-1)in’+1
& (n+1)(n-1)i(n+1)(n* —n+1)
< n-1in® —n+1( vin+1=0)
Néu n=1 thi ta duwoc O chia hétcho 1.
Néu n>1 thi n—-1<n(n-1)+1=n*-n+1, do d6 n—1 khdng thé chia hét cho n?—n+1. Vay gia
tri duy nhat caa n tim duoc la 1 .

[ Vi du 14. Tim s6 nguyén N dé n°® +1 chia hét cho n® +1.

@ Loigiai
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Bién doi
n°+1in*+1 < n(n°+1)—(n* -1)in® +1

& (n+1)(n-1)i(n+1)(n* —n+1)

&n-1in"-n+1

n-lin’-n+1=n(n-1)in*—n+1=n’*-nin’-n+1

= (n*=n+1)-1in* —n+1=1in" —n+1

Co hai truong hop:

-n’-n+l=1<n(n-1)=0<n=0;n=1. C4c gia tri théa man dé bai.
—n*-n+l=-1=n*-n+2=0 , voaghiein.

Vay n=0;n=1 la hai s6 phai tim.

(1) T n—-1:n® —n+1 suy ra n(n—1):n* —n+1 Ia phép kéo theo chir khong 1a phép bién di tuong
duong. Do d6 sau khi tim dugc n=0,n =1, ta phai thu lai.

Vi du 15. Tim s8 tw nhién N sao cho 2" —1 chia hét cho 7

(£ Loigiai
Néu n=3k(keN) thi 2" -1=2% -1=8“-1 chiahétcho 7 .
Néu n=3k+1(k e N) thi 2" —1=2%"-1=2(2% -1)+1=BS7+1
Néu n=3k+2(k eN) thi 2" —1=2%"?-1=4(2% -1)+3=BS7+3

Vay 2" -1 chiahétcho 7 < n=3k(keN).

Q Bai tap tv luyén:
W

I/~ Bai 1. Chtng minh rang véi moi sé nguyén n ta co:
1. n®+3n?+2n chiahét cho 6 .
2. (n2 +n —1)2 —1 chia hét cho 24 .
(& Loigiai
1. Bién d6i n° +3n*+2n=n(n+1)(n+2), day la tich ciia ba s nguyén lién tiép.
Do d6 n®+3n?+2n chia hét cho 6 v&i moi nguyén n.
Suy ra diéu phai chirg minh.

2

2. Bidu doi (n® +n+1) —1=(n-1)n(n+1)(n+2)
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Day 1a tich cua 4 s6 nguyén lién tiép, do dé: (n2 +n —1)2 —1 chia hét cho 24 .
7~ Bai 2. Chting minh rang:
1. n®+6n2+8n chia hét cho 48 véi moi s6 chén n.
2 n*~10n* +9 chia hét cho 384 v&i moisb Ié n.

@ Ligiai
1Bién ddi n’+6n°+8n=n(n+2)(n+4).
Vi n lasb chin nén tathay n=2k véi k eZ, ta co:
n®+6n®+8n=2k(2k+2)(2k +4)=8k(k+1)(k +2) chia hét cho 48
Suy ra diéu phai chung minh.
2Pit A=n*-10n*+9.
= A=n*-10n°+9=(n’-1)(n*-9)=(n-1)(n+1)(n—3)(n+3)
Vi n lasé lésuy ra n=2k +1 véi k € Z , thay vao biéu thuc ta co:
A=(n-1)(n+1)(n-3)(n+3)

(2k +1-1)(2k +1+1)(2k +1-3)(2k +1+3)

(2K —2) 2k (2k +2)(2k +4)

2(k—-1)-2k-2(k +1)-2(k +2)
=8(k-1)k(k+1)(k+2)
Vi (k—1)k (k+1)(k+2) latich ciia 4 s6 nguyén lién tiép nén (k —1)k (k +1)(k +2) chia hét cho 24

Suy ra A chia hét cho 384 .
I/~ Bai 3. Chang minh rang n® +n* —2n? chia hét cho 72 véi moi sé nguyén n.

@ Loigidi
bit A=n®+n*—-2n?, ta co:

(
(n—2)(n—1)n latich cta ba sb tu nhién lién tiép suy ra (n—2)(n—1)n chia hét cho 3.
n(n+1)(n+2) latich cua ba sé tu nhién lién tiép suy ra n(n+1)(n+2) chia hét cho 3.

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC




Website: tailieumontoan.com

= (n-2)(n-1)n-n(n+1)(n+2) chiahétcho 9.
Ma trong 5 sb tu nhién lién tiép c6 it nhat 1 sb chia hét cho 2 va 1 sé chia hét cho 4 suy ra:
(n—2)(n-1)n-n(n+1)(n+2) chia hét cho 8.
Suy ra (n—2)(n-1)n-n(n+1)(n+2) chia hét cho 72 .
D& dang chimg minh dwgc 6n-n(n—1)(n+1) chia hét cho 72.
Suy ra A chia hét cho 72.
7~ Bai 4. Chting minh rang 3°" —9 chia hét cho 72 véi moi s6 nguyén duong n.
o @ Lvigisi
Bién d6i B=3""-9=9"-9,nén B:9.
Dé chang minh B8 ta viét B dudi dang:
B=(3") ~1-8=(3"-1)(3" +1)-8

Vi 3"—1va 3"+1 14256 chan lién tiép nén (3" —1)(3" +1) chiahétcho 8.
Suy ra: B chiahétcho 8.
Vay 32" -9 chia hét cho 72 v&i moi s6 nguyén duong n.
[/~ Bai 5. Chang minh rang véi moi s6 tu nhién a va n thi:
1) 7" va 7™* ¢ hai chir s tan cing nhu nhau.
2) a va a° c6 chir s6 tan cung nhu nhau.
3) a" va a"* co chit s6 tan cing nhu nhau (n>1)

(& Loigiai
1. Xét hieu A=7""*—-7" taco:
A= 7n+4 _7n — 7n (74 _1)
=7".2400
= A:100
Vay 2's6 7" va 7™ ¢6 hai chir s6 tan ciing nhu nhau.
2. Xéthieu B=a°-a= a(a2 +1)(a2 —1).
Dé dang chiung minh B:2 va B:5 suy ra B:10.
Vay a va a® co chit sé tan cing nhu nhau
3 Xéthieu C=a"-a"=a" (a2 +1)(a2 —1).
Dé dang chiang minh C:2 va C:5 suyra C:10.

n+4

Vay a" va a™* c6 chir s6 tan ciing nhu nhau.

[/~ Bai 6. Tim diéu kién cua s tu nhién a dé a?+3a+2 chiahétcho 6 .
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(2 Loigiai

a’+3a+2=(a+1)(a+2) ludn chia hét cho 2

a’+3a+2:3< a’ chia 3 du 1< a khong chia hét cho 3.

Vay néu a khdng chia hét cho 3 thi a®+3a+2 chiahét cho 6 .

I/~ Bai 7. 1 Cho a la sé nguyén t6 16n hon 3. Ching minh rang a® —1 chia hét cho 24 .

2. Chitng minh rang néu a va b 1a cac s6 nguyén té 16n hon 3 thi a? —b? chia hét cho 24 .
3. Tim diéu kién cua sb tu nhién a dé a* —1 chia hét cho 240 .

(& Loigiai

1. Taco a? 1a sb chinh phwong 1¢ nén chia cho 8 du 1,a® 12 s6 chinh phuong khong chia hét cho 3
nén chiacho3du 1.

Suy ra a? —1 chia hét cho 8, chia hét cho 3 , do d6 chia hét cho 24 .
2. Ap dung y a) ta c6 néu a va b 1a cac s6 nguyén t6 Ion hon 3 thi:
a® —1 chia hét cho 3 va b® -1 chiahét cho 3.

o (a2 —1)—(b2 —1)§3<:> a’—b?:3

Suy ra diéu phai ching minh.

3. Tacd: 240=2°-3.5

Vi Ai240=a*-1:2; a*-1:3; a*-1:5

Déthdy a*-1:2 < a lasd le.

Dé thdy a*—-1:3 < a khdng chia hét cho 3.

D& thdy a* —1:5 <> a khong chia hét cho 5.

Ta s& chirng minh néu a khéng chia hét cho 2,3 va 5 thi a* —1 chia hét cho 240 .
That vay:

A=a'-1=(a’-1)(a’+1)

=(a-1)(a+1)(a’+1)

Néu a lé thi a=2k+1 véi (keN).

Khi d6 ta co:

A=(a-1)(a+1)(a®+1)

= (2k +1-1)(2k +1+1)-[ (2k +1) +1]

= 2k (2k +2)(4K® + 4k + 2)

=8k (k+1)(2k* + 2k +1)

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC




Website: tailieumontoan.com

= A:16

Néu a khong chia hét cho 3 thi a=3k +1 véi (k eN).

Khidétacd a® —1:3= A:3

Néu a khong chia hét cho 5 thi a=>5k +1 hoic a=5k £2 véi (ke N).

Suy ra a®*—1:5 hoic a®+1:5= A5,

= A:240

Vay néu a khong chia hét cho 2,3 va 5 thi a* —1 chia hét cho 240 .

I/~ Bai 8. Tim ba s6 nguyén t6 lién tiép a,b,c sao cho a? +b? +c? ciing 1a mot s6 nguyén to.
(& Loigiai

Xét 2 truong hop:

1. Trong a,b,c c6 mot sé bang 3.

Khi dé: 2% +32+5% =38, 1a hop s, loai.

Con 3% +5% + 7% =83 1a mot s6 nguyén td, thoa man.

2.Ca a,b,c déulénhon 3.

Khi d6 a?,b?,c? déu chia cho 3 du 1 nén a? +b?+c? chiahét cho 3, 1a hop s6, loai.

Vay ba s nguyén té lién tiép a,b,c 1a 3,5,7 thi a*+b?+c? ciing 1a mot s6 nguyén td.

7~ Bai 9. Cho bén s6 nguyén dwong a,b,c,d thoa man a?+b? =c?+d?. Chang minh rang

a+b+c+d 1ahop sé.
(& Loigiai

Ta co: a2+b2:c2+d2:>a2+b2+c2+d2=2(c2+d2)32.
Xét:
A:(a2+b2+cz+d2)—(a+b+c+d)
=(a2—a)+(b2—b)+(c2—c)+(d2—d)
=a(a-1)+b(b-1)+c(c-1)+d(d-1)
Vi a(a-1):2;b(b-1):2;c(c-1):2;d (d -1):2.
= A2 a+b+c+d:2.
Ma a,b,c,d 14 cac s6 nguyén duong suy ra a+b+c+d >2=a+b+c+d 1ahop sb (diéu phai
chung minh).
7~ Bai 10. Cho bdn sé nguyén dwong a,b,c,d thoamén ab = cd . Chung minh rang
a®+b®+c®+d° 1a hop sb.
@ Loigidi

Goi UCLN(a,c)=k, taco: a=ka,c=kc va (a,c)=1.
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hay vao ab=cd duoc kab=kcd nén: ab=cd

I/~ Bai 11. Cho céc sé tu nhién a va b . Chiing minh rang:

1. Néu @ +b” chiahétcho 3thi @ va b chiahétcho 3.
2. Néu a? +b? chia hét cho 7 thi a va b chiahétcho 7.

@ Loigiai

1. Mét s6 chinh phuong chia cho 3 chi ¢6 thé du 0 hodc 1.
Xét cac trudng hop tong cua 2 s6 du: 0+0;0+1;1+1 thi chi cd 0+0 1a chia hét cho 3 . Do d6 dé
a® +b? chiahét cho 3thi a?:3 va b?:3
—a:3vab:3=a+h:3
Suy ra diéu phai ching minh.
2. Nhan xét: Mot s6 chinh phwong khi chia cho 7 chi ¢6 thé du 1a 0;1;2;4.
Ta c6: a*+b? chia hét cho 7 nén chi co trudng hop 2 s6 du1a 0+0 thoa méan.
=a’:7 vab®:7=a:i7 vab:7
Suy ra diéu phai chung minh.
I/~ Bai 12. Cho céc s nguyén a,b,c. Ching minh rang:
1. Néu a+b+c chia hét cho 6 thi a®+b®+c® chiahétcho 6.
2. Néu a+b+c chia hét cho 30 thi a°+b®+c® chia hét cho 30 .
(& Loigiai
1 Xét hiéu:
A=(a’+b’+c®)—(a+b+c)
=(a*~a)+(b*~b)+(c*—c)
=(a-1)a(a+1)+(b-1)b(b+1)+(c-1)c(c+1)
= A:6
=a’+b*+c’6
Suy ra diéu phai chung minh.
Xét hiéu:
A=(@°+b’+c®)—(a+b+c)
=(a’-a)+(b° —b)+(c’-c)
=a(a’ -1)+b(b* 1) +c(c* -1)
=a(a®-1)(a’+1) +b(b*> -1)(b* +1) +c(c’* —1)(c* +1)
—a(a-1)(a+1)@+1)+bb-1)(b+1)(b? +1) +c(c-1)(c +1)(c? +1)

=a(a-1)(a+1)(a®-4)+5a(a-1)(@a+D +bb -1 (b+1)(b* -4)+5b(b-1)(b+1) +c(c -1)(c+1)(c? —4) +5c(c -1 (c+1)
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—a(a-1)(a+1)(a—2)(a+2)+5aa-1)(a+1)+bb-1)(b+1)(b—2)b+2)+5b(b-1)(b+1)
+c(c-D(c+D(c—-2)(c+2)+5c(c-1)(c+1)
—(a-2)(a-Da(a+1)(a+2)+5(a-a@+1)+(b-2)b-1bb+1)(b+2)

+5(b-1)b(b+1) + (c—2)(c-1c(c+1)(c+2) +5(c—1)c(c+1))

Nhan xét: (a—2)(a-1)a(a+1)(a+2) latich cua 5 s6 nguyén lién tiép
=(a-2)(a-1)a(a+1)(a+2):30

Ma dé thay 5(a-1)a(a+1):30=(a-2)(a-1)a(a+1)(a+2)+5(a-1)a(a+1):30.
Tuong tu ta co: (b—2)(b-1)b(b+1)(b+2)+5(b-1)b(b+1):30

va (c-2)(c-1)c(c+1)(c+2)+5(c—1)c(c+1):30.= A:30.

Ma a+b+c chiahét cho 30 suy ra a° +b® +c® chia hét cho 30 .

Suy ra diéu phai ching minh.
7~ Bai 13. Cho céc s6 nguyén a,b,c thoamén a+b+c=0. Chung minh ring:

1. a® +b%+c® chia hét cho 3abc:
2. a® +b° +¢® chia hét cho 5abc.

(& Loigidi
(1) a+b+c=0=c=—(a+b).
Do do: @’ +b°+¢’® =a’+b’+—(a+b)’ =—-3ab(a+b)=3abc:3abc.
Hay a®+b®+c® chia hét cho 3abc (diéu phai ching minh).
(2) a+b+c=0=c=—(a+b).
Do do:
a’+b*+c*=a’+b°—(a+b)®
=-5a’b-10a’n* —10a’b® —5ab*
=—5ab(a’® + 2a’b + 2ab* +b®)
= —5ab[(a’® +b*) + (2a’b + 2ab?)]
= —5ab[(a+b)(a® —ab+b*) + 2ab(a+b)]
= —5ab(a+b)(a’+ab +b?)
=5abc(a’ + ab +b?)

= a° +b° +c®i5abc, suy ra diéu phai chang minh.
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TiNH CHAT CHIA HET pOI VO1 PA THU'C

Q TiM DU’ CUA PHEP CHIA MA KHONG THU'C HIEN PHEP CHIA

1. Pa thirc chia c6 dang x-a (a lahang ).

[ Vi dy 1. Ching minh réng sé du khi chia da thac f (x) cho nhj thirc x—a bang gia tri cua
da

thuc f(x) tai x=a

binh li Bé-du( Bézout, 1730-1783, nha toan hoc Phap)

(@ Lo gidi
Do da thirc chia x—a c6 bac nhat nén sb du khi chia f (x)chox—a lahang so r

Taco: f(x)=(x-a)-Q(x)+r

Ping thirc trén ding voi moi x nén véi x=a, ta co
f(a)=0-Q(x)+r hayf(a)=r

Tu dinh 1i Be—du tasuyra

Da thirc f (x) chiahétcho x—a khiva chi khi f(a)=0 (ttc Ia khi a Ia nghiém cua da thuc).

[ Vi dy 2. Ching minh rdng néu da thirc f (x) c6 tong cac hé s bang 0 thi da thic y chia
hét cho x—1

(& Lo giai
Goi f(x)=ayx"+ax""+...+a, ,X+a,

Theo gia thuyét, a, +a,+...+a, =0
Theo dinh Iy Bé-du, s6 du khi chia f (x) cho x-1 la
r=f(l)=a,+a,+...+a,, +a,

Tu (1) va(2),suyrar=0.
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ay f(x) chiahétcho x-1

[ Vi dy 3. Ching minh rang néu da thc f (x) c6 tong cac hé so ciia cac hang tir bac chin

bang tong cac hé sb cua cac hang tir bac ¢ thi da thuc ay chia hét cho x+1

(£ Lo gidi
Goi f(X)=aX"" +ax" " +a,x’" 2 +...+a,, ,X* +8,,,X+a,,, trong d6, a, 6 thé bang 0 . Theo
gia thuyét, a, +a, +..+a,, =a, +a, +...+a,, , Nén
(ag+a,+...+a,)—(a,+a;+...+a,,)=0
Theo dinh Ii B&-du, s6 du khi chia f (x) cho x+1 bang
ro=f(-1)=a,—a+a,—a;+...48,,_, — &, , +a,
=(ay+a,+...+8,, )—(a,+a;+...+8,,,)
Tu (1) va(2),suyrar=0.
Vay f(x) chiahétcho x+1.

1. Pa thirc c6 bac tir tir bac hai tré 1én
3 Vidu 4. Tim dukhichia x' +x’>+x*+1chox’ -1

(# Loi giai
Dé tim du trong truong hop nay, ta thuong ding cAc cach sau:
Cach 1. (Tach ra & da thuc bi chia nhung da thtc chia hét cho da thuc chia).
Ta biét rang x" -1 chia hét cho x—1 vo&i moi sé tw nhién n nén x?" -1 chia hét cho x*-1.
Do d6 x*—1,x°—1,... chia hét cho x*-1.
Ta co:
X' +X°+ X3 +1=x = x+X° = x+xX = x+3x+1

= x(x6 —1)+ x(x4 —1)+ x(x2 —1)+(3x+1)
Du khi chia x" + x>+ x3+1 cho x*-11a 3x+1.
Cach 2. (Xét gia tri riéng).
Goi thuong 12 Q(x), du la ax+b. Tacé
X" +%°+x° +1=(x+1)(x-1)-Q(x)+ax+b, vx

Ding thire dung véi moi x nén véi x =1, taduoc 4=a+b. (1)

Voi x=-1 tadugc -2=-a+b. (2)
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Tu (1) va(2),suyra a=3,b=1.

Du phai tim 1a 3x+1.

Dé tach ra cac da thuc chia hét cho x? —1 hodc x? +1, can nhé lai cac hang dang thirc 8 va 9
a"—b"la-b(a=h);

a"+b"ia+b(a=-b), nl¢

Q SO DO HOOC-NE
v

1. Cac vidu

L Vi du 5: Chia cac da thuc
a)(x*—5x* +8x-4):(x-2) b) (x° —9x* +6x+10):(x+1)
¢)(X° - 7x+6):(x+3)

(& Lo giai
1. Thuong 1a x* —3x+2.
2. Thuong 1a X* —10x+16, du 1a -6
3. Thuong la x*—3x+2.
2. So d6 Hoo6c-ne
Ta c6 thé tim duoc két qua khi chia da thirc  (x) cho nhi thirc x—a(a la hing s6) bang mét cach
khéc.
Tré lai cau a) & vi dy trén (X° —5x° +8x—4):(x—2). Cc h¢ s6 cia da thirc bj chia thirty la 1,
—5,8,—4; hing s6 a trong vi du nay bang 2 .
1. Dat cac hé sé caa da thic bi chia theo tht tu vao cac cot cua dong trén

I I I N

" | | |

2. Trong 4 cot dé trong & dong dudi, ba cot dau cho ta cac hé s6 cua da thire thuong, cot cudi cuing
cho ta s6 du.

e S4 & cot thir nhit cua dong dudi bang sé twong ¢ng & dong trén.
8 ‘ -4

S | |
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e K& tir dong thir hai, mdi s6 & dong dudi duoc xac dinh bang cach lay a nhan véi s6 cing
dong lién trude, rdi cong véi sé cling cot & dong trén.

N N A A
a2 ‘ 1 ‘ 2.1+(-5)=-3 ‘ ‘

A N S AN
a2 ‘ 1 ‘ 2.1+(-5)=-3 ‘ 2.(-3)+8=2 ‘

I A O A I
a-2 ‘ 1 ‘ 2.1+(-5)=-3 ‘ 2.(-3)+8=2 ‘ 2.2+(-4)=0

So do
_'_

&
>

Ta c6 thuong bang x> —3x+2, s6 du bang 0 .
So dd cua thuat toan trén duoc goi la s dd Hodc-ne.
Ban doc hiy dung so dd trén dé kiém tra lai két qua cua cac cau b) va c).

Nhu vay néu da thiic bi chia la a,x* +a,x* +a,x +a,, da thic chia la x—a, ta dugc thuong

bpX* +bx+b,, du r. Theo so ¢ Hooc-ne, ta co
‘ 3, a, ‘ a, ‘ a,
a ‘ b, =3, ‘ b =ab,+a ‘bzzab1+a2 ‘ r=ab,+a,

3. So @6 Hodbc-ne

Tong quét véi da thirc bi chia la agx" +a,x" ™ +a,x" > +...+a, ,Xx+a,, da thic chia 1a x—a thuong

12 b,x" " +bx"* +...+b _,x+Db_,, du r.Tacan chang minh ring

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC



Website: tailieumontoan.com

b0 =a,
b1 =ab0+a1
b, =ab +a,

bn—l = abn—z + an—l
r  =ab, ,+a,.

That vay, thuc hién phép tinh
(X=1)(bX"* +b X" %+ +b, ,X+b, )+
ri rat gon, ta dugc:  byx" +(b, —aly ) X" +...+(b,, —ab, ,)x—ab, , +r

Dong nhét da thirc ndy véi da thic bi chia, ta duoc

bo =a
bl_abo =g
b, —ab, =a,

bn—l - abn—z =a,,
r-ab , =a,.

Tir d6, suy ra diéu phai chirng minh.
4. Ap dung so @6 Hooc-ne dé tinh gi4 tri ciia da thic f (x) tai 4x=a
So d6 Ho 6c-ne cho ta thuong va du khi chia da thic f (x) cho nhi thic x—a. Chd y ring theo

dinh 1i Bé-du, s6 du khi chia f (x) cho x—a bang f (a). Do d6, dung so d Hodc-ne ta ciing tinh

duoc gia trj cua da thuc f () tai x=a.

[A Viduy 6. Tinh gia tri cia da thuc f (x)=x’+3x"-4 tai x=37.

(2 Loi giai

Theo dinh ly Bé-du, f(37) 1asd du khi chia f(x) cho x—37. Talap so d6 Hooc-ne

‘1‘ 3 ‘ 0 ‘ 4

1 37.1+3=40 37.40+0=1480 37.1480 -4 =54756
a=37
Vay f (37) =54756.
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Q CHUNG MINH MOT DA THU'C CHIA HET CHO MOT DA THU'C KHAC
w s

Ta chi xét cac da thirc mot bién, thuong ¢ cac cach sau:
1. Cach 1.

Phan tich da thirc bi chia thanh nhén tir, trong d6 ¢6 mét nhan tur 1a da thuc chia.

[ Vi du 7. Chang minh ring X" +X"" +1 chia hét cho X" + X" +1, vi moi sé tw nhién N

(& Loigiai
Taco

XX 1= x4 2% 1 X = (X +1)2 —(x2”)2
= (X" +1) (X" =X +1)
Tiép tuc phan tich

2 2
XX 4 1= X 4 20N + 1= X = (X +1) —(x")

:(in +X" +1)(x2n X" +1)

Vay x¥" +x*" +1 chia hét cho x*" +x" +1, v&i moi sb tu nhién n.

2.Cach2

Bién ddi da thirc bi chia thanh mét téng céc da thire chia.

3n+2

0 Vi du 8. Chirng minh ring X°™™ + x®™2 +1 chia hét cho X? + X +1 véi moi s6 tw nhién m,n.

) (& Loigiai
Taco

3m+1 3n+2 3m+1 3n+2

X +1=x X2+ X2+ x+1

+ X —X+X

= x(x3m —1)+ X2 (x3” —1)+(x2 + x+1)

Tathday x*" -1 va x*" —1 chia hét cho x* -1, do d6 chia hét cho x*+x+1.

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC



Website: tailieumontoan.com

Vay x*™*+ x*™? 41 chia hét cho x? + x+1 véi moi sb tu nhién m;n.

O Vi du 9. Chting minh rdng v6i moi s6 tw nhién m,n thi

x84 4 x5"2 11 chia h&t cho X° — X +1.

(@ Loigiai

6n+2 M x4+ xt+ X2+l

6m+4

XM 4 xOM2 4 1= xO™ x4 x

= X" (X7 1)+ X (X" =1) + (X" +%° +1)
Do x*" —1ix° —1,x*" ~1ix° —1 va
X*=1=(x+1)(x* -1)ix* —x+1
Xt x2+1= (3 +1) —xixt - x+1

Nén suy ra diéu can chiing minh.

3.Cach3
St dung cac bién doi twong duwong, chang han dé chirng minh f (X)f g (X), c6 thé chirng minh

f(x)+ g(x):g(x) hodc f(x)—g(x)ig(x).

Xem bai tap 268 .

4.Céach 4.

Chung t6 rang moi nghiém cia da thire chia déu 1 nghiém cua da thuc bi chia (ta cdng nhan rang diéu
nay dan dén da thirc bi chia chia hét cho da thirc chia).

3 vidy 10. Cho f (X) = (X2 + X—l)10 +(X2 - X+1)lO —2.Ch&ng minh rang f (X) chia hét cho

x*—X.

(@ Loigiai

Pa thtc chia c6 hai nghiém x=0 va x=1. Ta s& chung té ring x =0 va x =1 ciing la nghiém cua
da thuce bi chia.
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acd f(0)=1+1-2=0 nén f(x) chia hét cho x . Ta lai c6 f(1)=1+1-2=0 nén f(x) chia
hét cho x—1. Cac nhan tir x va x—1 khdng chira nhan tir chung.

Do d6 f(x) chiahétcho x(x-1).

Q Bai tap tv luyén
W

/~Bai 1. Khong dit tinh chia da thirc, hay xét xem da thuc x® —9x* +6x+16 ¢6 hay khong chia
hét cho

a) x+1; b) x-3.
(@ Loigidi
a) Co; b) Khong.

7Bai 2. Tim du khi chia cac da thirc sau
a) x*:(x* +1) b) x*:(x* +1)
(& Loigidi
a Xt =x"-x+x= x(x40 —1)+ x. Tathdy x® -1= (x“ )10 —1 nén chia hét cho x* -1, do d6 chia hét
cho x*+1.
b, Du —x.

~Bai 3. Tim du khi chia x+ x>+ x> + x¥ cho

a) x-1; b) x* +1;
(@ Loigiai
a) Du 4; b) Du 4x

~Bai 4. Tim du khi chia x®° +x® + x" +x+7 cho

a) X+1; b) x*+1
(& Loigiai

a, r=f(-1)=-1-1-1+7=3. Du33.

b, X +x® + x4 x+7= x(x98 +1)+x(x54+1)+ x(xlo +1)—2x+7.
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PRV 2\49 2\%7 2125 L 2 N 2 , A
Chay ring (x*)" +1,(x*) +1,(x ) +1 chia hét cho x? +1 (theo hing déng thirc 9) . Nhu vay du

cantimla —2x+7.
~Bai 5. Tim du khi chia da thuc f (x)=x%+x* +...+x*+x+1 cho x* -1.

(& Loigiai
Goi thuong khi chia f (x) cho x* -1 1a Q(x), dula ax+b. Tac

f(x)=(X*-1)-Q(x)+ax+b
bing thirc trén ding véi moi x . Lan luot cho x=1 va x=—1.
Pap: Du khi chia f (x) cho x*—11a 25x+26 |

~~Bai 6. Tim da thic f (x), biétrang f (x) chiacho x—3 thidu 7, f (x) chiacho x—2 thi du
5, f (x) chiacho (x—2)(x—3) thi dugc thwong la 3x va con du.
(£ Loigiai

Truéc hét ta tim du khi chia f (x) cho (x—2)(x—3). Xét

£(x)=(x=3)-A(x)+7 1)
F(x)=(x-2)-B(X)+5 0
Céch 1. Xét
(x)=3x(x—2)(x~3)+ax+b 3)

T (1),(2),(3) bang cach cho x=2,x=3 ta tim dugc a=2,b=1. Du cua phép chia f(x) cho
(x—2)(x—=3) la 2x+1.

Do d6 f(x)=3x(x-2)(x—3)+2x+1=3x*-15x> +20x +1.
Céach 2. Tur (1) suy ra

(x=2) f(x)=(x—2)(x—3)-A(x)+7(x-2). 4)
Tur (2) suy ra

(x=3) f (x)=(x-2)(x-3)-B(x)+5(x—3) (5)
Lay (4) trir (5) dwoc f (x)=(x—2)(x=3)[ A(X)-B(X)]+2x+1.

Du khi chia f(x) cho (x—2)(x—3) la 2x+1. Gidi tiép nhu cach 1 .

F~Bai 7. Tim da thic f (x), biétring f(x) chiacho x—3 thidu 2, f (x) chiacho x+4 thidu9,

con f(x) chiacho x*+x—12 thi dugc thuong 1a x> +3 va con du.
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@ Loigiai

Pép sd: x* +x* —9x* +2x - 31.
~Bai 8. Khi chia don thic x® cho x+% thi dugc thuong la B(x) vadula sé r,. Khi chia B(x)
cho X+ =, ta duge thuong 14 C(x) vadulasé r,. Tinh r,.
2 (' Loigiai
L 1 .8
bt —E:a,taco X° =(x—a)-B(x)+r,.

Cho x=a thi r,=a°, do d6

nén

B(x)= Xx—: =(x"+a")(x* +a*)(x~+a)
Taco
(x+a*)(x* +a®)(x+a)=(x-a)-C(x)+,

Cho x=a, tadugc 2a*-2a’.2a=r, nén r,=8a’

Thay az—i, ta duoc r, =—i.
2 16

7~Bai 9. Chuang minh rang
1, x**+x2 +1 chia hét cho x® +x° +1;

% _x'%% chiahét cho x? —x+1;

2, X* =X
3, X°~10x+9 chia hét cho (x—1)?;

4, 8x° —9x® +1 chia hét cho (x—1)°.
(& Loigiai
1, Thém bét x* vao da thirc bi chia.
2, Bién @i x> —x® —x'* = (x2 - x+1)—(x9 +1)—(x1945 - x).

3, x*-10x+9= (x1° —1)—10(x—1) = (x—l)(xg XX 4.+ x+1—10)
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Biéu thic trong dau ngozc thir hai bang (X° 1)+ (x° =1)+...+(x~1), chia hét cho x—1.
4, Taco

8x°® —9x° +1:8(xg —1)—9(x8 —1)
:(x—l)[S(x8 +X +...+x+1)—9(x7 +x° +...+x+1)]

Biéu thirc trong ddu ngoic vudng bang

8% —x =X —x*=x*—x®=x?—x-1,
chia hét cho x—1 vi tong cac hé s bang 0 .

~Bai 10. Ching minh rang f (x) chia hét cho g(x) véi
f(X)=x"+xP+x"7+. . +x"+]
g(x)=x"+ x>+ X" +...+x+1
(& Loigidi
Truéc hét chung minh rang f (x)—g(x) chia hétcho g(x). Taco
f(X)=g(x)=x*=x"+x* —x®+.. .+ x" =X

=x° (x90 —1)+ X (x8° —1)+...+ x(x10 —1)

Céc bieu thuc trong dau ngodc déu chia hét cho x'° -1 ma x'° -1 chia hét cho g(x).

/~Bai 11. Chttng minh rang da thuc (x+ y)° +(x—y)® chia hét cho da thirc x? + y?.

Z Loigiai

(x+Y)° +(x=y)° =[ (x+ y)* ] +[ (x—y)*] chiahétcho (x+y)? +(x~y)?, tirc la chia hét cho
2(x*+y?). do d6 chia hét cho x* +y*.
/~Bai 12. Chtrng minh rang véi moi sb tu nhién n

1, (x+1)*" —x*" —2x—1 chia hét cho x(x+1)(2x+1);

2, x*™? 4 2x*™! 41 chia hét cho (x+1)%;

3, (x+1)*"? +(x—=1)*"*2 chia hét cho x*+1.
@ Loigidi
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1, Ching minh rang moi nghiém cua da thirc chia déu 12 nghiém cua da thic bi chia.
2, Pa thitc chia bing (x™* +1), chia hét cho (x+1)?.

2n+ 2n+

3, (x+D)? + (x-)*" =[ (x+1)? " +[ (x-1?]"" chia hét cho (x+1)? +(x—1)?, tac Ia chia hét
cho 2(x* +1).
~Bai 13. Chirng minh rang véi moi sé tu nhién n thi (x” —1)(x“+1—1) chia hét cho
(x+1)(x-1)%. @ Loigiai
Vi n va n+1 1 hai s6 ty nhién lién tiép nén c6 mot sé chin va mot sb 1¢. Pa thic bi chia cé dang
(x2k —1)(x2"+1—1)=(x2 —1)- A(x)-(x-1)-B(x)
=(x+1)(x=1)?-A(x)-B(x)

F~Bai 14. Chtrtng minh rang véi moi s6 tu nhién m,n thi x*™* +x®"2 +1 chia hét cho x* + x* +1.

(@ Loigiai

6n+2

Truéc hét, ta chitng minh x®™* + x®™2 +1 chia hét cho x? + x+1. Giai twong ty nhu vi du 58 .

Da thirc x*™* +x®"2 +1 chia hét cho x* + x+1 va chia hét cho x* —x+1, hai da thirc nay khong c6
nhan tr chung bac nhat. Do d6 x°™* + x®"*2 +1 chia hét cho tich (x2 +X +1)(x2 - x+1) , tuc 1a chia

hét cho x* +x? +1

~~Bai 15. Tim sb tu nhién n sao cho x*"+ x" +1 chia hét cho x*+ x+1.
(£ Loigiai

Xét n=3k,n=3k+1va n=23k+2. Trong trudng hop dau, sé du phép chia bang 3 . Trong hai
truong hop sau, sé du phép chia bang 0 . Vay sb can tim n khéng chia hét cho 3.

/~Bai 16. Xac dinh s6 k dé da thac A= x®+y®+z° +kxyz chia hét cho da thic x+y+z.
(& Loigiai

Goi thuong khi chia da thac A cho x+y+z la Q,tacod

X +y 4+ +kxyz =(x+y+2)-Q

Ding thirc trén ding véi moi X,y,z nénvéi x=1y=1,z=-2 taco
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1+1+(-2)° +k(-2) = (1+1-2)- Q= 6-2k =0 = k =3
V6i k=-3,tacd x*+y®+z%—3xyz chiahét cho x+ y+z (thuong bang

X°+y° +zz—xy—yz—zx)Vay k =-3.

~Bai 17. Cho da thuc f (x) c6 cac hé so nguyén. Biét rang f (0), f (1) la cac sb lé. Ching minh
rang da thic f (x) khong c6 nghiém nguyeén.

@ Loigiai

Gia sir a la nghiém nguyén cua f (x).Véimoi x,tacd f(x)=(x—a)-Q(x), trongdd Q(x) la
da thirc c6 hé sé nguyén, do d6

f(0)=-a-Q(0); f(1)=(1-a)-Q(2)

Do f(0) las6lénén a lasolé do f(1) lasdlenén 1-a laso ¢ mau thudn véi nhau.

TAI LIEU TOAN HOC
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PHU'O'NG TRINH BAC NHAT 1 AN

(dddd)

Khai niém vé phuong trinh. Phuong trinh bac nhat.

Q Tém tat ly thuyét

1, Tagoi hé thirc dang A(X)=B(x) la phuong trinh v6i 4n x . Giai phuong trinh

A(x)=B(x) latim moi gid tri cua x dé cac gia tri twong tng cua hai biéu thuc A(x) va
B(x) bang nhau.
Tap hop céc gia tri d6 goi la tap nghiém caa phuong trinh da cho, va thuong dugc ky hiéu la S

2. Hai phuong trinh duoc goi 13 twong dwong néu ching cé cling mot tap nghiém.
3. Khi giai mot phuong trinh, ta c6 thé
e Chuyén mét hang tir tir vé nay sang vé kia va d6i dau hang tir do.
e Nhan (hoic chia) ca hai vé véi cing mot sé khéac 0 .
Khi d6 phuong trinh méi twong duwong véi phuong trinh da cho.
4. Phuong trinh bac nhat 1a phuong trinh ¢6 dang ax+b=0 trong d6 x laansd, a va b 1a
cac s6 da cho, a =0
Khi giai phuong trinh c¢6 hé sé chit trong muc nay, ta cling xét cac phuong trinh ¢ dang
ax+b=0 trong d6 a=0.

Q M6t sd vi du
A4

B3 Vi du 1. Gidi phwong trinh sau, véi a 1a hang s6 (ta con goi a |a tham s6)

alax+1)=x(a+2)+2.

@ Loigiai
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Bién ddi phwong trinh da cho thanh
a’x—ax—2x=2-X
ox(a’-s-2)=2-a
o(a+l)(a-2)x=2-a 1)

Ky hiéu S la tap nghiém cua phuong trinh da cho, ta c6
£ . 1
Neu a=-1,a=2 thi S ={——}.
a+l

Néu a=—1 thi (1) c6 dang Ox =3, vd nghiém, S=& .

Néu a =2 thi (1) c6 dang Ox = 0, phuong trinh nghiém dung véi moi x,S =R.

3 Vi du 2. Giai phuong trinh v6i @ 1a tham sé

x—a=a+3_2. ()
3 a
Z Loigiai

Diéu kién xac dinh cua phuong trinh 1a a 0.
Bién d6i phuong trinh
(1) < a(x-a)=3(x+3)—6a
o ax—a’=3x+9-6a
< ax-3x=a’-6a+9
o (a-3)x=(@-3" (2
Néu a # 3, phuong trinh c6 nghiém x=a—3.
Néu a =23 thi (2) c6 dang 0x =0, suy ra véi moi x déu la nghiém.
Két luan
Néu a=0;a =3 thi (1) c6 mot nghiem x=a-3.
Néu a =3 thi (1) nghiém dung v6i moi x.

Néu a =0 thi (1) vo nghiém.
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3 Vi du 3. Chirng minh rang ton tai cdc hang s6 a, b, ¢ dé phwong trinh sau vd nghiém

x—ab x-ac x-bc

= = =a+b+c. (1)
a+b a+c b+c

@ Loigiai
Diéu kién xac dinh cua phuong trinh

a+b=#0;a+c#0b+c=0

Khi do,
(1)<:>(x—ab_Cj{x—ac_bj{x—bc_ajzo
a+b a+c b+c
X—ab—ac—-hc x—-ac—-ab-bc x-bc—ab-ac
+ + =0
a+b a+c b+c
@(x—ab—ac—bc)( 1 + 1 + 1 ):0
a+b a+c b+c
. A & n 1 1
(1) cb vo so nghiém < 2

+ + =
a+b a+c b+c
Chang han ta chon a=1b=1, d¢ (2) xay rata chon ¢ sao cho

1 1 1 2 -1
iy - 4 - 00— =———~—=c=-5
2 1+c 1+c l1+c 2

Nhu vay (1) c6 vo s nghiém, chang han khi a=1b=1c=-5.

L Vi du 4; Gidi phuong trinh

x—a x—-b  2ab
a+h a-b b -da

(& Loigiai

Diéu kién xac dinh cta phuong trinh 12 a = +b.
Bién d6i phuong trinh

(x—a)(x—b)+(x—b)(a+b)=-2ab

< ax—bx—a’+ab+ax+bx—ab-b® =-2ab
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< 2ax=a’+h?-2ab
< 2ax = (a—b)? (1)

(a—b)’
2a

Néu a =0 thi x=

Néu a =0 thi (1) c6 dang Ox =b?. Do a=b nén b = 0, phuong trinh v6 nghiém.

Két luan

_ 2
Néu a=0,a=+b thi S={(a2—b)}.
a

Conlai, S=9.

Q Bai tap tvw luyén
W

Bai 1. Giai cac phuong trinh

[EEN

. (x+2)° —(x-2)° =12x(x-1)-8;

N

- (x+5)(x+2)-3(4x-3)=(5-X);

w

. (3x—1)° -5(2x +1)* + (6x—3)(2x +1) = (x-1)*.
(@ Loigidi

[EEN

 (x+2)° = (x=2)° =12x(x-1)-8 < 12x* +16 =12x* —12x -8 < x = -2

2. 2(x+5)(x+2)-3(4x—3)=(5-x)* & x* -5x+19=x* -10x+ 25 < x=g

w

. (8x=1)* =5(2x +1)* + (6x—3)(2x +1) = (x—1)*
2 2 _1
& X —26X—-T7=X —2x+1<:>x=?.

F7Bai 2. Giai cac phuong trinh

X-5 x-4 x-3 x-100 x-101 x-102
= + +

1. + +
100 101 102 5 25 3
29-x 27-x 25-x 23-x 21-x
2. + + + + =_5
21 23 25 27 29
(¢ Loigiai
1. Taco
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X_5—1+ x—4_1+ x—3_1: Xx—100 14 x—101_1+ x—102_
100 101 102 5 4 3

1

Xx—-105 x-105 x-105 x-105 x-105 x-105
= + + = + +
100 101 102 5 4 3

. e K
100 101 102 5 4 3

< x=105.

2. Tacéh

29-x +1+ 27X +1+ 25-x +1+ 23— X +1+ 21-x +1=-5+5
21 23 25 27 29

29-x +1+ 27X +1+ 25-x +1+ 23— X +1+ 21-x +1=-5+5
21 23 25 27 29

< (50-x) Lt =0
21 23 25 27 29

Vay x=50.

/~Bai 3. Giai cac phuong trinh véi tham s6 a,b

a) a(ax+b)=b*(x-1) ; b) a’x—ab=b*(x-1);
(& Loigiai

a(ax+b)=b*(x-1)

& (a?-b*)x=-b(a+b)

Néu a = +b thi X:L.
b-a

Néu a=b thi phuong trinh nghiém dung véi moi x (néu b =0 ) hoic vo nghiém (néu b =0 ).

Néu a=—b thi phuong trinh nghiém dting véi moi x.

2 a’x—ab=b*(x-1);

Bién d6i phuong trinh thanh (a2 —b? ) X = b(a—b) roi giai twong tu nhu cau a.

F~Bai 4. Giai cac phuong trinh v&i tham sb a,b

Xx—a Xx-1 2a
1. + = 5
a+l a-1 1-a
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X+a-1 x—-a x-a
+ +

2. 5
a+2 a—-2 4-a

x 3a dax (2a+1)x  3a®
3. 3X+_— = > _|_ 5 —_ 3
a a+l (a+1)° a(a+l)” (a+l

(& Loigiai
Xx—a x-1 2a
) + = 5
a+l a-1 1-a

Diéu kién 1a a = +1. Bién dbi phuong trinh thanh 2ax = (a—1)°.

_ 2
Néua;tOvaa;tJ_rlth‘lS:{M}.
2a
Néu a=0thi S=O
X+a-1 x—-a Xx-a
+ + =
a+2 a-2 4-a°

0
biéu kién la a=+2.

Bién d6i phuong trinh thanh (2a-1)x=2(2a-1). Néu a % thi x=2.
Néu a :% thi 0x =0, v6 s6 nghiém.

x 3a dax (2a+l)x  3a®
3. 3X+—— = >+ = 5
a a+l (a+1)° a(a+d)° (a+)

Piéu kiénla a=0;a=-1.
Bién d6i phuong trinh thanh

3a(a2 —a+1) 3a(a2 —a+1)

X =
a(a+1)° (a+1)°

Do a=#0,a#-1a*—a+1=0 (chitng minh dé dang) nén x=il.
a+

[Q BAI 5. Giai phuong trinh véi cac tham sé a,b,c

X—a X-b x-c
+ + =

1) -
b+c c+a a+b
X—a X-b x-c 3X
2) + + =
b+c c+a a+b a+b+c
3) a+b—x+a+c—x+b+c—x:L_ 4x _
c b a a+b+c
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2a+b+c—-3x a+2b+c—-3x a+b+2c—-3x 9x

4) + + =6—
a b c a+b+c
(¢ Loigiai
1) Taco
Xx—a X-b x-c
+ + =3

b+c c+a a+b

x—a_1+x—b_1+x—c_1=O

b+c c+a a+b

< (x—a-b-c) ! + ! + ! =0
b+c a+c a+b
X 1 1 1 1 4 A 1A
Neéu + + # 0, phuong trinh c6 mot nghiém x=a+b+c..
b+c a+c a+b

Néu ! + 1 + ! =0, phuong trinh c6 tap nghiém la R .
b+c a+c a+b

X—a X-b x-c 3x
+ —

2 = ;
)b+c c+a a+b a+b+c

Tuong tu cau 1) ta co

1 1 1 3
(x—a-b-c) + - — j
b+c a+c a+b a+b+c

1 1 1 3
+ + -
b+c a+c a+b a+b+c

Néu # 0, phuong trinh c6 mot nghiém x=a+b+c.
1 1 1 3
+ +

Néu -
b+c a+c a+b a+b+c

=0, phuong trinh c6 tdp nghiém Ia R .

a+b—-x a+c—-x b+c—x 4x
+ + =1-
c b a a+b+c

3)

Lam tuong tu cau 1), ta co

(a+b+c—x)(l+1+£— 4 JzO

c b a a+b+c

2a+b+c—-3x a+2b+c-3x a+b+2c-3x 9x
4) + + =6-— .
a b c a+b+c

Diéu kién a;b;c;a+b+c 0. Khido

2a+b+c—-3x a+2b+c—-3x a+b+2c-3x 9x
+ + =6

a b c a+b+c

2a+b+c—-3x a+2b+c—-3x a+b+2c—-3x 9x
-1+ -1+ -1=6-
a b C a+b+c

-3
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< (a+b+c—3x) 1.0, 3
c b a a+b+c
Néu 1+1+1—L;t0,ph110’ng trinh c6 mot nghiém x:a+—b+C
c b a a+b+c
Néu E+E+E—L:O,phu’0ﬂg trinh co tap nghiém la R.

c b a a+b+c
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Phuwong trinh tich

Q Tém tat ly thuyét

Phuong trinh tich (mét 4n) 1a phuong trinh dang ¢6 dang

A(X)B(x)...=0 (1)

trong d6 A(x),B(X),..., 1a cac da thic.

Dé giai (1), ta chi can giai ting phuong trinh A(X)=0;B(x)=0,... rdi ldy tat ca cac nghiém cua
chdng.

Céac phuong phap phan tich da thic thanh nhan tir chung ¢6 vai tro quan trong trong viéc dua mot
phuong trinh vé dang tich réi phan tich. Cach dit an phu ciing thudng duoc st dung dé trinh bay 10i
giai duoc gon gang.

Q Bai tap va cac dang toan

669465 Bai tap mau O

[ Vi du 1. Gidi phuong trinh
(x+3) —(x+1)’ =56

@ Loigiai

Cachl.
(x+3)°—(x+1)* =56

S X+ +27x+27—x3—3x* —3x—-1=56
< 6X2 +24x+26 =56

N 6(x2 +4x—5)=0

<:>6(x2 —x+5x—5) 0

< x(x-1)+5(x-1)=0
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< (x-1)(x+5)=0
Két luan S ={1,-5}.
Céch 2. Chuy rang x+2 latrung binh cong ciia X+3 va x+1, ta dat x+2 =y, phuong trinh tr¢
thanh
(y+1)°’~(y-2)°=56
<y +3y? +3y+1-y* +3y* -3y +1=56
&6y +2=56
< yi=9
< y=43
Véi y=3 thi x=1.Véi y=-3 thi x=-5.

Két luan S ={1,-5}.

L Vi du 2. Gidi phuong trinh

X +(x—1)3 =(2x—1)3

(& Loigiai
Ta thay X+(X—1)=2X—1. bat x—1=y thi phuong trinh c6 dang
X4y =(x+y)
<X +y = +y +3xy(x+Y)
< xy(x+y)=0
[x=0 x=0
<ly=0 <<|x-1=0
| X+y=0 2x-1=0
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£ vi du 3. Gidi phuong trinh

(x+1)" (x+2)+(x=1)" (x-2)=12

) (& Loigiai
Rt gon Vvé trai cua phuong trinh, ta dugc

2x3 +10x =12

< x3+5x-6=0

& (¥ -1)+5(x-1)=0
<:>(x—1)(x2+x+6):0

Dé dang ching minh duoc x* +x+6#0. Dodé S=1.

L Vi du 4. Gidi phuong trinh
(x* =1)(x* +4x+3)=192

L o # Loigiai
Bién doi phuong trinh thanh E 8

(x* —1)(x+1)(x+3) =192 <> (x—1) (x +1)* (x+3) =192
bat x+1=y, phuong trinh tré thanh

(y-2)y*(y+2)=192 < y*(y* -4) =192
biat y*—2 =1z thi z+2>0, phuong trinh tro thanh

(z+2)(z—2):192<:>z2 =196 < z=+14
Loai z=-14 vi trai véi diéu kién z+2>0.

Véi =14 thi y* =16, do d6 y=+4
Véi y=4thi x+1=4 nén x=3
Véi y=-4thi x+1=-4 nén x=-5

Vay S ={-5,3)

L1 Vi du 5. Giai phuong trinh

(x—6) +(x—8)" =16
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(2 Loigiai

bat x—7 =y, phuong trinh tr¢ thanh

(y+1)?+(y-1)*=16

RU{t ngon ta dugc
2y* +12y2 +2=16
<y +6y*+1=8
<y +6y*—-7=0.

it y*=2>0,taco 2 +6z2-7=0< 7 =12, =—7 (loai).

Véi z=1,tacé y*=1nén y=+1

Tuwdo x =8;x,=6

Chu y: Khi giai phuong trinh bac 4 dang (x+a)* + (x+b)? = ¢, ta thudng dat an phu y = x+aT+b.

£ Vi dy 6. Gidi phuong trinh
X +3x2+4x7 +3x+1=0 (1)

vs_vd.l.lv:g_L:lvz_v_L‘l—n 7\

(& Loigiai
1) x* +3x*+4x*+3x+1=0 (1).
Tathdy x =0 khdng l1a nghiém cua phuong trinh (1). Chia hai vé caa (1) cho x? =0, ta dugc

x2+3x+4+§+i2=0
X X

<:>(x2 +%)+3(x+%)+4:0.

bat x+l=y thi x2+i2:y2—2,taduo’c y?+3y+2=0
X X
Dodo y,=-1y,=-2

Véi y=-1,taco X+ =1 nén x* +X+1=0, v nghiém.
X

Véi y=-2,tacod x+L=_2 nen (x+1)>=0,dod6 x=-1.Kétluan S ={-1}.
X

Chu y: Ciing c6 thé giai phuong trinh (1) bang céch bién ddi vé trai thanh

(x+D)? (x* +x+1)
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2) x> =x*+3x3+3x* —x+1=0 (2).

Tathiy x=-1 la mot ngiém cia phuong trinh (2) vi tong céc hé sé cua hang tir bac chin bang tong
cac hé sb cua hang tir bac Ié. Bién doi phuong trinh (2) thanh

(x+1)(x* —2x° +5x* —2x+1) =0
Giai phuong trinh
X' —2x* +5x* —2x+1=0 (3)
Tathiy x =0 khdng la nghiém khong 1a nghiém cua (3). Chia 2 vé caa (3) cho x? =0, ta duoc

x2—2x+5—§+i2:0
X

<:>(x2 +i2j—2(x+lj+5=0
X X

it x+ L=y thi X2+~ =y? 2, taduoc y? —2y+3=0, vo nghiém. Két luan S = {~1}

X X
(1) Ta goi cac phuong trinh (1) va (2) 1a phuong trinh dbi xng: cc hé sé cuia da thic & 2 vé tréi c6
tinh chét d6i xing qua hang tur ding giita.

Phuong trinh (1) 12 phuong trinh ddi xang bac chin, phuong trinh (2) 1a phwong trinh d6i xtng bac
lé. Phuong trinh di xing bac Ié bao gio ciing nhan X =—-1 1am mot nghiém, do d6 bang céch chia
hai vé cho x+1, ta thu duoc phuong trinh d6i xting bac chin 2n.

Phuong trinh d6i xang bac chin 2n ddi véi x dua duoc vé phuong trinh bac n ddi véi y bang

cach dat 4n phu y=x+l.
X

Ta c6 nhan xét sau dé kiém tra lai nghiém cta phuong trinh d6i xing: Néu a 1a nghiém phuong

trinh thi 1 cling l1a nghiém cua phuong trinh.
a

[ EQ Vi du 7. Chirng minh rang cac phuong trinh sau vd nghiém

X=X +2x—x+1=0 (1)

XX+t +x+1=0 (2)

\_

@ Loigidi
1) x*=x¥+2x*—x+1=0

Bién d6i phuong trinh (1) thanh
(x2 +1)2 - x(x2 +1) =0

Ca hai nhan tir & vé déu duong.
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Kétluan S=9.

2)

Céch 1. Nhan hai vé cua (2) véi x—1, ta duoc
(x—l)(x4+x3+x2+x+1):0

< x°-1=0

< x*=1(3)
Phuong trinh (3) c6 nghiém X =1, nhung gia tri nay khong théa méan phuong trinh (2).

Kétluan S=0.
Céach 2. Chang minh x* +x® +x*> +x+1>0
Chu ¥: trinh (1) va (2) ciing 1a phwong trinh d6i xting. Do d6 ciing c6 thé giai chiing bang cach dat

2 1
an phy y=x+-—.
X

Q Bai tip vé nha

F~BAI 1. Giai cac phuong trinh sau

a) X*+2x*+x+2=0

b) x*+2x* —=x-2=0.

c) x*—x*—21x+45=0.

d) x*+3x*+4x+2=0

e) X +x*+6x-8=0

f) (2 +1)° =4(2x-1)

0) (x=1°+(2x+3)>=27x>+8
h) 6x* —x*—7x*+x+1=0

(& Loigiai

8) x*+2x° +x+2=0< (x+2)(x* +1)=0. Nghiém x=-2

b) x3+2x2—x—2<:>(x+2)(x2—1). Nghiém x=-2;-1;1
c) X’ —x*—21x+45 < (x-3)*(x+5)=0. Nghiém x =-5;3

d) X°+3x* +4x+2 =0 (x=1)(x* +2x+2)=0. Nghiém x=-1
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€) X* +x* +6X—8=0<> (x—1)(x+2)(x* —x+4)=0. Nghiem x=-2;1
f) (2 +1)° = 4(2x-1) & (x~1)(x* +2x+5)=0. Nghiém x =1

g) (X=1)° + (2x+3)° = 27x¢ +8. Nghiém x =—§;—%;3

h) 6x* —x° = 7x* + x+1=0 <> (x* ~1)(2x~1)(3x+1) = 0. Nghiém x=-1,— ;%;1.

w|

F~BAI 2. Giai cic phuong trinh sau
a) (x2 —5x)2 +1O(x2 —5x)+ 24=0
b)

2

(x2+5x)" —2(x? +5x) = 24
0) (3 +x+1)(x* +x+2)=12.
d) (x*+x-2)(x* +x-3)=12
€) X(x+1)(X* +x+1)=42.

f) (x2+x+1) =3(x* +x2+1).

(& Loigiai

8) (x2 ~5x)” +10(x* ~5x)+24=0.
Dit y=x*-5x. Tadugc y*+10y+24=0,trdo y,=-6;y, =—4.

V6i y =—6 taduoc x, =2;x, =3.

Véi y=—4 tadugc X, =1x, =4.

b) (x2+5x)2—2(x2+5x)=24.

Nghiém x =-6;-4;-1;1.

0) (X +x+1)(x* +x+2)=12.

DPit y=x*+x+1. Taduoc y*+y-12=0,trdo6 y, =3y, =—4.
Véi y=3 taduoc X, =1;x, =—4.

V6i y =—4 Phuong trinh v6 nghiém.

d) (x*+x-2)(x* +x-3)=12.
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Nghiém x=-3;2.

€) X (x+1)(X* +x+1) =42
Nghiém x=-3;2.

f) (x2 +x+1)2 =3(x4 + X2 +1).
Chayring x* +x*+1= (x2 + x+1)(x2 - x+1).
Phuong trinh ¢6 dang (X* +x+1)(x* —2x+1)=0.

Nghiém x=1.

F~BAI 3. Giai cac phuong trinh sau
a) X(x+1)(x-1)(x+2)=24.

b) (x—4)(x~5)(x~6)(x~7)=1680.
¢) (x+2)(x+3)(x—5)(x—6)=180.
d) 2x(8x~1)? (4x—1)=9.

€) (L2x+7)?(3x+2)(2x+1) =3

f) (2x+1)(x+1)?(2x+3)=18.
(2 Loigiai

a) X(x+1)(x-1)(x+2)=24

Nghiém x =-3;2.

b) (x—4)(x-5)(x—6)(x—7)=1680.
Nghiém x=-1;12.

c) Taco
(x+2)(x+3)(x—5)(x—6)=180

& (X —3x—10)(x* -3x—18) =180
Pt y = x*—3x—14. Tim duoc y =+14.

Véi y=14 tadugCc X, =7;X, =—4
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61 y=-14 taduoc x, =0;x, =3.

d) 2x(8x—1)? (4x-1)=9.

Nhan 8 vao hai V&, ta duoc 8x(8x—1)*(8x—2)=72.

bt y=8x—1 taduge (y+1)y*(y-1)=72<(y*-9)(y*+8=0) <

Truong hop y =3 suy ra x=%. Truong hop y=-3 suy ra x=—%

e) (12x+7)*(3x+2)(2x+1)=3.

Nhan 24 vao hai V¢, ta dugc (12x+7)*(12x+8)(12x+6)=72.

bat y=12x+7 ta dugc x=—%;—g.

f) (2x+1)(x+1)?(2x+3)=18

Nhan 24 vao hai vé, rdi dat y = 2x+2, ta duoc x =%;—g.
F~BAI 4. Giai cac phuong trinh sau

8) (x*—~6x+9) ~15(x’ ~6x+10)=1.

b) (x2 +1)2 +3x(x2 +1)+2x2 =0.

¢) (x2-9) =12x+1. @ Lo gid

8) (x* ~6x+9) ~15(x* ~6x+10) =1

Dt y=x"-6x+9>0, ta duoc y, =-1( loai );y, =16..
Nghiém x=-1,7.

b)(x2 +1)2 +3x(x2 +1)+2x2 =0.

bt y=x*+1 tadugc y*+3xy+2x* =0 (y+x)(y+2x)=0.
Nghiém x=-1.

c)(x2 —9)2 =12x+1.
Thém +36x2 vao hai vé.
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DPap s x=-4;2.

F~BAI 5. Giai cac phuong trinh sau
a) (x+3)*+(x+5)" =16.

b) (x-2)* +(x-3)* =1.

c) (x+1*+(x-3)* =82.

d) (x=2,5)* + (x-1,5)* =1.

(& Loigiai

a) (x+3)"+(x+5)* =16.

Dit y = x+4, khi d6 phuong trinh twong dwong (y—1)* + (y+1)* =16, ta dugc y =+1.
Vi y =1 thi x=-3.

Véi y =1 thi x=-5.

b) (x—2)* + (x—3)* =1.

5
bat y=x——.
at 'y 5
Nghiém x=2;3.

) (x+1)* +(x-3)* =82
Nghiém x =2;0.

d)(x—2,5)* + (x-1,5)* =1

Nghiém x =

N | o

3
5
F~BAI 6. Giai cac phuong trinh sau
a) (4-x)°+(x-2)°*=32.

b) (x—1)°+(x+3)° =242(x+1).
(@ Loigiai
a) (4-x)°+(x-2)°>=32.

Pit y=x—3 rdi rit gon duoc y* +2y*-3=0.
Nghiém x=2;4.
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b) (x—1)°+(x+3)° =242(x+1).
bat y=x+1.
Nghiém x=-2;-1;0.
F~BAI 7. Giai cac phuong trinh sau
a) (x+1%+(x-2)*=(2x-1)°.
b) (x—-7)* +(x-8)* = (15-2x)*.
(¢ Loigiai
a) (x+1°+(x-2°=(2x-1° = (x+1)° + (x-2)* + (1-2x)* =0.
bat a=x+Lb=x-2;c=1-2x thi a+b+c=0.
Do d6 a®+b®+c®=3abc. Vay abc=0.

Nghiém x = —1;%;2.

b) (x—7)" +(x—8)* = (15— 2x)".

bat a=x-7;b=x-8 ta dugc

a'+b*—(a+b)* :0<:>4ab(a2+gab+b2j:0

2
Xét a? +§ab +b? = (a+%b) +% >0 nhung diu bang khdng xay ra.

Nghiém x=7;8.
~BAI 8. Giai cac phuong trinh sau
a) x* =3x>+4x* -3x+1=0.
b) 3x* —13x* +16x* —13x+3=0.
c) 6x* +5x*—38x*+5x+6=0
d) x®+2x* +3x° +3x* +2x+1=0.
(& Loigiai
a) x*—3x*+4x*-3x+1=0.

bat y:x+£,taduo’c y>—3y+2=0.
X

Nghiém x=1
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b) 3x* —13x> +16x* —13x+3=0.
Pt y=x+ 2, tadugc (y—1)(3y-10)=0.
X

3) 6x* +5x° -38x° +5x+6

1 5 10
bat y=x+— ,tadugoCc y,=—;y, = —— .
al 'y x 0C Y, 5 Y, 3
Nghiém x:—3;—1;—£;2
3 2

4) X° 4+ 2x* 4+3x> +3x* +2x+1=0

Nghiém x=-1
5) 6x* 4 25x° +12x* —25x+6=0
bat y:x—i .

X

Nghiém x:—3;—£;1;2
2 3

6) 6x* +25x° +12x° - 25x+6 =0

Chia hai vé cho x? .
. 1
Nghiém x:l;E;Z
7~BAI 9. Giai cac phuong trinh sau x° = x* + x> + X* + x+2.

(& Loigiai

X=X+ X+ X+2
<:>(x5-1)-(x4+x3+x2+x+1)20
& (x-2)(X +x*+X* +x+1)=0
S X=2
Vi phuong trinh x* + x* + x* + x+1=0 v nghiém.
Vay nghiém x=2.
~BAI 10. Chirng minh céc phuong trinh sau v6 nghiém

a) X' —2x>+4x* -3x+2=0 b) x°+x°+x* + x> +x+1=0.

(& Loigiai
1) x*—=2x®+4x*-3x+2=0
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Pua phuong trinh vé dang (X2 -~ X+1)(X2 —X+ 2) =0

2) X*+x°+x}+x*+x+1=0.

Pua phuong trinh vé dang x’ —1=0.

PHUONG TRINH CHUA AN O MAU

Q Tém tat ly thuyét

Céc budc giai phuong trinh chira 4n & mau thuc:

e Tim diéu kién xac dinh (PKXP) cta phwong trinh.

e Quy ddng mau thirc & hai vé ciia phuong trinh réi khir mau thuc.
e Giai phuong trinh vira nhan duoc.

e Nghiém caa phuong trinh 1a cac gia tri tim duoc cua an thoa mén diéu kién xac dinh.

Q Mot sd vi du
A4

1 Vidu 1. Giai phuong trinh:

DKXD cua phuong trinh 1a X #2,x # 4
Bién d6i phuong trinh (1):
(x=1)(x—4)+(x+3)(x-2)=-2

Thu gon phuong trinh, ta dugc
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2x(x—-2)=0 (2)

Nghiém cua (2) 1a X, =0,X, =2. Trong d6, X, =0 thoa man DKXD, X, =2 khdng théa mén
DKXD. Két luan: S ={0}.

£3 Vi du 2. Giai phuong trinh vai cac tham sb a, b

1,11 1

a b x a+b+x

(1)

@ Loigiai

DPKXD cua phuong trinh la: a=0,b#0,x=0,x#-a-b.

Bién d6i phwong trinh (1):

a+b+x x ab  —x(a+b+x) ab

1 1 a+b a+b a+b
_ o _

1) e

Néu a+b =0 thi (1) c6 vo sé nghiém: x bat ky khac 0 .
Néu a+b=0 thi
-x(a+b+x)=ab
< ab+ax+bx+x*=0

< (x+a)(x+h)=0

[x:-a
&
x=-b

Pé —a thoa min PKXD, ta phai co:
-a#0 az0
=
—a#-a-b b=0

DPé —b thoa min PKXPD, twong tu ta phai ¢6: a=0,b=0.

Céc diéu kién nay di co.

Két luan:
Néu a=0,b=0,a+b=0 thi (1) cd vo s6 nghiém: x bat ky khéac 0.

Néu a=0,b=0,a+b =0 thi (1) c6 nghiém: x=-a va x=-b.

£3 Vi du 3. Giai phuong trinh voi cac tham sb a, b

X+a X-3 5 (1)

X+3 Xx-a

(Z Loigiai
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KXD cua phuong trinh 1a X #-3,x#a.
Bién d6i phuong trinh, ta dugc
2(a-3)x=(a—-3)* (2)

e Néua=3thi x= aT_?’ . Gia tri nay la nghiém cua phuong trinh di cho néu

a-3
Z "+a (4
= (4)
Giai diéu kién (3), ta duoc a = —3. Giai diéu kién (4), ta ciing duoc a = —3.
Vay néu a=-3 thi x= aT_?) la nghiém cua phuong trinh da cho.

e Néu a=3 thi (2) c6 dang 0x =0, nghiém dung véi moi X thoa man diéu kién (1), tic la
x#-3 va Xx#a (do a=3 nén diéu kién nay la x = 3).

Két luan:

Néu a=+3thi S :{a7—3}

Néu a =3 thi S:{x|x¢i3}.

Néu a=-3thi S=¢

Q Bai tap tu luyén
W
I~ Bai 1. Giai cac phuong trinh:

1) X+2+ 3 - 3 1
X+1 Xx—-2 X°—x-2
X+6 x-5 2x*+23x+61

2) + =—

X—-5 XxX+6 X +x-30

3) 6 +x+2= 18 B
x-5 x-8 (x-5)(8-x)

g XA x+4_,

Xx-1 x+1
5) 3 1 9

x+1 x-2 :(x+1)(2—x)
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X*—x _ x* _7x*-3x
x-3  9-x°

@ Loigiai

1) BPKXD cta phuong trinh la: x #-1,x# 2.
Bién d6i phuong trinh, ta dugc
(x+2)(x-2)+3(x+1)=3+(x+1)(x-2)

<:>4x=2<3x:%

1
Vay S={=
i {2}

2) bKXD cua phuong trinh la: x#—-6,x#5.
Bién d6i phuong trinh, ta dugc

(X+6)° +(x-5)° = 2x* +23x+61
& 2X = 23X
< x=0

Vay S ={0}
3) BPKXD cua phuong trinh la: X #8,x #5.
Bién d6i phuong trinh, ta dugc
6(x-8)+(x+2)(x-5)=-18-(x-5)(x-8)
< 2x*-10x=0
x=0
<:{x=5
Vi x =5 bi loai nén S ={0}.
4) bKXD cua phuong trinh la: x = +1.
Bién d6i phuong trinh, ta dugc
(X-4)(x+1)+(x+4)(x-1)=2x"-2
< -2=0
Vay S=¢&
5) BPKXD cuta phuong trinh la: x #-1,x# 2.

Bién d6i phuong trinh, ta dugc
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3(x-2)-(x+1)=-9

& 2X=-2

= x=-1

Vay S=J
6) PKXD ctia phuong trinh 1a: x = +3. Bién d6i phuong trinh, ta dugc

(x2 - x)(x-S)- X (x+3)=-7x" +3x
<0=0
Vay phuong trinh ¢ vo s6 nghiém: x bét ky khac +3.

=~ Bai 2. Giai cac phuong trinh sau:

1) x+1  x-1 _ 3
X4+x+1 x2-x+1 x(x4+x2+1)
2) X+2 X-2 6

XE+2x+4 XE-2x+4 x(x4+4x2+16)

(& Loigiai

1) bKXD cta phuong trinh 1a x #0.
Bién d6i phuong trinh, ta dwoc
(x+1)x(x2 -x+1)-(x-1)x(x2 +x+1)= 3

& 2X=3

3
Vay S=<—
v s-{3f

2) BPKXD cua phuong trinh: x#0.
Bién d6i phuong trinh, ta dugc
X(x+2)(%* - 2x+4)-x(x-2)(x* +2x+4)=6
< 16x=6

3
Vay S=4—+¢.
iy s={3)
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[~ Bai 3. Giai phuong trinh sau: 1.-1—_a =1-a trongdo a lahang sé.
—X

@ Loigiai

DKXD cua phuong trinh: x #1.
Bién dbi phuong trinh, ta duoc
1+a=(1-a)(1-x)
& ax—x=2a
< x(a-1)=2a
Néu a =1 thi phuong trinh v6 nghiém.

Néu a =1 thi x=ﬁ
a-1

Gia tri nay 1a nghiém cta phuong trinh di cho néu:

ﬁ;ﬁl
a-1
< 2axa-1
Ry a-=-1
Két luan:
Néu a=+1thi S=¢&
Néu a=+1 thi S :{ﬁ}
a-1
[~ Bai 4. Giai cac phuong trinh sau:
X 2a+X 8a’
+ =
2a+Xx 2a-x x*—4a®
2) 2a-3b N 3b-2a 0
Xx—2a x-3b
trong d6 a,b 1a cac hang sd.
(@ Loigiai

1) bPKXD cua phuong trinh la: x = +2a.
Bién d6i phuong trinh, ta dugc
x(2a-x)+(2a+x)* =-8a’
& 12a* +6ax =0
& 6ax =-12a°
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éu a =0 thi phuong trinh c6 v sb nghiém: x bat ky khac 0 .

_ 2
Néu a=0 thi x= tZa =—2a (loai). Suy ra phuong trinh v6 nghi¢m.
a

2) DPKXD cua phuong trinh 1a: x # 2a,x# 3b.
Bién d6i phuong trinh, ta dugc
(2a—3b)(x—3b)—(2a—3b)(x—2a)=0
< (2a-3b)(x—3b)=(2a—3b)(x—2a)
Néu 2a =3b thi phuong trinh c6 v6 s6 nghiém: x bat ky khac 2a.
Néu 2a =3b thi x—3b=x—2a <> 3b=2a. Suy ra phuong trinh v nghiém.
=~ Bai 5. Giai cac phuong trinh sau:

x—a+l x-b+1_ a

2 X—a X—b (x—a)(x—b);

a a-1 1
= +

2) = .
X+a x-1 x+1

trong d6 a,b 1a cac hang sd.
(¢ Loigiai

1) BPKXD ctia phuong trinh 1a X #a,x#b.
Bién doi phuong trinh, ta dugc
(x-a+1)(x-b)-(x-b+1)(x-a)=a
<-b+a=a
<b=0
Két luan: Néu b =0 thi phuong trinh c6 v6 s6 nghiém: x bat ky khac a vao .
Néu b =0 thi phuong trinh v6 nghiém.
2) PKXD cua phuong trinh 1a x # —a, X # 1. Bién d6i phuong trinh, ta duoc
a(x* -1)=(a-1)(x+1)(x+a)+(x+a)(x-1)

o a’x+a’-2x+ax—a=0
o x(a-1)(a+2)=a(l-a)
< x(a-1)(a+2)=(a-1)(-a)

Néu a =1 thi phuong trinh c¢6 v sb nghiém: x bat ky khac +1.

Néu a=—2 thi phuong trinh vo nghiém.
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Néu a=1va a=-2 thi x(a+2)=—a<:>x=_—a.
a+2
Pé x=—2 I3 nghiém cua phuong trinh thi
a+2
__a¢1
a+2
__a¢_1
a+2
-a
——#-a
a+2

Giairataduoc a=-La=#0
Két luan: Néu a =1 thi phuong trinh ¢ v6 s6 nghiém: x bét ky khac +1.

Néu a=-2,a=-1 hoic a=0 thi phuong trinh v nghiém.

Néu azla=-2,a=-1a=0 thi Sz{_—a}.
a+2

[~ Bai 6. Giai cac phuong trinh sau:

1 111
a+tb-r a b r’
2 2 1 1

?) 2(b=x) b(b=x) a(c—x) blc—x)
trong d6 a,b,c 1a cac hang s, a=0,b 0.
@ Loigiai
1) PKXP ctia phuong trinh 1a x # 0, X = a+b. Bién ddi phuwong trinh, ta dugc
abx=bx(a+b-x)+ax(a+b-x)-ab(a+b-x)
<:>(—a—b)x2+(a2+2ab+b2)x=a2b+ab2
<:>(—a—b)x2+(—a—b)2x=—ab(a—b)
Néu —a—b =0 < a=—b thi phuong trinh c6 v6 s6 nghiém: x bat ky khac 0 .
Néu —a—b #0 <> a=—b thi phuong trinh tré thanh
x> +(—a—b)x=-ab

< (x-a)(x-b)=0

{x=a
=
Xx=hb

DPé x =a langhiém cua phuong trinh thi a=0 va b=0.

Tuong ty, d& x =b 1a nghiém cuia phuong trinh thi a=0 va b=0.
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ét luan: Néu a=—b thi phuong trinh c6 v6 s6 nghiém: x bt ky khac 0 .
Néu a=0 hoic b=0thi S=¢&
Néu a=-b,a=0,b=0 thi S={a,b}.
2) DPKXD ciia phuong trinh 1a X # b, x # ¢ . Bién d6i phuong trinh, ta duoc
2b(c-x)-2a(c-x)=b(b-x)-a(b-x)

< 2(b-a)(c—x)=(b-a)(b-x)
Néu b—a=0< a=b thi phuong trinh c6 v6 sé nghiém: x bat ky khac b, c.
Néu b—a=0< a=b thi phuong trinh tro thanh

2(c-x)=b-x<x=2c-b
. . ) 2c—
bé x=2c-b langhiém cia phuong trinh thi {ZC <Cc#b

Két luan: Néu a="b thi phuong trinh c6 v6 s6 nghiém: x bét ky khéc b,c.
Néuc=b thi S=&

Néu a=b va c#b thi S ={2c—b}.

I~ Bai 7. Giai phuong trinh sau:

S SR SRR
(x+a)’ -1 (x+1)*-a® x*—(a+1)* x*—(a-1)°

trong d6 a 1a hang sd.
(& Loigiai
DKXD cta phuong trinh 1a x = £(a—-1),x#+(a+1).

Bién d6i phuong trinh, ta dugc
1 1 1 1

(x+a+1)(x+a—1)+(x+1—a)(x+1+a) (x+a+1)(x—a—1)+(x—a+1)(x+a—1)
< (x+a-1)(x—a-1)+(x+a-1)(x-a-1)=(x+a-1)(x—a+1)+(x+a+1)(x-a-1)

& —2ax-2x=-2a’-2

o x(a+l)=a*+1

Néu a=-1 thi phuong trinh vo nghiém.

2
Néu a=-1 thi x=21
a+l
. at+l
be x= l& nghiém cua phuong trinh thi

a+l
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a’+1
a+l
a’+1
a+l
a’+1
a+1
a’+1
a+l

#z-a-1

#a+1

#-a+1

a-1

Giairataduoc a=0.

Két luan: Néu a=—1 hoic a=0 thi phuong trinh v nghiém.

2
Néu a=-1va a=0 thi Sz{a +1}.
a+l1

~ Bai 8. Chirng minh phuong trinh sau c6 ba nghiém phén biét:
X—a Xx-b b a
- = +
b a x—a Xx-b

trong d6 a,b lahingsd, a=0,b=0,a+b=0.

@ Loigiai

DKXD ciia phuong trinh 1a X # a, X = b Bién d6i phuong trinh, ta duoc
x-a_ b +x-b_ a__,
b x-a a x-b
(x-a)z-b2+(x-b)2-a2_
bx - ba ax-ab

0

(x-a+b x-b+aj
< (x-a-b) +
bx-ab ax-ab
x=a+b
< (a+b)x? -(a2+b2x=0)

Xx=a+b
< | x=0
a’+h?
X:
a+b

2 2
Viy phuong trinh c6 ba nghiém phan biét 3 S = {a b o;%} .
+
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Bai 9. Giai phuong trinh sau:

(x—a)(x-c) (x-b)(x-c) .

(b—a)(b—c) (a—b)(a—c)

trong d6 a,b,c 1a cac hing s6 va khac nhau do6i mot.

@ Loigiai

Tacd x=c khbng phai la nghiém cta phuong trinh, do d6 xét x #C.

(x-a)(x-c)+(x-b)(x-c):1
(b-a)(b-c) (a-b)(a-c)

X c(x—a x—bj
= - =1
b-a\b-c a+c
X—a X-b b-a

Ry —_ =
b-c a-c x-c

< (x—a-b+c)(x—-c)=—(b-c)(a-c)

< (x-a)(x-b)=0

Két luan: S = {a;b}.
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Bai 4
GIAI BAI TOAN BANG CACH LAP PHUONG TRINH

Q Tém tat ly thuyét

Budc 1. Lap phuong trinh
e Chon 4n va dat diéu kién thich hop cho an.
e Biéu dién cac dai luong chua biét theo 4n va céc dai luong da biét.
e Lap phuong trinh biéu thi su twong quan cta cac dai luong.

Budc 2. Giai phuong trinh.

Budc 3. Chon két qua thich hop va tra 1oi.

Q Mot sd vi du
AN

[ Vidul Vao thé ky thu III trude cdng nguyén, vua Xi Xi-ra-cut giao cho Ac-si-met kiém tra xem
chiéc mil bang vang cua minh ¢ pha thém bac hay khdng. Chiéc mil c6 trong lugng 5 niuton (theo don
vi hién nay), khi nhing ngap trong nudc thi trong luong giam di 0,3 niuton. Biét rang khi cén trong

nudc, vang giam 2i trong luong, bac giam % trong lwong. Hoi chiéc mii chira bao nhiéu gam bac?

(vat c6 khdi lwong 100 gam thi trong lwong bang 1 niuton).

@ Loigiai

Gol trong luong bac trong mii 1a X (niuton) (0 < X <5). Trong lugng vang trong mii la 5—X

(niuton). Khi nhing ngap trong nudc, trong lugng bac giam % (niuton), trong lwong vang giam

% (niuton). Ta c6 phuong trinh
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X 5-xX

10 20
X =1

Trong luong bac trong mii 1a 1 niuton. Chiéc mii chtra 100 gam bac.

* Khi giai todn bang cach lap phuong trinh, ngoai 4n da chon, d6i khi ngudi ta con biéu thi nhiing
dai luong chua biét khac bang chir. Diéu ly tha la cAc chir d6 tuy tham gia vao qua trinh giai bai
toan nhung chung lai khdng c6 mit trong dap s6 cua bai todn. Ta xét vi du duéi day:

3 Vi du 2. M6t ngudi di mot nira quang dudong AB Vi van toc 20 km / h, va di phan con lai
vai van toc 30 km / h . Tinh van toc trung binh cta ngudai d6 trén toan bo quang duong.

(& Loigiai
Goi vén toc trung binh phai tim 1a x ( km / h)( x > 0). Ta biéu thi mét nira quang duong AB 1a

akm a>0). Thoi gian nguoi d6 di nira dau cua quing duong la % gio, thoi gian di nira quéng

. a .
duong la — qio.
g 309

Ta c6 phuong trinh
a  a_2a
4+ ="
20 30 x
Giai phuong trinh trén, ta dugc
1,1 .2
20 30 X
X =24

Van téc trung binh 12 24 km/h .
Luuy:
e Néu van téc trén nira ddu cua quing dudng 1a a km / A, van toc trén nra sau 1a b km/h thi
van tdc trung binh trén ca quang dudng bang % km/h.
N + J—
a b
Pai luong nay dugc goi 1 trung binh diéu hoacia a va b.

e Trung binh diéu hoa cua hai s6 dwong a va b nhé hon hoic bang trung binh cong cua hai sé
ay. That vay

2__23b _a+b siob<(atby
1 a+b 2
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Q Bai tap tw luyén
W

I/~ Bai 1. H&i khach qua dudng, cho hay Di-6-phing tho bao nhiéu tudi?
Biét thoi tho Au caa dng chiém % cude doi.
% cudc doi tiép theo la thoi thanh nién sdi noi.
Dén khi 1ap gia dinh thi lai thém % cude doi.
5 nam nira trdi qua, va mot ciu con trai da duoc sinh ra.
Nhung s6 ménh budc con chi séng biang nira doi cha.
Ong d3 tir trin 4 nam sau khi con mat.
bi-0-phéng tho bao nhiéu hdy tinh cho ra?
(@ Loigiai
Goi sb tudi cua Di-6-phang 1a x, (x > 0). Khi dé, ta c6 phwong trinh:

5+i+§+5+5+4= X
6 12 7 2

Giai ra ta dugc X =84. vay Pi-0-phing tho 84 tudi.

7~ Bai 2. Tim s6 tu nhién c6 bon chir s6, biét rang néu viét thém mot chir s 1 vao ding trudc va
mot chir so 1 vao dang sau thi so6 do tang gap 21 lan.

(@ Loigiai

Goi s tur nhién c6 bén chir sb 1a x = abed, (x > 0) . Sau khi thém chit s6 1 vao dang trudc va chit s6
1 vao ding sau thi sé méi 1a: labcd1, c6 gié tri 1a 100001+10-abcd =100001+10x .

Theo dé bai ta c6 phuong trinh
100001+10x = 21x

Giai ra ta dugc x =9091. Vay s6 can tim 12 9091 .
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Bai 3. Tim mot s ty nhién ¢6 sau chit s, biét rang chir s tan cliing cua né bang 4 va néu
chuyén chir s6 4 do 1én vi tri chit so dau tién thi s6 phai tim tang gap 4 lan.

@ Loigiai

Goi sb tu nhién c6 séu chir s6 can tim 1a x = abcde4, (x > 0) . Sau khi chuyén chir s6 4 1én vi tri dau

tién, ta duoc sé maéi 1a 4abcde c6 giatri la % +400000 = Xl;o4+ 400000. Theo dé bai ta

c6 phuong trinh

X=4 | 400000 = 4x
10

Giai ra ta dugc x =102564 . Vay sb tu nhién can tim la 102564 .

I/~ Bai 4. Tinh tudi caa hai me con hién nay, biét ring cach day 4 nam thi tudi me gap 5 lan tudi
con, sau day 2 nam thi tuoi me gap 3 lan tuoi con.

(Z Loigiai

Goi sb tudi cua me hién nay 1a x, (x > 0). Cach day 4 nam, s6 tudi cua me 1a x—4.
A WAG Lo As < oo X=4 o < ~ TR
Theo d¢ bai, ta c0 tuoi cia con 4 nam trudce la & SO tudi cia con sau 2 nam nira (doi vai hign
s X—4 N A Rs T R
tai) la T+4+2 va SO tuoi cua me sau 2 nam ntra (doi vai hién tai) la x+2.

Theo dé bai, ta lai co

X;4+4+2:XL2
5 3

Giai ra ta duoc x =34 . Vay tudi ciia me 1a 34 va tudi cua con 12 10 .

I/~ Bai 5. . Mot hinh chir nhat c6 chu vi bang 320 m. Néu ting chiéu dai 10 m, tiang chiéu rong
20 m thi dién tich ting 2700 m?. Tinh d¢ dai mdi chiéu.

(& Loigiai

Goi chiéu dai hinh chit nhat 13 x( m), (160 > x > 0) tir d6 suy ra chiéu rong la %— X=160—X.
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Sau khi tang chiéu dai va chiéu rong, dién tich cia hinh chix nhat méi 1a (x+10)(160—x+20).
Theo d¢é bai ta c6

(x+10)(160—x+20) = X (160 — X) + 2700
Giai ra ta duoc x =90 . Vay chiéu dai hinh chix nhat 12 90 m, chiéu rong hinh chit nhat 1a 70 m.

7~ Bai 6. Mot ca nd tuan tra di xudi khuc song tir A dén B hét 1 gio 10 phut va di nguoc dong tir
B vé& A hét 1 gio 30 phat. Tinh van téc riéng caa ca nd, biét ring van toc dong nudc 1a 2 km/h.

(@ Loigiai

Goi van toc riéng cia cand 1a x( km/h),(x>0), suy ra van toc cia ca nd khi xudi dong 1 x+2,
khi ngugc dong la x—2.

Péi don vi: 1 gi¢ 10 phit =% givr, 1 gior 30 phit =§ gio>.
Vi quang duong di va vé 1a nhu nhau nén ta co
7 3

—(X+2)=—=(x-2
I(x+2)=3(x-2)
Giai ra ta dugc x =16, Vay van téc riéng cua cand 1a 16 km/h .

7~ Bai 7. Mot nguoi di tir A dén B vai van téc 24 km/h rdi di tiép tir B dén C vai van toc
32 km/h . Tinh quing duong AB va BC, biét rang quing dudng AB dai hon quing duong BC
la 6 km va van tc trung binh cta ngudi d6 trén ca quang duong AC 1a 27 km/h,

(& Loigiai

Goi quang duong AB la X( km)(x>6).
Quaéng duong BC la x—6.

Thoi gian ngudi d6 di hét doan duong AB 2 %, thoi gian di hét doan duong BC 1a X3—‘26 thoi

X+X—6

gian di hét doan duong AC Ia . Theo dé bai ta c6 phuong trinh

x+x—6_i+x—6
27 24 32

Giai ra ta dugc X =30. Vay quang duong AB dai 30 km, quang duwong BC dai 24 km .
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I/~ Bai 8. Quing duong tir A dén B gom doan Ién déc AC , doan nam ngang CD, doan xuéng
déc DB, tong cong dai 30 km. Mot nguoi di tir A dén B rditir B v& A hét tat ca 4 gio 25 phuit.
Tinh quang duong nam ngang, biét rang van tc 1én dc (ca ltc di 1an ldc vé) 12 10 km/h, van tbc
xudng ddc (ca Iac di 1an ldc vé) 1a 20 km/h , van tc trén dwdng nam ngang 1a 15 km/h .

(& Loigiai
Goi d6 dai quang dudng AC,CD, DB lan luot 1a a,x,b( km),(a,x,b>0).

Xét Iae di tir A dén B, thoi gian nguoi d6 di 1én doc AC la % di trén doan nam ngang CD Ia

X di xubng déc DB la b
15 20

Xét Ite di tir B vé A thoi gian nguoi d6 di 1én doc DB 1a % di trén doan nam ngang CD Ia %
di xudng déc AC la 2
20

Déi don vi 4 gio 25 pht =i’—2.

Thoi gian ditr A d&én B trové A la

a x b b x a 53
_—t——F—F ——=—
10 15 20 10 15 20 12
a+b a+b 2x 53

—_— =

10 20 15 12

30—x 30-x 2x 53

+ +—=—

10 20 15 12

Giai ra ta dugc X =5. Vay d6 dai quang duong nam ngang la 5 km.

7/~ Bai 9. Lic 8 giod, An roi nha minh dé dén nha Bich véi van tbc 4 km/h . lic 8 gid 20 pht,
Bich ciing rdi nha minh dén nha An véi van téc 3 km/h. An giap Bich trén dudng, rdi ca hai cling
di vé& nha Bich. Khi trg vé dén nha minh, An tinh ra quing duong minh da di dai gap bon lan quéng
duong Bich da di. Tinh khoang cach An dén nha Bich.

(£ Loigiai

Goi quang dudng tir nha An dén nha Bich I3 x( km), (x> 0).
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Vi An dén nha Bich, rdi quay trg vé lai nha minh, nén quang duong An da di 1a 2x. Suy ra quéng

duong Bich di 1a g va quing duong Bich di tir nha minh dén noi hai ngudi gap nhau la % Do do,

quing dudng An di tir nha minh d&én noi hai nguoi gip nhau 1a ?%(

3x

Thoi gian An di tir nha minh d&én noi hai nguoi giap nhau %

Thoi gian Bich di tir nha minh dén noi hai ngudi gap nhau

w || x

. An di sém hon Bich 20 phut = %

gio nén ta c¢6 phuong trinh

|
w [ x
+

INIENEC
Wl

Giai ra ta duoc x =3,2. Vay quang dudng tir nha An dén nha Bich dai 3,2 km.
I/~ Bai 10. Mot nguoi di xe dap, mot ngudi di xe may va mot nguoi di 6 t6 cung di tir A d&én B,

khai hanh lan luot lic 7 gio, 8 gio, 9 gior véi van téc theo thir tw bing 10 km/h,30 km/h va
50 km/h . Dén may gio thi 6 t6 & vi tri cach déu xe dap va xe may.

(@ Loigiai

Goi x lathoi gian xe dap di, (x > 2). Suy ra thoi gian xe may va 6 to di 1an luot 1a x—1 va x—2.
Quang dudng xe dap, xe mdy, xe 6 t di dugc lan luot 12 10x,30(x -1),50(x —2).

Ta xét thoi diém ma xe 6 t6 cach déu xe dap va xe may, tic 1a:
[50(x —2)-10x|=[50(x—2) -30(x 1)
Truong hop 1: 50(X—2)—10X = 50(X—2)—30(X—1). Giai ra ta dugc x =1,5 (loai). Truong hop

2:50(x—2)-10x =-50(x—2)+30(x—1). Giai ra ta duoc X =%.

Doi don vi % gio =2 gio 50 phat.

Vay vao ltc 9 gio 50 phat, xe 6 td & vi tri cach déu xe dap va xe may.
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I~ Bai 11. Nguoi ta pha 3 kg nudc nong 6 90°C véi 2 kg nude lanh ¢ 20°C. Tinh nhiét ¢ sau
cling cta nudc (b6 qua sy mat nhiét).

(& Loigiai

Goi nhiét d6 sau cung cua nudc la x (do), (20 < x <90), nhiét dung riéng ctia nudc la ¢. Nhiét
luong 3 kg nuéc nong toa ra dé giam xudng con x do la: Q, =3c(90-x).

Nhiét lugng 2 kg nudc lanh thu vao dé tang 1én x do la: Q, = 2C(X—20).
Ap dung dinh luat can bang nhiét luong, ta co

3c(90-x)=2c(x—20)
Giai ra ta dugc X =62 . Vay nhiét @6 sau cung cua nudc la 62°C.
I/~ Bai 12. C6 hai loai dung dich mudi | va mudi 11 . Nguoi ta hoa tan 200 gam dung dich muébi |
va 300 gam dung dich muéi II thi duoc mot dung dich c6 nong d6 mudi 14 33%. Tinh nong do
mudi trong mdi dung dich | va II, biét ring nong d6 mudi trong dung dich | I6n hon ndng d6
mudbi trong dung dich 11 1a 20%.

@ Loigiai

Goi ndng d6 mudi trong dung dich 1 1a x, (x> 0), suy ra nong d6 mudi cia dung dich 11 1a

X —20% . Khdi lugng chat tan trong dung dich | va 11 1an luot 1a 200x va 300(x —20%).

200 +300( X — 20%)

200+300
Giai ra ta dugc x = 0,45 = 45% . Vay nong d6 mudi trong dung dich 1 va Il lan luot 1a 45% va
25%.

Nong d6 mudi trong dung dich sau khi hoa tan hai dung dich trén 1a =33%.

I Bai 13. Hai d6i cong nhan cung lam mot céng viéc thi hoan thanh céng viéc do trong 24 gio.
Néu doi tha nhat 1am 10 gio, doi thir hai 1am 15 gio thi ca hai doi lam duoc mot nira céng viéc.
Tinh thoi gian mdi doi 1am mot minh dé xong cdng viéc.

(& Loigiai
Goi sb gio doi | 1am xong cdng viéc 1a x (gio), (x> 0). Suy ra 1 gid d6i d6 lam duoc 1 cbng
X

viéc. Sau 24 gio, doi | lam duogc 24 cong viéc.
X
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Sau 24 gio, doi II lam duogc 1—E cbng viéc.
X

2
Trong 1 gid, doi Il lam dugc —2%- cong viéc.
Theo dé bai ta c6
24
1 Y
10-=+15.—X* ==
X 24 2

Giai ra ta dugc X =40. Tir d6 suy ra doi | hoan thanh cong viéc trong 40 gio, doi 1l hoan thanh
cbng viéc trong 60 gio.

I/~ Bai 14. Cho n sb nguyén duong (khong nhat thiét khac nhau) trong d6 c6 sé 68 . Trung binh
cong cua N sd d6 bang 56 . Khi bo sb 68 d6 di thi trung binh cong cua n—1 sb con lai bang 55 .

1. Tim N

2. SO l6n nhat trong n so6 da cho cé thé bang bao nhiéu?
(& Loigiai

1. Tong cua n—1 sb con lai la 55(n-1).

55(n—1)+68
=56

Trung binh cong caa ca n sé la

Giaira ta dugc n=13.
2. CO13561a AP 182,08,
Gia sir s6 16n nhat 1a a,,, s6 nay dat I6n nhat c6 thé khi a,,...,a,, déu dat giatri 1.
Taco 1+1+...+1+a,+68=56-13=728 < a,, = 728—11— 68 = 649.
Vay sb 16n nhit cd thé 1a 649 .
[~ Bai 15. Trong mot budi hop mit gitra hai I6p 8 A va 8 B, c6 tat ca 50 hoc sinh tham gia. Céc
ban 16p 8 B tinh s6 nguoi quen ¢ 16p 8 A va thay rang ban Anh quen 11 ban, ban Bac quen 12 ban,

ban Chau quen 13 ban,... va cit nhu vay dén ban cudi cling 12 ban Yén quen tat ca c4c ban cua 16p
8 A. Tinh s hoc sinh mdi 16p tham gia hop mat.

]
(4 Loigiai

Goi sb hoc sinh 16p 8 B 1a x, (x > 0). Sé hoc sinh 16p 8 A 1a 50— x.
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S6 ngudi quen ¢ 16p 8 A caa cac hoc sinh I6p 8 B lan luot 1a: 11,12,13,...,50 — .

Lép 8 B 6 x hoc sinh, nén ta c6 phuong trinh

50— x-11+1=x

Giaira ta dugc x=20.

Vay l6p 8 B ¢6 20 hoc sinh, I6p 8 A ¢6 30 hoc sinh.

I/~ Bai 16. Mot ndng dan mang cam ra cho, ban cho ngudi khach thi nhat % s6 cam va thém %
qua, bén cho nguai khach thir hai % s cam con lai va them % qua, bén cho nguai khach thir ba %
s6 cam con lai va thém % qua... Ctr tiép tuc nhu vay cho dén khi nguoi khéch thtr sdu mua xong thi
s6 cam vira hét. Tinh tong s6 cam ma ngudi nong dan dem ban.

(£ Loigiai

Goi x las6 cam ban dau ciia ngudi néng dan, (x > 0).

Sau khi bén cho ngudi thir nhat, s& cam con lai 12 x ‘%‘% _ XT‘l Sau khi bén cho nguoi thir hai,
x-1 x-1 1_ x-3

4 2

s cam con lai 1a . Sau khi ban cho nguoi thir tw, sé cam con lai 1a

x—7 x-7 1 x-15
8 16 2 16
8 ® x-15 1 x-31
x—15 32 2 32

Sau khi ban cho ngudi th nam, s6 cam con lai 1a

x-31 x-31 1 x-63

64 2 64
Sau khi ban cho nodi thir s&s thi vira. hét sb cam. c6 nghiala. Sau khi ban cho ngudoi thi sau thi vira
hét s6 cam, c6 nghia 1a

Sau khi ban cho ngudi thir sdu, sb cam con lai la

X—63
64

=0=x=063

Vay s6 cam ban dau ngudi d6 c6 13 63 qua.

I/~ Bai 17. C6 ba canh déng cé nhu nhau, c¢é cling luén moc déu nhu nhau trén toan bd mdi canh
dong. Biét rang 9 con bo an hét s6 ¢o ¢6 san va so6 ¢6 moc thém cia canh dong | trong 2 tuan, 6
con bo an hét s6 ¢6 ¢b san va s6 co moc thém cua canh dong Il trong 4 tuan.

a) Tinh xem trén mdi canh ddng, sé cé moc thém trong mot tuan bang may phan cua s co ¢ san
lac dau?
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b) Bao nhiéu con bo dn hét s6 ¢o ¢6 sin va sé c6 moc thém caa canh dong 111 trong 6 tuan?

(£ Loigidi
a)Goi luong c6 ba dau 1a a, ti 1é co moc thém trong mot tuan so véi lwong co ba dau 1a x, (x > 0).
Luong co sau 2 tudn la a+2ax =a(1+2x).

3 . ca(l+2x
Luong co 1 con bo an trong 1 tuan (di kién 1) la %

Luong c6 sau 4 tuan 1a a+4ax =a(1+4x).

5 a(l+4x
Luogng o 1 con bo an trong 1 tuan (dir kién 2) la %
a(l+2x) a(l+4x
Ta c6 phuong trinh ( )z (24 )<:>x:%.

Vay ti I¢ c6 moc thém la %

b) Sau 6 tuan, luong co I a(1+6x) =ga.

Luong co 1 con bo an hét trong 6 tuan 1a 6.214(“ 4-%) = %

—a
Vay s6 bo can c¢6 dé an hét lwong co trén la 27 =5 (con).

2
I/~ Bai 18 . Bai toan cua Niu-ton. Mot canh ddng o moc day nhu nhau, ¢ luén moc déu nhu nhau
trén toan bo canh dong. Biét rang 12 con bo an hét co trén % acro trong 4 tuan, 21 con bo an hét co
trén 10 acro trong 9 tuan. Hoi bao nhiéu con bo an hét ¢o trén 24 acro trong 18 tuan ( 1 acro

= 4047 m?).
) (& Loigiai

Goi ti 1& c6 ting so v6i lwong co ban dau 1a x, (x > 0).

Sau 4 tuan, sb co trén % acro 1a %+%4x.
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10 40,
Luong 6 1 con an trong 1 tudn (dit kién 1) 1a %. Sau 9 tuan, sb o trén 10 acro 13 10+90x .
Luong ¢6 1 con an trong 1 tuan (dit kién 2) 1a %
10 40,
Ta c6 phuong trinh 3 3 10-+90x S X= 1
48 21-9 12

S6 co trén 24 acro sau 18 tuan 1a 24+ 24-18-% =60.

. o A g O
Luong ¢o 1 con an trong 1 tuan la o acro.

Luong o 1 con an trong 18 tuan 1a 18-i =2 acro. S6 bo can tim 1a % =36 (con).

7~ Bai 19 . Mot khach du lich di tir A dén B nhan thiy ctr 15 phut lai gap mot xe buyt di cung
chiéu vuot qua, cir 10 phit lai gap mot xe buyt chay nguoc lai. Biét ring cac xe buyt déu chay véi
cling mot van tc, khai hanh sau nhirng khoang thoi gian bang nhau va khong dirng lai trén dudng
(trén chiéu tir A dén B ciing nhu trén chiéu nguoc lai). Hoi ctr sau bao nhiéu phdt thi cac xe buyt
lai 14n luot roi bén?

(& Loigiai

Goi x lathoi gian nguoi d6 di tir A dén B, (x > 0).

S6 lan nguoi d6 gap xe buyt ciing chiéu va nguoc chiéu lan luot 12 %,% . Gia str nguoi do ditr A

dén B rditir B trové A, s6 xe bujt ngudi do gap 1a %+% Thoi gian nguoi do di tr A dén B

roi tir B tro vé A 1a 2x. Thor glan nguo do ditr A den B rol tu B tro ve A la 2x

Khoang thoi gian cac xe buyt lan luot roi bén 1a 2X

—=12 (phuo).
7+7
15 10

I/~ Bai 20 . Trén quing duong AB cua mot thanh phé, cir 6 phut lai c6 mot chiée xe buyt theo
chiéu tir A dén B, va ciing cir 6 phut lai c6 mot chiéc xe buyt theo chiéu nguoc lai. Cac xe nay
chuyén dong déu véi cuing van tdc nhu nhau. Mot khach du lich di bo tir A dén B nhan thiy ci 5
phut lai gap mot xe di vé phia minh. Hoi cir bao nhiéu phut lai ¢c6 mot xe di tir A vuot qua nguoi
do? s ae

Lo giai

74

Goi x,y lan luot 12 van téc cua xe buyt va vi khach du lich, (x,y > 0).
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Ctr 6 phat 1a c6 mot chiéc xe buyt nén khoang céch gitra hai chiéc xe 1 6x.

Van toc ciia xe di tir A dén B ddi véi vi khach 14 x—y va van téc cia xe di tir B vé A ddi vai vi

khachla x+y
Thoi gian dé xe ditir B v& A vuot qua vi khach 1 ﬂ=5@x=5y.
X+Yy
... 2 C Z . , . bx 30y ,
Thoi gian dé xe di tr A dén B vuot qua vi khach la —=4—=7,5(phut).
X—y y
IVl
Chwong <3 ~ . - a2
i g BAT PHUONG TRINH BAC NHAT MOT AN
4 T
VAN

LIEN HE GIU’A THU TU VA PHEP CONG, PHEP NHAN

Q Tém tat ly thuyét

1. Bt dang thirc

Ta goi hé thirc dang a>b (hodc a<b,a<b,a>b )la mot bat dang thir.

Dé chimg minh bét dang thirc a>b, ta xét hiéu a—b va ching minh hiéu d6 1a mot s6 duwong.
Céc cach khac chirng minh bat ddng thirc dwoc néu trong chuyén dé bat ding thirc.

2. Mt s6 tinh chét

Tinh chét 1. Tinh béc cau:

a>bb>c=ax>c

Tinh chét 2. Cong hai vé ciia bat dang thirc voi cling mot so:
a>b=a+c>b+c.
Tinh chét 3. Nhan hai vé cta bat dang thirc véi cling mot sd:
a>b;c>0=ac>bc
a>b;c<0=ac<hbc

Céc tinh chit khac duoc néu trong chuyén dé Bat dang thuc.

Q M6t sd vi du
-/

O Vi du 1. Chimg minh céc bat dang thirc:

X2 +y?> > > 2xy
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w Loi giai

- Xét hiéu

2.2 (X+y)2_2x2+2y2—x2—2xy—y2
2 2

e ay+y? (x-y)
B 2 2

>0

2
X+ 2
Vay X2 +y2 > % Xéy ra déng thire khi va chi khi x = y

- Xét hiéu

>0

(x+y)° —2xy = X*+2xy +y? —4xy _ (x-y)°
2 2 2

Vay > 2xy . Xay ra dang thirc khi va chi khi x =y

(x+ y)2
2
Nhén xét.
2
- Bét dang thirc X2 + y2 > @ cho lién hé giita tong binh phwong cta hai s6 X, y va binh phuong
cta tong hai s6 do.

2 2
(e X+ . .
- Bat dang thuc % >2xy hay (XLzyj > Xy cho lién h¢ gitra tong hai s6 x, y va tinh cta hai

s0 do.

Véi x, y khong am, bat dang thirc nay duoc biét dudi dang > (trung binh cong hai s6 16n hon

X+y
2
hodc bang trung binh nhan cia ching), d6 13 bat dang thirc C6 — si véi hai s khong am.

[Q Vi du 2. Chimg minh cac dang thic sau:

1)x+£22 voi X >0;
X

niils? siasobso.
a b a+b
w Loi giai
1) Xét hi¢u:
SR SIPYIE e L O U Y (x-1)?20,x>0.
X 2 2

Ding thirc xay ra khi va chi khi x=1
2) Xét hi¢u:

1.1 4 _b(a+b)+a(a+b)-4ab

a b a+tb ab(a+b)
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_a®-2ab+h?
~ ab(a+b)

2
:Mzo,v‘u a,b>0.
ab(a+b)

Ding thirc xay ra khi va chi khi a=b
Nhan xét.

A 2 ’ 1 I ‘A At A A e . 5 ) r
- Bat dang thirc x+—=>2 véi X>0) cho lién hé gitta mdt s6 duong véi nghich dao cia no.
X

- Bit dang thirc 1 +% > ib v6i a>0, b>0 cho lién hé giita tong cac sb nghich dao cta hai s6
a a+

dwong va nghich déo cia tong hai sé do.

Q Bai tap tu luyén
-

I/~ Bai 1. Ching minh cac bat dang thirc sau
a)4x% +4x+5>0

b) x2 —x+1>0

c)a+ab+b?>0

= Lo gidi
2)4x? +4x+5=(2x+1)* +4>0

2
b)xz—x+1=(x—£) +§>0
2 4

2 2
c)aZ +ab+b? :(a+g) +%20

— 2_
7~ Bai 2. Ching minh bt déng thirc sau: X2 ~1 <1
X— X% +1

= Loi giai
Xét hiéu

I~ Bai 3. Rt gon r6i chirg minh rang biéu thirc sau khong am vdi moi gia tri clia x:
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3

x* xS x+1

Xt x4 2x% —x+1

w Loi giai

Tacéh

N _(x+1)2(x2—x+1)_(x+1)2 -0
x4—x3+2x2—x+1_(x2+1)(x2—x+1)_ X2+l

Ding thirc xay ra khi va chi khi x=-1

7~ Bai 4. Chiing minh céc bat dang thirc sau:
Dad+b3>ab(a+b) véi a,b>0;

2)a4+b42ab(a2+b2).

. Loi gidi
1) Xét higu

a®+b°—ab(a+b)=(a+b)(a=b)*>0 (do a,b>0)

Do dé a’+b3>ab(a+b) voi a,b>0. Dang thirc xay ra khi va chi khi a=b

2) Xét higu

a’+b* —ab(a® +b)=a’ (a~b)-b*(a-b)=(a-b)*(a® +ab+b?)>0 (do a,b>0)

Do d6 a*+b* 2ab(a2+b2). Ding thirc xay ra khi va chi khi a=b

7~ Bai 5. Chiing minh céc bat dang thirc sau:
1) (a2 +b? )(x2 + y2) > (ax+ by)2 (bat dang thirc Bu-nhi-a-cdp-xki voi hai ciap sé a, b va x, y).
2) (a2 +b? +C2)(X2 +y2+ 22)2 (ax+by +cz)?
( bt dang thirc Bu-nhi-a-cop-xki v6i hai bo basd a, b, cva x, v, z).
w Loi giai
1) Taco
(a2 +b2)(x2 + yz)—(ax+by)2
=a’x% +a%y? +b?x% +b?y? —a®x? — 2abxy —b?y?
=(ay - bx)2 >0
Ding thirc xay ra khi va chi khi ay = bx
2) Taco
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(a2 +b? +c2)(x2 +y? +22)—(ax+by+cz)2

=(ay- bx)2 +(az —(:x)2 +(bz —cy)2 >0
Ping thirc xay ra khi va chi khi ay =bx, az =cx, bz =cy
I/~ Bai 6. Cho a va b ciing du. Chirng minh ring

2)Néu a>b thi 2<X ) 24250
a b b a
= Loi giai
a) Tacé
1_12913 0
a b a
R , 101
Vib-a<0, ab>0. dodo —<—=
a b
b) Taco
2 2 ENY:
a b ,_a’-2ab+b _(a-b) -0
b a ab ab

(Vi ab>0). Do do %+922 véi ab >0,
a

~ Bai 7. Goi 1a trung binh diéu hoa cua a va b. Ching minh ring trung binh diéu hoa cia

2
11
J— + —_—

a b
hai s6 duong a va b nho hon hodc bang trung binh cong cua hai s ay.

w Loi giai

Taco
atb 2 _a+b ab _(a+b)’-dab _(a-b)’

2 _1+1_ 2 a+b  2(a+b)  2(a+b)”
a b
+

12 1 Sa—zb.f)éngthfrc xay ra khi va chi khi a=Db
~+
a

b

(Vi a,b>0). Do do

I/~ Bai 8. Chimg minh cac bat dang thuc sau:
1) Z(a2 +b2) > (a+b)2

2) 3(a2 +b? +c2)2(a+b+c)2 >3(ab+bc+ca)

w Loi giai
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1) Taco
2(a2+b2)—(a+b)2 —a?-2ab+b? =(a=b)’ >0

Do do 2(a’ +b°}> (a+b)*. Déng thirc xay ra khi va chi khi a=b

2) Taco

3(a2+b2+cz)—(a+b+c)2

:3(a2+b2 +c2)—(a2 +b? +c2+2ab+2bc+20a)

—(a=b)*+(b—c)’

:>3(a2+b2 +c2)2(a+b+c)2 (1)

+(c—a)220

Tacéh

(a+b+c)2—3(ab+bc+ca)

=(a2+b2+02+2ab+2bc+20a)—3(ab+bc+ca)

—(a-b)*+(b—c)’ +(c-a)*>0

:>(a+b+c)223(ab+bc+ca) (2)

Tir (1) va (2) tacé 3(a2+b2+02)2(a+b+c)2 >3(ab+bc+ca). Ping thiic xay ra khi va chi khi

a=b=c

I/~ Bai 9. Chimg minh cac bat dang thuc sau:

) 2
2 a“+b 2(a+b)
2 2

4 4 4
a“+b 2(a+bj

b
) 2 2
a+b?%+¢? >(a+b+cj2

c
) 3 3

w Loi giai

a) Tacd

a2+b2_(a+bJ2_2(az+b2)_(a+b)z_(a—b)2>O
2 2 ) 4 4

2 2 2
Do do 2 ;b Z(a;bj . Dang thirc xay ra khi va chi khi a=b

b) Ap dung ciu a) hai lan ta co.
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2
4 4 2 2 4
a +b S a“+b S a+b
2 2 2
Ding thirc xay ra khi va chi khi a=b

c) Tacéd

2
a%+b? +c? (a+b+cj

3 3
3(a2+b2+c2)—(a+b+c)2
9
2 2 2
:(a—b) +(b—c)"+(c-a) -0
9

a%+b?+¢? >(a+b+c

Do do

2
3 3 j . Déng thirc xay ra khi va chi khi a=b=c.

BAT PHUONG TRINH BAC NHAT MOT AN

Q Tém tat ly thuyét

1. Khéi ni¢m vé bat phwong trinh bac nhit mét an

BAt phuong trinh bac nhat mét an 14 bit phuong trinh c6 dang a+b >0 (hodc ax+b <0
,ax+b >0, ax+b <0 ). Trong d6 X 1a 4n, a va b1a cac sé da cho, a 0.

2. Hai bt phuong trinh twong dwong

Hai bat phuong trinh duoc goi 14 twong dwong néu ching ¢ ciing mot tap nghiém

3. Mot s6 chu ¥ khi giai mdt bat phwong trinh

Khi giai mot bat phuong trinh, ta ¢ thé:

- Chuyén mot hang tir tir vé nay sang vé kia va doi dau hang tur do.
- Nhan (hodc chia) ca hai vé€ voi cung mét s6 duong.
- Nhan (hodac chia) ca hai vé€ voi cung mdt s6 am va doi chi¢u cua bat phuong trinh

Q M6t sé vi du
A4

O Vi du 1. Giai bt phuong trinh sau véi m 13 hang.

mX+1>m? + X
. Loi gidi
Bién di twong duong
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2 x> mx—x>m? —1<:>(m—1)x2m2 -1 (1)

mx+1>m
- Néu m>1 thi nghiém cua bt phuong trinh 1a x >m+1
- Néu m <1 thi nghiém cua bat phuong trinh 1a x <m+1

-Néu m=1thi (1) c6 dang 0x >0; nghiém ctia bat phuong trinh 1a moi x

O Vi du 2. Giai bt phuong trinh sau v6i a 1a hang.

x+1 X+2
—4ax>——-2X
a a
w Loi giai
Diéu kién xé4c dinh ciia bat phuwong trinh 1a a# 0 . Bién ddi bat phuwong trinh:
x+1 X+2
—4ax>——-2X
a a
X 1 X 2
S —+—+axX>—+—-2X
a a a a
2 1
S ax+2x>———
a a
1
< (a+2)x>= (1)
a
-Néu a>-2, a=0 thi nghiém cua bat phuwong trinh [a X > —————
a(a+2)
- Néu a<—2 thi nghiém ctia bat phuong trinh 1a X < ————
a(a+2)

-Néu a=-2 thi (1) c6 dang Ox > _71 nghiém dung v&i moi X.
L Vi du 3. Ki hiéu [a] (phan nguyén ciia a) 1a s6 nguyén 16n nhat khong vuot qua a. Tim X biét

7

w Loi gidi
3x-5

rang

Theo d& bai, X 1a s nguén 16n nhat khong vuot qua do do

3x-5
_ 0< “x<1 (1
{3x 5}:“: X< (1)

! XxeZ (2)

Gidi béat phuong trinh (1)

3Xx-5 -4x -5

0< -Xx<le0< <1l 0<-4x-5<7

c>5s—4x<12c>—%2x>—3

Theo (2), xeZ, do do x=-2.
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Q Bai tap tu luyén
W

I/~ Bai 1. Tim gi4 tri ctia x théa méin ca hai bat phuong trinh:
2X 3-2x _3x+2 . X 3-2x_3x-5
—+ > va =+ >

5 3 2 2 5 6
= Lo gidi
Taco
%+3_32X > 3X2+2 < 12x+10(3-2x)215(3x+2) < x<0 (1)
Mat khac
§+3_52X > 75 L 15x+6(3-2x)25(3x—5) xsg (2)

Tu (1)va (2)tacé x<0

7~ Bai 2. Tim s6 nguyén x théa mén ca hai bat phuong trinh sau

X2, Xi0gva1-X2,3°X
5 2 6 4
= Lo gidi
Taco
3X_2z§+o,8@2(3x—2)25x+8@x212 (1)
Mat khac
2X—-5 _3-X
1- 5 >——<12-2(2x-5)>3(3-x) <= x<13 (2)

Tu (1) va (2) tacd 12<x<13 ma xeZ nén x=12
I/~ Bai 3. Tim s6 nguyén x thoa min ca hai bt phwong trinh sau
2(3x—4)<3(4x—3)+16 va 4(1+x)<3x+5
» Loi giai
Taco
2(3x—4)<3(4x—3)+16<:>6x—8<12x+7<:>x>—g (1)
Mitkhic  4(1+X)<3x+5< 4x+4<3x+5< x<1 (2)
Tu (1) va (2) taco _?5<x<1 ma X e Z nén x € {-2;-1,0}

7~ Bai 4. Cho biéu thirc

1 2 5-x ). 1-2x
A= + - :
1-x x+1 1-%x%) x?-1

1) Riit gon biéu thirc A
2) Tim x dé A>0
w Loi giai
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1) Taco

( 1 2 5—xj_1—2x
= + - :

1-x x+1 1-x%2) x?2-1
14+ x+2(1-x)—(5-x) 1-x?

1-x 2x-1
2
2x-1
Vérix;t%,x;til
2 >0
2) A>0 2x-1 <:>—1;«r&x<1
X#—,X#=x1
2

7~ Bai 5. Cho biéu thirc

(1 3 j G 1
B=|-+— : >+
3 x“-3x/) | 27-3x~ x+3

» Loi giai

1) Rat gon biéu thirc B
2) Tim x dé B<-1

1) Taco

(1 3 ] x? 1
B=|5+— : >+
3 x°-3x/) | 27-3x Xx+3

_ X2 —3x+9 { x? .\ 3(3-x) J
3(x2—3x) 3(3-x)(3+x) 3(3-x)(3+x)

_ x*—3x+9 3(3-x)(3+Xx)
3x(x=3)  x®>-3x+9
X+3

X
Voi x#0,x =13

—X—+3<—1 _—3<0 x<0
2) B<-1& X S1X o 3
X#0,Xx#43 X#0,Xx#+3 X#-

I/~ Bai 6. Giai bat phuong trinh sau
X+2 x+5 x+8 x+11
+ > + :
89 86 83 80
w Loi gidi

X+2 X+5 x+8 x+11
+ > +
89 86 83 80
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X+5 X+8 x+11
+1 |+ —+1|>| —+1 |+ +1
86 83 80
< (x+91) i-i-i—i—i >0
89 86 83 80
< x<-91
I/~ Bai 7. Giai cac bat phuong trinh véi a 1a hiang sb
1) 2(x+2)<a(a+x)

2) a(x—a)<x-1

2X 1 4x -1 a—2ax
3) 2 N <72 + 3
a‘—a+1 2a+2 2a“-2a+2 1l+a
w Loi gidi
1) Taco

2(x+2)<a(a+x) = (a+2)x<a’ -4
-Néu a>-2 thi x<a-2
-Néu a<-2 thi x>a-2
-Néu a=-2 v6 nghiém
2. Taco
a(x-a)<x-le(a-1)x<a’-1

Néu a>1thi x<a+1.

Néu a<1thi x>a+1.

Néu a =1thi 0x<0, nghiém dung voi moi X.
3. biéu kién: a=-1. Tacd

2X 1 4x -1 a—2ax
2 - < 2 + 3
a“—a+l 2a+2 2a°-2a+2 1l+a

a a
% _(4x-a)<0e 2 (4x-a)<0
©2(1+a3)( x—a)< <:>a+1( x—a)<

Néu a=0 thi bat phuong trinh v nghiém.

Néu —2— >0 (Tac la a<—1 hoic a>0) thi x<2.
a+l 4

Néu —2_ >0 (Tacla —~1<a<0)thi x>2.
a+l 4

7~ BAI 8. Tim gia tri cia m dé nghiém cta phuong trinh sau la s duong:

x—1
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= Loi giai
Diéu kién xac dinh: x #1. Pua phuong trinh vé dang (1— m) X=2.

Néu m =1, phuong trinh v nghiém.

Néu m =1 thi x=1i.Giéidiéu kién x =1 ta dugc m = —1.
-m

VoI m=+1.

Nghiém cua phuong trinh 1a x = 1
—-m

m<1

Phuong trinh c¢6 nghiém 1a s6 duong < {
m==-1

7~ BAI 9. Tim gia tri cia m dé nghiém ctia phuong trinh 4mx > x+1 1a

a) x>9 b) x<-5
w Loi gidi
Ta co: 4mx > x+1< (4m-1)x>1 (1)

Néu m =% thi (1) vo nghiem.

Néu m> 2 thi nghiém cua (1) 1a x >
4 4m-1

Néu m< thi nghiém cua (1) 1a x <
4 dm-1

1. Bé nghiém cia (1) 1a x>9, can va du la:
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n+7

7~ BAI 10. C6 bao nhiéu s ty nhién n nam gitra 1 va 2000 sao cho phan sé —
+

khong phai

la phan s6 t6i gian?

= Loi giai
Taco
2 n+4)(n—-4)+23
AN +7_(n+d)(n-4)+23 23
n+4 n+4 n+4

A rlt gon dugc < 23 va n+4 c6 ude chung khac +1 <> n+4:23, hay noi cach khac n=23k —4
voi ke N,
Tac 1<n<2000 <> 1<23~4<2000 <~ <k <87~ Do ke " nén k nhin 87 gia tri i
1,2,3,...,87). Vay c6 87 s ty nhién n phai tim.
7~ BAI 11. Cho mot ddy sé tu nhién bat dau tir 1. Ngudi ta x6a di mot sb thi trung binh cong cua
cac s con lai bang 35%. Tim s bi x6a.

= Loi gidi
Gia sirta c6 n sb ty nhién lién tiép tir 1 dén n.
Néu x6a s6 1 thi trung binh cong cua cac s6 con lai 1a

24+3+--+n (2+n)(n-1) _2+n
n-1 2(n-1) 2
Néu x6a sb n thi trung binh cong cuia céc s con lai 1a

1+2+--+(n-1) n(n-1) n
n-1 S 2(n-1) 2
Tacod
Negs P N2 70 cninessl®cncol?
2777177 2 17 17 17

Do neN nén n=69hoac n=70.

Véi n=70, téng cua 69 sb con lai la: 35%-69 ¢ N, (loai).

Véi tong cua 69 s con lai la: 35%-68 =2408.

S6 bi x0a la sb: (1+2+---+69)—2048 =2415-2408 =7 .

7~ BAI 12. Tim cé4c sé nguyén a va b sao cho: a®> —2ab+2b?-4a+7<0.

= Loi gidi
Do a va b nguyén, ta cong 1 vao vé trai ciia bat phuong trinh d cho va dugc:
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a’—2ab+2b*-4a+8<0

< 2a’—4ab+4b*-8a+16<0
< (a-2b)*+(a—4)*<0
<a=4,b=2

Céch khéc. Bién déi thanh: (a—b—2)2 + (b—2)% <1.

7~ BAI 13. Tim x biét ring {34“19}:2“1.

w Loi giai
Taco
34x+19
{34x+19}:2)(+1® 0< m —(2x+1)<1 (1)
1 2x+1eZ (2)

Gidi bt phuong trinh (1) :
(1) < 0<12x+8<11
< -8<12x<3
@—%s2x<%

<:>—£s2x+1<g

Theo (2),2x+1eZ, do d6 2x+1=0 hoac 2x+1=1. Vay Xe{—%;O}.

[x=3=x+1(2)

Lai xét hai truong hop:

Véi x>3,(2) c6 dang x—3=x—-1, vo nghiém.
Vi 0<x<3,(2) c6 dang 3—x=x—-1< x=1, thudc khoang dang xét.

2) Xét khoang x <0,(1) co dang |-x—3=x+1ticla |x—3/=x+1(3)
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PHUO'NG TRINH CHU’A AN TRONG
DAU GIA TRI TUYET DOI.

Q Tém tat ly thuyét

Pé giai cac phuong trinh chira 4n trong dau gia trj tuyét dbi, can khir ddu gia tri tuyét ddi.

Ta nhd lai: Gia tri tuyét d6i cia mot biéu thirc bang chinh né néu biéu thirc khéng am, bang sé
d6i cua n6 néu biéu thuc am:

A= A nfu A>0
~|-A n@ A<O

Do d6, dé khir ddu gia tri tuyét ddi, can xét gia tri cua bién 1am cho biéu thic khdng am hay
am. Néu biéu thirc nam trong dau gia tri tuyét dbi 1a nhi thire bac nhat, ta can nhé dinh Ii sau:

Pinh 1i 1. Binh 1i vé du ctia nhi thirc bac nhatax+b(a = 0)

Nhi thirc ax+b(a = 0)
- Cung du vai a véi cac gid tri cia x 16n hon nghiém cua nhi thic;
- Trai dau véi a voi cac gia tri cia x nho hon nghiém caa nhi thirc.

Chung minh. Goi X, la nghiém cua nhj thic ax+b(a=0)thi x, = —9. Xét
a

ax+b b
=X+—=X—X,
a a

ax+b
a

+b

Néu x> x, thi x—x,>0=> >0=>ax+b cung dau vsi a.

<0=>ax+b trai diu vdi a.

£ < ax
Neu x < x, thi x—x, <0=

Ching han: Xét diu cua nhi thac —2x+1 va x+5 roi viét két qua vao mot bang, ta co:
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1

i -5 i

2
-2z 41 + + 0 -
z+5 - 0+ 4

e Mot sd vi du
-/
L Vi du 1. Giai phuong trinh:

[x=5|+[x+3=3x-1 (1)

» Loi gidi
Lap bang xét diu cac nhi thic x—5va X+3:

X -3 5

X—=5 - - 0 +

X+3 |- 0 + +

Xét ba khoang gid tri cua bién x:
1) X < =3: phuong trinh (1) cO dang:
(5-x)—(x+3)=3x-1

tim duoC X = %, loai vi gia tri nay khdng thuoc khoang dang xét.

2)-3<x<5 : phuong trinh (1) c6 dang:
(5-x)+(x+3)=3x-1< -3x=-9
tim duoc X =3 thudc khoang dang xét.
3) 5<x : phuong trinh (1) c6 dang:
(x=5)+(x+3)=3x-1e-x=1
tim duoc X =-1, khdng thuoc khoang dang xét.

Két luan: S ={3}.
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L Vi du 2. Giai phuong trinh:
|2x-1|+|2x-5|=

= Loi gidi
Céch 1.
1. Xét khoang x<%. (1) c6 dang:

1-2x+5-2x=4
tim dugC x = % , khéng thuoc khoang dang xét.
] .1 5 ) _
2. Xét khoang > <x< > (1) c6 dang:

1-2Xx+5-2x=4<0x=0
Phuong trinh nghiém dung vai moi X thugc khoang dang xét, tic la

Loxe?
2 2
3. Xét khoang x >g,(1) c6 dang:
2Xx-1+2x+5=4
tim duoC X —g khong thudc khoang dang xét.
e A 1
Ket luan: S={ —<x< }
2
Céch 2:

Ap dyng hai lan bat dang thirc |A|> A (xdy ra dang thirc khi va chi khi A>0), ta co:

2x-1+[5-2x|>(2x-1)+(5-2x)=4
Theo dé bai, phai xay ra ding thire, do do

1
{2x—120 25 1 s
= & —<X<—
5-2x>0 5 2 2

X< —

2

[ Vi du 3. Giai phuong trinh
Hx|—3‘:x+1 (1)
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= Loi gii
1. Xét khoang X >0,(1) c6 dang

Lai xét hai truong hop:

Véi —3<x<0,(3) cé dang x+3=x+1, vd nghiém.

Véi x<-3,(3) ¢ dang —x—3=x+1< x=-2, khong thudc khoang dang xét.

Két luan: S ={1}.

e Bai tap tvw luyén
W

7~ BAI 1. Giai cac phuong trinh

a) 2|x—3/+(5x+1)=0; b) |x-1|=|x-5|;

¢) [x-1]=3x-5]; d) 2|x|—[x+1=2

€) [x—4l+|x+1=9; f) [x-3J+|x-5/=2
w Loi gidi

a) Xét x >3 ta dugc x =1 (loai)
) 5
Xét x <3 ta duogc x=—§.

. -5
Pap s0: x=—
P 3

b) Cach 1. Chia hai truong hop
=[x

Xx—-1=x-5
X-1=5-x

0Ox=4
=
2X=06

Céch 2. Binh phuong hai vé:

TAI LIEU TOAN HOC
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x—1] x-5| < x* —2x+1=x* ~10x+25

= 8x=24
& X=3

c)2va§;

d)-1va 3;

e) Xét x <-1 tadugc x=-3. Xét —-1< x <4, phuong trinh vd nghi¢m.
Xét X >4 tadugc X=6. S ={-3;6}

f) 3<x<5.
=~ BAI 2. Giai cac phuong trinh

a) [X|—2|x-1+3|x-3 =4

b) [X|—2[x+1|+3[x+2|=0

c) [X|—[x-1+3|x-2|=4

d) ‘x+1|+|x+2|+|x+3‘:4x.

= Loi giai
9 .9

a) —va—
)4 2

b) -2,
c) x=4,0<x<1

d) Khdng nén may moc xét cac khoang gia tri caa X. Cha y vé trude phuong trinh khéng 4m nén
vé phai khong am, do d6 x> 0. Phuong trinh tré thanh X +1+X+2+x+3=4x. Tirdé x=6.Tap
nghiém S ={1,-2}.

7~ BAI 3. Giai cac phuong trinh
a) |x||x+3|—‘x2 + x+1‘ =1
b) | x[* -3|x|+2=0

= Loi gidi
a) Chiyrang x®+x+1>0.Pap s6: x=1,

b) Bt y=|x>0.Ddapsd x=+1. Tap nghiem S = {1,-2}.
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I~ BAI 4. Giai phuong trinh sau || X|-1] =X +1.

= Loi gidi
Khir dau gia tri tuyét ddi tir trong ra ngoai: trudc hét xét x >0,x<0.

Pép sb: —1<x<0.

I~ BAI 5. Giai cac phuong trinh sau:

a) [x—4|-x=2a (alahang so);

b) |x—3]+/5— x| = 2a(a & hing s6).

’ » Loi gidi

a) Néu x>4thi x—4-x=2a<0x=a+2.

Néu a = —2: vo nghiém.

Néu a=-2:vd sé nghiém (x>4).

Néu x<4thi 4—x—x=2a< x=2-a,
taphaico 2-a<4<a>-2
Két luan: Néu a>-2thi x=2—-a; néu a=-2:v0sd nghiém x>4; néu a<-2: vd nghiém.

b) Néu a=1thi 3<x<5.

Néu a>1thi x, =4-a,x,=4+a

Néu a <1 thi vo nghiém.

=~ BAI 6. Giai phuong trinh sau:
2|x+a|—|x—2a|=3a (alahing so).
= Loi giai
Néu a>0thi —a < 2a. Xét cac truong hop X < —a,—a< X< 2a, X > 2a ta duoc cac nghiém:

X=-7a,X=a

Néu a<0thi 2a<-a. Xét cac truong hop X < 2a,2a< X< -a,X > -a ta dugc nghiém: x = —a.
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0 Tém tat ly thuyét

Dé giai bat phuong trinh loai nay, ta cling khir diu gia tri tuyét déi nhu v6i phuong trinh chira
an trong dau gia tri tuyét ddi.

@ s
\\/
v

u 1. Giai bt phuong trinh:

X|-x+2<2[x-4 (1)

= Loi giai
Lap bang xét du céc biéu thuc x va x—4
Dé giai bat phuong trinh loai nay, ta ciing khtr ddu gia tri tuyét déi nhu véi phuong trinh chira an
trong dau gia tri tuyét ddi.

1. Xét khoang x <0, (1) c6 dang:
—X—X+2<2(4-Xx) <= 0x<6
nghiém dang voi moi X thugc khoang dang xét x < 0.
2. Xét khoang 0< x <4, (1) c6 dang:
X—X+2<8-2X< x<3

Nghiém cua bat phuong trinh (1) thugc khoang dang xét 0 < x <3.

3. Xét khoang x >4, (1) c6 dang:
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X—X+2<2X-8< x2=5
thoa man diéu kién x>4.

Két luan: Nghiém cua bat phuong trinh da cho la: x<3;x>5.

Nhan xét. Trong cach gidi trén, ta khi ddu gia tri tuyér doi bang céch xét tirng khodng gia tri cuia
bién. Trong mét sé trurong hop, ¢6 thé gidgi nhanh hon cdch phirong phdp chung néi trén béi cac

bién doi twong dirong sau:

Dang 1:

1. V6i a duong. Taco |f(x)|<ae-a< f(x)<a.2)

2. ‘f(x)‘<g(x)<:>—g(x)< f(x)<g(x).
Dang 2:

1. Véi a la sé duong ta co:

2. Béi véi ham g(x)

Dang 3:

() >|g(x)| <] () >]g(x)-

EQ Vi du 2. Giai bat phuong trinh:
|- x+2<2|x-4] (1)

w Loi giai
Cach 1:

1. Xét khoang x<%, (1) c6 dang:
3(1-2x)<2x+1
& 3-6x<2x+1

o —8x<-2
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1
& X>=
4

Nghiém cua bat phwong trinh thudc khoang nay 1a %< X <% :

2. Xét khoang xz%, (1) c6 dang:

3(2x—1)<2x+1
& 6X—3<2x+1

S 4x<4
= x<l

Nghiém cua bat phwong trinh thudc khoang nay %s x<1
Két luan: Nghiém cua bat phuong trinh da cho 1a % <x<1.

Céch 2: Bién doi thanh bat phuong trinh twong duong theo dang 1b)

3(2x-1) > —(2x+1)

3|1-2x|< 2x+1<
3(2x-1) <2x+1

6X—-3>-2x-1
6x-3<2x+1

8x>2
=
4x <4

1
& —<x<1l.o
4

Q Bai tap tv luyén
N4

F~Bai 1.Giai cac bat phuong trinh sau:
a)3x—2|<4; b)[3—2x| < x+1

(Z Loigiai

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC




Website: tailieumontoan.com

a) —g<x<2; b)§<x<4
3 3
/~Bai 2. Giai cac bat phuong trinh sau:

a)[3x-1>5 b +1=x+1

(£ LiBai
a)x<_?4;x>2 b) x<0;x>1
/~Bai 3. Giai cac bat phuong trinh sau:
a)|x+1>[x=2;  b)|x-1]p|x+2]-3;
(Z Loigiai
1
a)xX>=
) 2
b)x<1
I/~ Bai 4. Giaicac bat phuong trinh sau:
a)|Xx—=1|+|x=5>8; b)|x-3|+|x+1<8;
(@ Ligiai

A x<-Lx>7 b)-3<x<5
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BAT PHUO'NG TRINH TiCH. BAT PHUO'NG TRINH THUONG

Q Mot sd vi du

O Vidu 1. Giai bat phuwong trinh x> —2x+1<9.

@ Loigidi
Cach 1:
X —2Xx+1<9 < (x-1)* <9
ol x-1k3
< -3<x-1<3
& -2<X<4
Cach 2 :Bién d6i thanh bat phuong trinh dang tich:
X*—2x-8<0< (x+2)(x—4) <0
Lap bang xét diu c&c nhi thic X +2 va x—4:

2 4

X—4 - - 0 +

Nghiém cuaa bat phuong trinh da cho la: -2 < x <4

>1.

O Vidu 2. Giai bat phuong trinh

Diéu kién xac dinh: x #1.
(& Loigiai
-1>0

1—5x21 ¢>1_5X
x-1 x-1
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1—5x—x+120

x-1
- Z_GXZO
x-1

Lap bang xét dau

X 1 1
3
1-3x | + 0 - +
x-1 - - 0 +
1-3x
_ 04+ _
x-1
N A g s 1
Vay nghiém cua bat phuong trinh 1a §3X<1D
Q Bai tap tw luyén
-/
/~Bai 1.Giai cac bat phuong trinh sau:
a)4x? —4x+1>9 b) (x*—27)(x*~1)(2x+3-x*)=0
3 4y2 _ 2 2
0 x3 4x2 +5xX 20>0 d) X +2x+2>x +4x+5_1
X’ —x°—-10x-8 x+1 X+2

(& Loigiai
a) Cach 1. Bién doi bat phuong trinh tich
4(x+1)(x-2)>0
Céch 2 .Pua bét phuong trinh vé dang
|2x-1|>3
Pap s6: x> 2;x<—1.
b) Hai nghiém -1,3.
C) X<-2;-1<x<4;x>4

d) x<2;x>-1

/~Bai 2. Tim diéu kién cua x dé biéu thirc sau c6 gia tri am: A= 1=x x+3).(x+3 x-1
X+3 x-1 Xx—-1 Xx+3

(Z Loigiai
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_X*+2x+5
4(x+1)
A<0e x>-1dongthoi x#1o

~Bai 3. Tim diéu kién cua xva Y dé biéu thuc sau c6 gié tri duong:
XZ_X X2_ 2 2 1

A:( 5 y+ > y : 3y >+
yi4xy xi4xy )\ x-xy? x-y

(@ Loigiai

s A>0 y>0;x#0,x2Yy

~~Bai 4. Tim diéu kién cuax va Yy dé biéu thirc sau I6n hon 1:

A=| X X2V . y’ + L X
yoaxy x2+xy )\ x3-xy? x-y) vy

(& Loigidi
A:ﬂ:1_1 A>1e xy<0;x+y=#0
X X
F~Bai 5. Tim diéu kién cuax dé biéu thirc sau 16n hon 1:L2—i3
X— X—

(& Loigiai
2<Xx<3

N N Y . B 2 N , v A A 2
7Bai 6. Tim dieu kién caam dé phuong trinh sau ¢6 nghiém am: 1 4-m
X —
(@ Loigiai

6-m . 4
Nghiém cua phuong trinh: X—mvm m=a.

Phuong trinh ¢6 nghiém am, vay 4<m<6.
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CHUYEN PE CHU’NG MINH BAT PANG THU'C

Q Tém tat ly thuyét

A. CAC TINH CHAT CUA BAT PANG THUC

Ngoai c4c tinh chit cua bat dang thire dugc néu ¢ §11, ta con st dung cac tinh chét sau:

1. Cong ting vé hai bat dang thire cling chiéu, duoc bat dang thirc mai ciing chiéu voi cac bat dang
thirc da cho:

a>b,c>d=a+c>b+d
Chu y: Khéng dugc trir timng vé cua hai bat dang thic cing chiéu.

2. Trir tirng Vé cua hai bat dang thic nguoc chiéu dugc bat dang thac méi cing chiéu véi bat dang
thec bi trur:

a>bc<d=a-c>b-d
3. Tinh chat don diéu ctia phép nhan
1. Nhan hai vé caa bat dang thirc véi cing mot sé duong:
a>b,c>0=a-c>b-c.
2. Nhan hai vé cua bat dung thire véi cling 1 s6 4m va doi chiéu cua bat dang thuc:
a>b,c<0=a-c<b-c
4. Nhan hai vé cua bat dang thiic cling chiéu ma hai vé khéng am a>b>0,c>d > 0= ac > bd
5. Nang 1én liiy thira bac nguyén duong hai vé cua bat dang thic:
a>b>0=a">b";
a>b< a">b"vai nlé;
|al>|bj<a" >b" véi n chan.
6. So sanh hai lily thira cing co s6 voi $6 mii nguyén duong:
Néum>n>0thia>l=a">a";
a=1l=a"=a";

O<a<l=a"<a".
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7. Lay nghich dao hai vé va doi chiéu cua bat dang thirc néu hai vé cuing dau:
1 1 ..
a>b,a-b >O:>g<5( xem bai325a);

Chu y: Ngoai cac bt ding thirc chat, chang han a>b, ta con gip cac bat dang thirc khong chit,
chang han a>b (tic 1a a>b hodc a =b). Trong céc tinh chét trén, nhiéu diu > (hoic <) c6 thé
thay bai diu > (hodc <).

B. CAC HANG BAT PANG THUC

1. Ngoai cac hing bt ding thirc a* > 0;—a® <0, can nhé cac hang bit diang thire lién quan dén gia
tri tuyét doi:

|a|>0. Xay ra dang thuc khi a=0;

|a[>a. Xay ra dang thirc khi a>0; |a+b|</a|+|b|. Xiy ra dang thirc khi ab>0;
la—b[>/a|-|b|. Xay ra dang thirc khi ab>0 va |a|>|b| (cac diéu kién nay con co thé dién dat la
a>b>0 hoac a<b<bh<0).

Chang minh bét dang thirc |a+b|<|a|+|b| nhu sau:

la+bl<al+[b] (1)

< a’+2ab+b’ <a®+2|ab|+b? (vi hai vé cia (1) khong am) Bat dang thirc(2) dung, vay (1) 1a
< ab<ab|(2) ding.

Ching minh bat dang thuc |a—b>|a|-|b| (3) nhu sau:

Néu |al<|b]| thi (3) hién nhién ding Néu |a[>|b]| thi (3) tuwong duong voi:

la—b[’>(la|-|b|)* < a®-2ab+b*>a’*-2ab+b’ <|ab[> ab

Bét dang thic (4) dung, vy (3)dung.

2. Ciing can nhé thém mét sé hang bat dang thace khac dé khi giai toan c6 thé sir dung chiing nhu
mét bd dé, chang han:

a’+b?>2ab:

2
[_‘”bj hay (a-+b)? > 4ab (bét déng thirc C6 - si); —+=>—— véi a,b>0 (vi du 77);
5 a b a+b

%+§zz v6i a,b <0 (bai 325).

(a®+b%)(X* +y*) = (ax+hby)* (bAt déng thic Bu-nhi-a-cop-xki, xem bai 324)
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"CAC PHUONG PHAP CHUNG MINH BAT PANG THUC

Q Mot sd vi du
A4

1. Dung dinh nghia

Pé ching minh A> B, ta xét hiéu A— B va chitng minh rang A— B 1a s6 duong

£Q Vidu 88 Chung minhrang: (x—1)(x—2)(x—3)(x—4) > -1

(@ Loigiai

Xét higu (x—1)(x—2)(x—3)(x—4) = (1) = (x* =5x+4)(x* —5x+6)+1.

Piat x? —5x+5=y, biéu thuc trén bang (y-1)(y+1)+1=y*>0.

Vay (x-1)(x—2)(x-3)(x—4)>-1.

3 Vidu 89 Cho cac sé duong a va b thoa man diéu kién a+b =1. Ching minh rang:

)

@ Loigiai
Taco
[1+1j(1+£j29 (1)
a b
& %ﬂ~%29<:>ab+a+b+129ab(vi ab > 0)

< a+b+1>8ab < 2>8ab(via+b=1)
& 1>4ab < (a+b)> >4ab(via+b=1)

Bat ding thire (2) diing, ma cac phép bién ddi trén tuong duong, vay bat ding thie (1) duoc ching
minh

Xay ra dang thirc khi va chi khi a=b. Cach giai khac
[1+1j(1+£j :(1+ a+bj(1+ a+bj =(2+9j(2+3).
a b a b a b

Thuc hién phép nhan va cha y rang %+§22 doa>0b>0.0
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han:a?>b? < a>bvsi a,b>0

m>n<a" >a" voi m, n nguyén duong, a>1.

Can chi rd cac Diéu kién 4y khi bién doi twong duong.

Khi st dung phép bién doi trong dwong, can chi y cac bién ddi twong duong cé diéu kién, chang

O Vidu 90 Cho a+b>1.Chang minhring a* +b* >%

3. Dung cac tinh chat cha bat dang thiic

Tacé a+b>1>0 (1)

Binh phuong hai vé (& Loigici (a+h)>>1=a’+2ab+b*>1
Mit khac (a—b)’ >0=a*-2ab+b*>0 (3)

Cong ting vé cua (2) va (3) :

1
2(a®+b%)>1 21bh > = 4
(a + )> >a +ht >0 (4)
Binh phuong hai vé cua (4) a* +2a’’ +b* >% (5)

Mt khic (a?~b?) 20=>a*-2a’h’ +b*20  (6)
Cong tirng vé cua (5) va (6) :

2(a“+b“)>£:>a“+b4 1
4 8

2 2 2
3 Vidu 91 Chitng minh bat ding thﬁc:%+b—+c—23+9+i.

CZ

Ap dung bat dang thic (7 igiai X +Y’22xy (xy radang thuc khi x=y), ta

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC




Website: tailieumontoan.com

ong ting vé cua ba bat dang thac trén :

2 2 2 2 2 2
2 a_2+b_2+c_2 =2 E+9+E :>a—2+b—2+c—222+9+3.
b ¢° a b ¢ a° ¢ a b

O Vidu 92 Chang minh cac bat ding thuc véia,b, ¢ 1a cac s6 dwong

1 11 a b c
a) (a+b+c)|=+=+=129; b + + >15
) (a+bx )(a+b+cj ) b+c c+a a+b
a). Ta co:
(@ Loigiai
A:(a+b+c)[£+1+lj:1+E+3+R+1+9+£+£+1:3+(E+Ej+(i+£j+(E+EJ
a b c b c a c a b b a c a c b
2 A . Xy i ..
bé chitng minh —+=>2 véi x, yduong ( bai 325)
y X

DodoA>3+2+2+2=9.Vay A>9.

Xay ra dang thirc khi va chi khi a=b=c.
A A a2 r A 1 11 ,
b) Ap dung bat dang thirc 6 cdu a: (X+ y+z)[;+§+;j2 9 trongdo x,y,z>0.

V6i x=b+c,y=a+c,z=a+b taduoc:

Ka+b+®( t e

+ + jzgz (a+b+c)( ! + ! + 1 j24,5
b+c a+c a+b

b+c a+c a+b

a+b+c+a+b+c+a+b+c24’5:> a N b . c 15
b+c a+c a+b b+c a+c a+b

Xay ra dang thac khi va chi khi a=b=c.

A Vidu93 Cho a, b, ¢ 1ado dai ba canh cua mét tam giéc. Chung minh rang
SR S SO 35
a+b-c b+c-a c+a-b a c

1
+=+
b

(# Loigiai
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1 1 s . x s C
+ va chu y rang cac mau déu duong, ap dung bat dang thac 1+£2 4
a+b+c b+c-a X Yy X+y

Xét

vaix,y >0 (vidu 77 ), ta dugc:

1 1 4 2
+ >—==,
a+b-c b+c—-a 2b b

Tuong tu L + ! Zz.
b+c-a c+a-b ¢

1 1 2
+ >,
c+a-b a+b-c a

Cong tirng vé ba bat dang thire trén roi chia cho 2 ta duoc diéu phai chitng minh.

Xay ra dang thiac khi a=b=c.

L Vidu94.Cho x>0,y >0,z = 0. Chi*rng minh rang:

(x+»)(y+2)(z+x)28xz (1)

= Loi gidi
Hai vé cua (1) déu khong 4m nén dé ching minh (1), ta s& ching minh rang
(x+Y)2(y+2)*(z + X)* > 64x%y?z°.
Taco

(x+y)> >4xy
(y+2)° >4yz
(z+Xx)* >4zx

Hai vé cua ba bat dang thuc trén déu khong &m, nhan tirng vé ta duoc:

(x+Y)2(y+2)°(z+ x)* > 64x°y*z°

= [(x+ y)(y+z)(z+x)]2 > (8xyz)’.

C4c biéu thtrc trong dau ngoic vudng khdng am nén
(x+y)(y+2z)(z+x)>8xyz

Xay ra dang thirc khi va chi khi x=y=1z.

4. Dung phuong phap phan chirng

3 Vi du 95. Cho ¢ +b* <2. Chitng minh ring a+b5<2.
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w Loi giai

Gia sir a+b > 2, binh phuong hai vé (hai vé déu duong), ta duoc:

a’+2ab+b*>4 .
Mait khac ta co
2ab<a’+b” = a’+b’ +2ab < 2(a’ +b?)
ma 2(a*+b*) <4 (gia thiét), do do
a’+2ab+b’ <4
mau thuan véi (1).
Vay phaicé a+b<2.
Céch giai khac. Ta cd
a’+b*<2
Mit khac 2ab < a® +b? nén
2ab<a’+b*<2

Cong (1) vai (2):

a’+2ab+b*<4=(a+b)?’<4=>-2<a+b<2.

D. BAT DPANG THU'C VO1 SO TU NHIEN

3 Vi du 96. Chirng minh réng véi moi s8 tw nhién n>2 ta cé

11,

w Loi giai

Goi A la vé trai cua bat dang thuc trén. Ta sir dung tinh chat bac cau cua bat dang thire dudi dang
phuong phap 1am troi: d& chitng minh A< B, ta lam troi A thanh C(A<C) rdi chitng minh ring
C <B (biéu thirc C déng vai tro trung gian dé so sanh A va B). Lam troi mdi phan sé ¢ A bing

cach lam giam cac mau, ta co:

1 1 1 1

€k k(ke-1) (k-Dk(k+1)
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Do d6:

A< 1 + 1 4+ t 1 + 1 4+ L
2°-2 3°-3 n*-n 1.2:3 2.3-4 (n-1)n(n+1)
bit C = L + L ot ! , nhan xét rang :
1-.2-:3 2:3-4 (n-1)n(n+1)
1 1 2

(n-1)n n(n+1) (n-1)n[n+1)

A 1] 1 1 1 1 1 1

nenC =— - + - +oet -
2[1—2 2-3 23 3.4 (n-1)n n(n+1)
S S I SR S
“2[2 n(n+l)| 4 2n(n+1) 4

A~ 11 1 1

Vay?+3—2+"'+F<Z

* Khi 1am tri mot biéu thire, ¢6 trwdng hop ta phai chia biéu thic thanh nhiéu nhém rdi lam

troi trong tirng nhom. Xét vi du sau

3 Vi du 97. Chirng minh rang véi moi s6 tw nhién n>2, ta cé

1 1
1+ —+—+--+
2 3 2" -1

<n

= Loi gidi
Goi Vé trai cua bat dang thic trén 1a A, ta co:

1 1 1 1 1 1 1
A=l+| 4o || ot | H ot |t o
2 3 2 7 2 15 2"

G4

)
2"-1

O mdi nhom ta 1am troi bang cach thay céc phan sé boi phan sb 16n nhit trong nhom, ta duoc:

A<1+1-2+i2-4+i3-8+---i_-2"’1 =1+1+---+1=n
2 2 2 2

E. VAI BIEM CHU Y KHI CHU’'NG MINH BAT DANG THU'C
Cha y 1. Khi chitng minh bét dang thirc, nhiéu khi ta can doi bién

3 Vi du 98. Cho a+b+c =1. Ching minh ring

a+b’+c’ 21
3
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w Loi giai

bat a=%+x, b=%+y, c=%+z. Do a+b+c=1nén x+y+z=0. Tacd

2 2 2
a2+b2+c2=[1+xj +(1+yj +(1+zj
3 3 3
(1 2 Zj [1 2 zj (1 2 zj
e e S Gl R B VYA B R Ry Y
9 3 9 3 9 3

1.2 I I S S SN B
=+ (x+y+2)+ Xy P =Xy P> D
3 3( Y ) y 3 y 3

Xay ra dang thirc @x=y:z:0<:>a:b:c=%.

EQ Vi dy 99. Chitng minh bat dang thirc

abc2(b+c—a)(a+c—b)(a+b—c)

w Loi giai
Cach1.Pit b+c—a=x, a+c—b=y, a+b—c=z thi x, y, z>0. Theo bét dang thuc
(x+y)(y+2)(z+x)=8xyz (vidu94) taco:

2a-2b-2c>8(b+c-a)(a+c—b)(a+b-c)
=abc>(b+c-a)(a+c-b)(a+b-c)

Xay ra dang thirc khi va chi khi a=b=c.
Cach 2. Tacé

(b+c-a)(b+a—-c)=b*—(c—a)’ <b?
(c+a-b)(c+b-a)=c*-(a-b)* <c’
(a+b-c)(a+c—b)=a’—(b—c)’ <a’.

Nhan ting vé caa ba bat dang thtc trén ta duoc
[(b+c—a)(a+c—b)(a+b—c)]2 <(abc)’

Céc biéu thirc trong dau ngoidc vudng déu duong nén
(b+c—a)(a+c—b)(a+b—c)<abc

Xay ra dau dang thirc khi va chi khi a=b=c.
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Chuy 2. Véi cac bat dang thircc ma cac bién ¢6 vai tro nhw nhau, ta cé thé sip thir tw c4c bién.

3 Vi du 100. Chirng minh bat dang thirc dwoc néu & vi du 99:
a , b , ¢ (1)
Trong d6 diéu kién a,b,c la d dai ba canh cla mét tam gidc dugc thay bdi a,b,c la cac s6 duong.
w Loi giai
Céch 1: Do vai tro cua a,b,c ngang nhau, ta gia s rang a > b >c¢. Xét hai truong hop:

a) b+c<a.Khidé vé trai cua (1) Ias6 duong, con vé phai khong dwong. Bat dang thie dugc
chung minh.

b) b+c>a. Khi d6 hai vé cia (1) déu duong. Giai tiép nhu vi du 99 .

Céach 2: Trong basd b+c—a, a+c—b, a+b—c, khong c6 qua mot sé &m. That vay, chang han
b+c—a<0, a+c—b<0 thi 2c <0, tréi véi gia thiét.

Néu dtiing mot s6 am thi vé phai cta (1) 1a s6 am, bat dang thic (1) hién nhién dang.
Néu khong c6 s6 nao am thi vé phai cua (1) 1a s6 duong. Giai tiép nhu vi du 99 .
Chu y 3. Khi chitng minh bét dang thic, trong nhiéu tredang hep ta can xét tirng khoang gia
tri caa bién.
L Vi du 101. Chirng minh rang

X =x"+xP=x+1>0

» Loi gidi
Goi A la vé trai cua bat dang thuc.
Céch 1:
Néu x>0 thitaviét A dusidang X" (x—1)+x(x-1)+1. Do x>0 nén A>0.
Néu x <1 thi ta viét A dudi dang x8+x2(1—x5)+(1—x). Do x<1nén a-x>>0,dodo A>0.
Céch 2:

A=x"(x-1)—(x-1)+x? =(x—1)(x7 —1)+x2

Néu x>1thi x’ >1, do d6 (x—1)(x’ -1)>0,con x* >0 nén A>0

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC



Website: tailieumontoan.com

eu x<1thi x’<1,dodd (x—l)(x7 —1)>0, con x>0 nén A>0
D. AP DUNG CHU’'NG MINH BAT DANG THU'C VAO GIAI PHUONG TRINH

C6 nhiéu trudng hop dé gidi phuong trinh f (X,y...)=0, ta lai ching minh bat ding thirc

f(xy...)>0 hogc f(x,y...)<O vachiradiéukién can va du dé xay ra dang thuc.

L Vi du 102. Gidi phuong trinh

X4y 4zt =x(y+2)

= Loi gidi
Trudc hét, ta chitg minh rang

X2+ Yy +2% > Xy +xz (1)

Bét dang thuc (1) twong duong véi:

2X% +2y* +27° = 2xy-2x2>0

S (X=y)+(x=2)*+y*+2° >0

(2)

Xay ra dang thirc ¢ (2), tac 1a & (1), khi va chi khi x =y =z =0. D6 la nghiém ctia phuong trinh.
* Chii y: Ciing ¢6 thé bién doi phiong trinh da cho thanh:
2X° +2y? +27° —2xy-2x2=0
S (X=y) +(x=2)°+y*+2° =0

S x=y=2=0

Q Bai tap tw luyén
Chirng minh bét diang thiic
Chitng minh céc bdt dang thirc (tir bai 358 dén bai 371):
I~ Bai 358.
a) a’+b’+c*>ab+bc+ca;
b) a* +b* +c* +d* > 4abced .
= Loi giai
a) Taco: a’ +b? > 2ab, b®+c? > 2bc, ¢?+a’ > 2ca. Cong ting vé cac bat dang thic trén.
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b) Ap dung bt ding thirc x* + y* > 2xy, ta co:
a’ +b*>2a’h? c¢* +d* >2c’d?
Do do: a*+b* +c*+d* > 2[ (ab)’ +(cd)’ | = 2- 2abed = 4abed .
I~ Bai 359.
a) a*+b"+c* >abc(a+b+c);
b) a®+b® +c® > a’h’*c*(ab+bc+ca).
= Loi giai
a) Ap dung x?+y?+ 22 > xy + yz+2x (Cau a)
Ta co:
a’ +b*+c* > a’* +b’c’ +c’a’
Lai &p dung (1), ta cé:
a’h? +b’c’ +c’a’ > ab’c+bc’a+a’bc =abc(a+b+c)
b) Giai trong tu cau a)
=7 Bai 360.
a) a®+b*>ab;
b) x> +xy+y*>0
c) a(a+b)(a+c)(a+b+c)+b’c’ >0
= Loi gidi

2 2
a) Cach 1:a*+b’ —ab=[a—gj +%20

Cach2: a’+b’—ab>0<2a’+2b*-2ab>0< (a—b)*+a’ +b*>0.

Céach 3: Taco: a?+b? >2ab, a®+b? > 0. Cong ting vé hai bat ding thirc trén rdi chia cho 2 .

b) Giai tuong tu cau a).
c)

A=a(a+b)(a+c)(a+b+c)+b’c’
=(a2 +ab+ac)(a2 +ab+ac+bc)+b2c2

bit a*+ab+ac=m, bc=nthiA=m(m+n)=m’+mn+n®>0.
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Bai 361.

a)(a’ +b2)(a4+b4)2(a3+b3)2; b) (a+b)(a’+b*)<2(a*+b*).

= Loi giai

a) Bién doi twong duong thanh a’b?(a—b)? >0.

b) Bién doi twong duong thanh 0< (a—b)*(a*+ab+b?).

I~ Bai 362.

a) 2(a’+b*)=(a+b)(a’+b*) véi a,b>0; b) 4(a®+b°)>(a+b)’ véi a,b>0.
= Loi giai

a) Chia hai vé cho s6 duong a+b . Bién doi twong duong thanh (a—b)? >0

b) Hiéu:

4(a*+b’)—(a+b)’=(a+b)[ 4(a’ ~ab+b?)-(a+b)]

=3(a+b)(a-b)*>0

I~ Bai 363. a’+b’ +abc >ab(a+b+c) véi a,b,c>0.
= Loi gii

Hiéu: a®+b*+abc—ab(a+b+c)=(a+b)(a-b)*>0.

I~ Bai 364.

a) 8(a’+b*)> (a+b)*; b) (a2 +b?) 2 ab(a+b)?.

w Loi giai

a) Tur a* +b* > 2a%?, cong a* +b* vao hai vé duoc:

a* +b* zi(a2 +b2)2
2
Tuong tu a® +b” 2%(a+b)2. Tu d6 suy ra a* +b* 2%(a+b)4.

b) Xét hiéu (a? +b?)" —ab(a+b)* duoc
a’-a’b+b'—ab®=a’(a-b)-b*(a-b)=(a-h)*(a’+ab+b*)>0
[~ Bai 365.

a) a’+b’+c’>a(b+c); b) a®+b*+c*+d*>a(b+c+d).
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= Loi giai

a) a’+b’+c’>a(b+c)

& 2a/62+2b” +2¢* > 2ab + 2ac

< (a—b)*+(a—c)* +b*+c* >0.

b) a® +b*+c*+d*>ab+ac+ad

< 4a’ +4b% +4c® +4d” > 4ab + 4ac + 4ad

< (a-2b)*+(a-2c)° +(a—2d)*+a* >0

—~ Bai 366.

a) x* —4x+5>0 b) X' —x+i>0
= Loi giai

a) x4—4x+5=x4—4x2+4+4x2—4x+1=(x2—2)2+(2x—1)220.

Khong xay ra dang thirc. Do d6 x> —4x+5>0

2 2
b) x“—x+%=x4—x2+%:(x2—%j +(x—1j >0.

Khéng xay ra dang thirc. Do d6 x4—x+%>0.
I~ Bai 367.

2 2 2 3
a)a“+b°+c +22a+b+c;

b) a* +b* +2>4ab
» Loi gidi

a)(a2 +b?+c? +§j—(a+b+c):(a2—a+1j+(b2—b+lj+(c2 —c+1]
4 4 4 4

2 2 2
= a—1 + b—1 + c—i >0
2 2 2
b) a*+b*+2—-4ab=a’ +b* —2a’h® + 2a’h* —4ab+2

=(a®~b?) +2(ab-1)? 20

=7 Bai 368. x> +4x+1>3x> v4i x>0.

w Loi giai
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+4x+1-3x" =x(x—2)* +x* +1>0 (vi x>0).
I~ Bai 369.
a) (x—1)(x—3)(x—4)(x-6)+9>0

b) a® +4b” + 4c® > 4ab — 4ac +8bc.
. Loi gidi
8) (x—1)(x-3)(x—4)(x—6)+9=(x*~7x+6)(x* - 7x+12)+9

Pit x* —7x+9=a, biéu thic trén bang:

(a-3)(a+3)+9=a’20

b) (a® +4b” +4c?) - (4ab —4ac +8bc)
= (a* —4ab+4b” )+ 4c? +(4ac —8bc)
= (a—2b)* +4c” +4c(a-2b)
=(a-2b+2c)*>0

2
P~ Bai 370. (a—;b+¥j >(a+c)(b+d)

= Loi gidi
Ap dung bat dang thirc (x+ y)? > 4xy ta duoc:

(a;b+c;d)2 =[((%L(:):r(tHd):I2 >(a+c)(b+d)

~ Bai 371.
3) 8(a’+b°+c®)> (a+b)’ +(b+c)’ +(c+a)° véi a,b,c>0.
b) (a+b+c)®>a’+b®+c®+24abc voi a,b,c>0
w Loi giai
a) Ap dung bat dang thiac 4x° +4y® > (x+y)® véi x,y >0 (bai 363 b), ta duoc:

4a% +4b® > (a+b)® 4b® +4c® > (b +c)®, 4c®+4a’>(c+a)’
Cong tirng vé ba bét ding thuc trén.
b) (a+b+c)®>a®+b®+c®+24abc

=N (a+b)(ab+bc+ca+cz) >8abc (ban doc tu bién ddi)
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< a’b+a’c+ac? +ab? +b%c+bc? —6abc >0 (ban doc tu bién d6i)

& (a’c+hc? —2abc ) +(a’c+b’ —2abc)+(ac’ +ab” —2abc) = 0

< b(a-c)’+c(a-b)’+a(b-c)’>0

I/~ Bai 372.Cho a+b+c=0.Chang minh ring ab+bc+ca<0.
= Loi gidi

a+b+c=0=(a+b+c)*=0=a’+b*+c*+2(ab+bc+ca)=0

=ab+bc+ca<0.

™~ Bai 373. Cho a,b,c 1a d6 dai ba canh caa mot tam giac. Ching minh rang:

a) a’+b’+c? <2(ab+bc+ca)

b) 2 b 4 ¢ >3
b+c—-a a+c-b a+b-c
1 a - NPT , R .
C) cling la o dai ba canh cua mét tam giac.

a+b’ b+c’ c+a
= Loi gii
a) Nhan hai vé cia a <b+c véi sb duong a, ta duoc a®> <ab+ac.

Tuong tr b? <ba+bc; ¢ <ca+cb. Cong ting vé cac bat dang thic trén.

b)bat b+c—a=x, c+a-b=y, a+b-c=z thi 2a=y+2z, 2b=x+2z, 2c=x+Yy. Tacé:

2a_ 2 2 :y+z+x+z+x+y=[l+§J+[5+§j+(5+_

X Z

b+c-a a+c-b a+b-c X y z Xy y

Suy ra diéu phai chirg minh.
c)Taco a+b>c,b+c>a, a+c>b
Xét
1 1 1 1 2 2 1
+ > + = > =
a+c b+c a+b+c b+c+a a+b+c a+b+a+b a+b

1 1 1 1 1 1
Tuong tu + > , + > .
a+b a+c b+c a+b b+c a+c

I~ Bai 374.

a) Cho céc s duong a,b,c ¢6 tich bang 1. Chung minh rang
(a+1)(b+1)(c+1)>8

b) Cho cac s6 a va b khéng am. Chiing minh rang
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+b)(ab+1)>4ab

» Loi giai
a) Nhan ting vé céc bat dang thirc (a+1)% >4a, (b+1)%>4b, (c+1)*>4c.
b) Nhan tirng vé cac bat dang thic (a+b)? > 4ab, (ab+1)? > 4ab .

I/~ Bai 375. Cho cac s6 duong a,b,c,d ¢4 tich bang 1 . Chirng minh rang:

a’+b’+c’+d®’+ab+cd>6
= Loi giai

Tacé: a’+b*+c’+d”+ab+cd >2ab+2cd +ab+cd =3(ab+cd).
., 1
Talaicé ab+cd =ab+—>2.
ab

Suy ra diéu phai chung minh.

I/~ Bai 376. Cho cac s6 duong a va b thoa man a®+b® =a—b. Chang minh rang:
a’+b*+ab<1

= Loi giai
Theo dé bai: a—b=2a’+b*, ma a®+b*>a*—b® (do b>0 ) nén a—b>a*—b®. Chia hai vé cho
a—b (chiyring a~b>0 vi a-b=a’+b*>0).
I/~ Bai 377. Chirng minh cac bat dang thirc sau bing cach xét tirng khoang gia tri cua bién:
(1) A=x*+x*+x* +x+1>0
(2)C=x"-x"+x*-x+1>0
= Loi giai
a) Cach 1: Néu A(x-1)=x"—1. Tabiétrang néu x>1 thi x*>1, néu x<1 thi x* <1. Do dé:
5

X’ -1
x-1

-Néu x>1 thi >0=A>0

x°—1

x-1

-Néu x <1 thi >0=A>0

-Néu x =1 thi hién nhién A>0.
Céch 2 :

A=X" 450+ X+ Xx+1= X (X+1) + (X +1) + X°

= (x+1)(X° +1)+X* = (x+1)* (X* = x+1)+x* 2 0.
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DAau "=" khéng xay ra.

b) Giai tuong tu vi du 101. Xét x>1va x<1.
Giai cac bai tir 378 dén 384 bang phuong phap phan chimg.

7~ BAI 378. Chirng minh rang néu a+b+c>0, abc>0, ab+bc+ca>0 thi a>0, b>0,
» Loi giai

Giasr a<0:

Néu a =0 thi trai véi abc>0.

Néu a<0:Do a+b+c>0 nén b+c>0.Do abc >0 nén bc<0.

Suy ra a(b+c)+bc <0, mau thuan vsi ab+bc+ca>0.

Vay a>0. Tuong tu, b>0, c>0.
F~BAI 379. Chtrng minh ring néu a>3, b>3, a®?+b?>25 thi a+b>7. Vi du:
w Loi giai
bat a=3+X, b=3+y thi x>0, y>0.Taco a+b=6+(x+y). Tas€ chitng minh x+y>1.
Giast 0<c+y<1thi x*+2xy+y*><1nén x*+y* <1 (do 2xy >0).
Khi d6 a®+b* =(3+x)*+(3+Yy)* =18+6(x+ y)+(x2+y2)<18+6+1:25.
Tréi véi gia thiét a® +b? > 25.
Vay x+y=>1,suyraa+h>7.

7~BAI 380. Chobasb a, b, ¢ khac nhau d6i mot. Ching minh rang ton tai mét trong cac s6 9ab
9bc, 9ca nho hon (a+b+c)?.

= Loi giai
Gia sir 9ab > (a+b+c)?, 9bc>(a+b+c)?, 9ca> (a+b+c)’.
Cong tirng vé cac bat dang thic trén rdi chia cho 3 ta duoc:
3(ab+bc+ca)>(a+b+c)>=ab+bc+ca>a’+b’+c’ (1)

Mt khac dé dang chimg minh duoc a® +b? +c¢? > ab+bc+ca voi a, b, ¢ khac nhau doi mot, mau
thuan vai ().

~BAI 381. Chting minh riang khéng c6 ba s6 duong a, b, ¢ nao thoa man ca ba bat dang thic:

a+1<2; b+1<2; c+£<2.
b c a

w Loi giai

Gia sir ton tai cac sé duong a, b, ¢ ma a+%<2; b+£<2; c+l<2 thi a+%+b+1+c+1<6
c a c a

Hay chang minh diéu vo ly.
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BAI 382. Chting minh rang khdng c6 cac sé a, b, ¢ nao thoa man ca ba bat dang thic: |[b—c|>a|
,|c—al>|bl, [a=-b[>|c].

= Loi gidi
Giast |b—cl>al, |c—al|>|b]|, |a—b[>|c|thi (b—c)*>a?, (c—a)’>b*, (a—b)*>c’. Do dé:
(b—c+a)(b-c—a)>0, (c—-a+b)(c-a+b)(c-a-b)>0, (a—b+c)(a—b-c)>0.
Nhan ting vé ba bat dang thic trén s& dan dén diéu vo Ii.

7~BAI 383. Chimng minh rang khéng c6 céc s6 duong a, b, ¢ nao thoa man cac bat dang thic
4a(l-b)>1, 4b(1-c)>1, 4c(l-a)>1.

» Loi giai
Gia st 4a(1—b)>1, 4b(1—c)>1, 4c(1—a)>1 thi nhan tirng Vvé ta dugc:

64abc(1-a)(1-b)(1—-c)>1 1)
Mat khac, ta lai co:
4a(l-a)=4a—-4a’ <1 (2)
(vi 1+4a° +4a=(2a+1)* >0. Tuong tu
4a(l-b)<1 (3)
4c(l-c) <1 4)

Tur gia thiét phan chung va tir a, b, ¢ duong suy ra 1-a, 1-b, 1—c¢ ciing duong. Do d6 ta nhan
tirng vé cac bat dang thuc (2), (3), (4) va dugc:

64abc(l—a)(1-b)(1—c)
Méau thuan vaéi ().
7~BAI 384. Cho a®+b®=2. Ching minhrang a+b<2.
x. Loi giai
Cach1: Giast a+b>2.bat a=x+y, b=x-y, tacé:

a+bh=2x>2=x>1 (1)

Taco: a®+b® =(x+y)’ +(x—y)* = 2x* + 6xy°.

Do (1) nén 2x*>2; 6xy>>0. Vay a’+b’ > 2, tréi véi giai thiét.
Cach 2: Giastr a+b>2. Taco:
(a+b)®>8=a’+b*+3ab(a+b)>8=2+3ab(a+b)>8
=ab(a+b)>2=ab(a+b)>a’+b® (vi a®+b*=2)

= ab>a?—ab+b? (chia hai vé cho sé duong a+b)

= 0> (a—b)*, vo Ii.
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Gidi cac bai tir 385 dén 389 trong dé sdp thir tw cac bién:
/~BAI 385. Cho a, b, ¢ 1a do dai ba canh cuia mét tam giac. Ching minh rang:

a)a+b+c<2-

b+c c+a a+b '

b) a® +b® +c*+3abc > ab(a+b)+bc(b+c)+ac(a+c).

w Loi giai
a)Giasra>b>c>0thiatb>a+c>b+c.
., C c b b a a
Tacéd < <

a+b b+c c+a b+c b+c b+c

Cong ting vé:

a b c a
<

+ + < +1<1+1=2.
b+c c+a a+b b+c

LI
b+c c+a a+b
b) Sdp xép a>b>b>c>0=c(a—-c)(b—c)>0= c®+abc>ac? +bc?.
Ta can phai chang minh

Cha y: Ta ciing chimg minh dwoc: Néu a,b,c >0 thi

2% (xem vi du 92b).

a’+Db®+2abc > ab(a+b)+b’c+a’c.
Bat dang thuc nay tuong dwong véi (a—b)*(a+b—c)>0.

7~BAI 386. Chirng minh bat ding thuc:
8) 2(a’+b%)>(a’+b%)(a’ +b°);
b) 3(a’+b®+c®)>(a®+b° +c*)(a® +b° +c°).
= Loi gidi
a) Higu 2(a’ +b°)—(a’+b°)(a® +b®) bang (a*-b°)(a° -b°).

Giasr a>b thi a®-b*>0va a°-b°>0.
b) Theo céu a) ta co:

\%
—_—

©

ad+
2(b%+ct)> b3+c3)(b5+c5)

~—
Y
—

5 5

2(a®+b%)2 b*)(a® +b°)
( +a’)

2 c8+a8)2(c3+a3)(c
Cong tirng vé ba bét ding thirc trén, ta duoc:
4(a8+b8+c3)2(a8+b8+c8)+a3(a5+b5+c5)+b‘°’(a5+b5+c5)+c3(a5+b5+c5)
:>3(a8+b8+cs)2(a3+b3+cs)(a5+b5+05)
7~BAI 387. Cho a+b=2.Chtng minhring a®+b®>a’+b’.

= Loi gidi
Chayring a+b=2, taxét hiéu
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2(a’+b%)—2(a" +b")=2(a°+b*)-(a+b)(a’ +b")
Bién doi hi¢u nay thanh (a—b)(a’-b").
Giasr a>b thia-b>0vaa’' -b’">0.
7~BAl 388. Chirng minh bat ding thtic sau véi a,b,c>0:
a) a(a—b)(a-c)+b(b-c)(b—a)+c(c—a)(c-b)>0;
b) a®+b°+c®>a’h+b°c+c’a (a,b,c20).

w Loi giai
a) Sapxép a=b>c>0.
a(a—b)(a-c)+b(b-c)(b—a)+c(c—a)(c—b)
=a(a-b)[(a—b)+(b-c)]-b(a-b)(b—c)+c(a—c)(b-c)
=a(a-b)*+a(a—b)(b—c)-b(a—b)(b—-c)+c(a—c)(b—c)
=a(a-b)*+(b-c)(a-b)*+c(a—c)(b-c)=>0
b) Khdng mét tinh téng quat, gia sir ¢ 1a s6 nho nhat trong ba s a, b, c. Xét hiéu:
a®+b®+c®—a’h-b°c—c’a=a’(a-b)+b°(b—c)+c’(c-a)
=a’(a-b)-b’[(a—b)+(c—a)]+c°(c—a)
=(a-b)(a’-b%)+(c—a)(c’~b°).
Do c<a,c<bnénc-a<0,c®-b°<0,dodo (c—a)(c’~b*)=0.
Con (a—b)(a’—b°) ciing khong 4m (that vy néu a-b>0 thi a®-b°>0, néu a-b<0 thi
a’-b’<0))

7~BAI 389. Chuang minh ring ton tai mot trong cac s (a—b)?, (b—c)?, (c—a)? khong I6n hon
a’+b®+c?
2
= Loi giai
Goi m 1 s6 nho nhét trong céac hiéu a—b, b—c, a—c.
Giast a>b>c thi m>0. Tacé:
a-b>m>0=(a-b)*>m’
b-c>m>0=(b-c)*>m?
a-c>2m>0= (a—c)*>4m’
Cong tirng Vé:
(a=b)*+(b—c)* +(a—c)* >6m?
= 3(a’+b’ +c*)—(a+b+c)’ = 6m’
az+b2+cz> 3

:>3(a2+b2+02)26m2 =27 " >m
2

7~BAI 390. Cho a, b, ¢ 1a d6 dai ba canh cua mot tam giéc ¢6 chu vi bang 2 .
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a) Sosanh a, b, ¢ vai 1;
b) Chting minh ring a° +b* +¢? +2abc < 2.

» Loi giai
a) Giasr a>b>c. Tacd
a<b+c=2a<a+b+c=2=a<l=b«l1, c«l.
ab+bc+ca>1+abc b) Turcaua)suyra: (1-a)(1-b)(1—c)>0. Ruat gon ta duoc:

ab+bc+ca>1+abc (1)
Ta lai c6:
(a+b+c)>=a’+b’+c*+2(ab+bc+a)
=4=a’+b*+c’+2(ab+bc+ca) (2)
Tu (1) va (2) suyra
4>a’+b’+c*+2(a+abc) = 4>a’+b*+c’+2+2abc

=a’+b?*+c*+2abc<?2.

7~BAI 391. Cho |X|>2, | y[>2. Chang minh ring:

a) x+y£1;

Xy
b) Phuong trinh —Y— = 2993 |6 nghiem.

X+y 2004
» Loi giai

a) XY ¥y |1 l‘si+isl+l=1(v‘||x|22,|y|22).

Xy xy [ [x oyl x| |yl 2 2
b) Suy ra tir cau a).
r~BAI 392.

a) Cho a+b+c=6 va ab+bc+ca=9.Chiing minhrang 0<a<4, 0<b<4 va0<c<4.

b) Cho a+b+c=2 va a®+b*+c¢® =2. Chang minh rang OSas%, Osbs% va OSCS%.

= Loi gidi
a)Taco b+c=6-a, bc=9-a(b+c)=9-a(6—-a)=9-6a+a’.
Ap dung bat dang thic (b+c)? > 4bc, ta duoc
(6-a)°>4(9-6a+a’)=3a’-12a<0=a(a-4)<0=>0<a<4
Tuongty 0<b<4,0<c<4.
b) Giai twong tu cau a). C6 thé ap dung bat dang thirc (b +c¢)? >4bc hoic ap dung bat dang thic
2(b*+¢*)= (b+c)’, taduoc 3a” —4a <0, tir do suy ra diéu phai ching minh.

~BAI 393. Chiing minh rang néu a, b, ¢ 1a do dai ba canh cia mot tam giac thi
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<1.

(a b cj (a C bj

Rl P e

b ¢ a c b a
w Loi giai

(a b cj (a C bj
Rl P i
b ¢ a c b a

@|(a—c)ac+(b—a)ab+(c—b)bc|<1 1)
abc |

Mat khac a, b, ¢ laba canh caa mot tam giac nén
|a—c|<1,|b—a|<1, IC_b|<1

la—c b-a c-b
+ +

<lo
|b C a|

<1

b c a
Suy ra
[(@-c)b-a)c-b)| _,
abc
Biéu thirc trong dau gid tri tuyét dbi cua (2) va (1) déi nhau (ban doc ty kiém tra), do d6 tir (2) suy
ra (1).

F~BAI 394. Chiing minh rang véi a,b,c >0 thi:

bc ac ab

Q) —+—+—2>a+b+c;

a b ¢
b) ab N bc L _ca Sa+b+c_

a+b b+c c+a 2

w Loi giai

a) E+E:c(9+gj22c (do a,b,c>0).

a b a b

ac ab ab bc N £ L a2 e

Tuong tu: F+?22a,?+;22b.CongtungVe ba bat dang thuc trén.

A £, 22 . Xty 4 o . ‘.
b) Ap dung bat dang thac > véi a, b>0 (vidu 77b), ta co:

Xy — X+Yy

ab Sa+b’ bc Sb+c, ca Sc+a
a+b 4 b+c 4 c+a 4
Cong ting vé ba bat dang thuc trén.

7~BAI 395. Ching minh rang véi a,b,c>0 thi 1< a_, b & 0.

a+b b+c c+a

x Loi giai
Do a, b, ¢ duong nén:
a a a+c
< <
a+b+c a+b a+b+c
b b b+a
<

b+c+a b+c a+b+c
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c C c+b
< < .
c+a+b c+a a+b+c

Cong ting Vé:

1<a+b+c<2.

a+b b+c c+a

7~BAl 396. Chting minh rang véi a,b,c >0 thi:

2 2
a)a—2+—223+9;

b a“ b a

a® b*> c?

b) —+—+—>a+b+c;
b ¢ a

a® b? c® _a+b+c
+ > .

C) >
b+c c+a a+b 2

» Loi giai

a’ b’ a b a’? b? a b a b
a)A: St |-t || Zt 7 =2 —+— |+ —+—|.
b a b a b a b a b a

Do a,b,c >0 nén
2 2 2 2
Az| 2.0 —2(3+9j+2=(3—1j +(9—j >0.
b a b a b a

2 2 2
by xét & h=3 0520 o0 o ab>0).
b b b
b? c?
Tuong tu —+c>2b, —+a>2c.
C a

Cong tirng vé ba bét ding thuc trén.
a’ b+c_ (2a)’+(b+c)’ , 4a(b+c)

c) Xét > =a (do b,c>0).
b+c 4 4(b+c) A(b+c)
2 2
Tuong tu b +C+a2b, ¢ +a+b2
c+a 4 a+b 4

Cong ting vé ba bat dang thuc trén.
7~ BAI 397. Chiing minh rang véi a,b,c >0 thi

a’ b? c? a b c

7 2T 2, 2 22 + + .
b*+c® c“+a° a“+b° b+c c+a a+b

w Loi giai
Xet:
a® a _a(ab+aC—b2—Cz)_ab(a—b)+ac(a—c) )
b*+c¢® b+c  (b*+c”)(b+c) (b*+c?)(b+c)

Tuong tu:
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b> b _ca(c-a)+cb(c—b) (2)
c’+a’® c+a  (a’+b’)(a+b)

¢ ¢ _calc—a)+ch(c—b) (3)
a’+b®> a+b (a®+b*)(a+b)

Cong ting vé (1), (2) va (3) ta duoc:

a2+b2+c2 _(a+b+cj
b®+c*> c*+a® a*+b’ b+c c+a a+b

1 - +ac(a—c) - L
b*+c*)(b+c) (a*+b)(a+h) (b%+c*)(b+c) (a*+b?)(a+b)

= ab(a—b){
(

1 1
+bC(b_C)[(a2+C2)(a+C) _(a2+b2)(a+b):|

Giasir a>b>c >0 thi cac dau ngoac tron va ngoic vudng cua biéu thic trén déu khong am. Suy ra
diéu phai ching minh.

100
7~BAI 398. Chitng minh ring khi viét dusi dang sé thap phan vo han, sé (%5} ¢6 2000 chit s

thap phan dau tién sau dau phay bang 0.

w Loi giai

T P 1\ 1
_ <| — = —2 :W:O'OO.“O:L
225 200 10 10 1999

Suy ra diéu phai chirg minh.

Ta co:

7~BAI 399. Cho 101 s6 a,,a,,...,a,, trongdo a, =5, a, =a1+i,. a :an+i véi moi n>1
8

P+l
a
n

Chutng minh rang:
a) ag, >11;
b) 15<a,, <15,1.

w Loi giai

2
n+1

=a§+i2+2.Do do:

a) Theo gia thiét, a
a2 = 25

a22=af+i2+2
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1

2 2

a5 =3 +_2+2
0

1

Cong tung vé: a2 = +125>11* = a;, >11.

2
a +..+—

A5

b) Tuong ty nhu cau a)

a2, :[iz+...+é}r225>152 = 8y, >15.

8 8100
Dé ching minh a,,, <15,1, chi y rang 15,1 = 228,01 ta can chiang minh:
iz+i2+---+é<3,01
a'l aZ aiOO
Ta co:
1 1 le 1 j [ 1 1 J
_2+...+T: J— +...+_2 + _2+...+T
a1 a100 al aSO a'51 aiOO
<50-%+50-i2<50-i+50-i2<1+1<3,01.
a; as, 25 11 2

7~BAI 400. Cho sau doan thing c6 d6 dai trong khoang tir 10cmdén 75cm. Ching minh ring bao
gio ciing chon duoc ba doan thang 1am thanh ba canh cua mot tam giac.
» Loi gidi

Goi d¢ dai cac doan thang da cho 12 a,,a,,...,a,. Gia sir

10<a <a,<...<a,<75
Néu bt ki ba doan thang nao ciing khong thé 1ap thanh mot tam giéc thi:

a,>a +a,>10+10=20

a,>a,+a,>210+20=30

a;>2a,+a, >20+30=50

a; >a,+a;, >30+50=80, vo Ii.

F~BAIl 401. D6 vui: Ai néi ding? Mot don vi céng an hang ngay dung thuyén may di xudi khuc
séng tir A dén B rdi quay tro lai A. HOm 4y, dong nudc chay nhanh hon hom truéce. Chién si Tam
VUi Vé n6i: “Hom nay nuéc chay nhanh hon, thuyén xudi nhanh hon nén ta s& vé sém hon”. Chién si
Hoa khong tan thanh: “Bi nhanh dwoc bao nhiéu thi lai vé cham bay nhiéu! Nhu vay thuyén van di
véi thoi gian nhu hom trude”. Ai dang? Ai sai? Biét rang van tdc riéng cua thuyén may khéng doi
trong ca hai ngay.
w Loi giai

Goi khoang cach AB la s (km), vén téc riéng cua thuyén may la a (km/h), van téc dong nuéc
ngay hom truéc 1a b (km/h), van toc dong nuée ngay hém sau 1a ¢ (km/h) trong d6 s >0, a >0,
0<b<c. Ngay hom trudc, van tdc thuyén lac xudi 1a a+b (km/h) luc nguoc 1a a—b (km/h),
thoi gian di kha hdi (ditir A dén B rdi tro vé A) la:
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_Ss s _ 2as (gid)
a+b a-b a’-b? '
Tuong tu, thoi gian di khir hdi trong ngay hom sau 13
S S 2as
= +
atc a-c al-c
A 2 2. 2 2 2as 2as
DoO<b<cnéna' -b">a’"-c"=———5<—5——5=>X<Y.
a“—b° a‘-c
Nhu vay la ca TAm ldn Hoa déu sai: thoi gian thuyén di hom sau 1au hon hém trudc.
Bét ding thirc véi s6 tw nhién

> (gio).

F~BAI 402. Cho A=2.2.8...200, Chuang minh rang 14 < A< 20.
135 199
w Loi giai
Pé chitng minh A< 20, ta lam troi mdi phan sé cia A bang cach ding bat dang thirc n—+1<ﬁ
n
Taco:
_2456 20
135 199
235 19
1 2 4 198
Suy ra A? < 2-4.6---200 2-3-5---199 _ 200 2_400 A<20.
1.3.5...199 1.2.4..198 1 1
n+l n+2
Dé ching minh A>14, ta lam giam mdi phan s6 cua A bang cach dung bat dang thac —— > PR
n n+

Chitng minh cac bdt dang thirc (tir bai 403 d@én 410):

7~ BAI 403. Chting minh bét dang thc: E.E_Z.Em208< L
36912 210 25

= Loi giai
Goi A la vé trai cua bat dang thic. Ta lam troi A dé dugc mot biéu thuc C dé rdt gon hon. Mubn
vay biéu thac C phai c6 nhiéu thira s6 giéng nhau & tir va & mau.

Y . 1 .4 .
Nhan xet hai phan so6 canh nhau, chang han § va E’ tathay 4 hon 3 1a 1, con 6 hon 4 1a 2. Ta lam

... N n-1 . AT .
troi: —— <—— (vi n® <n*+n-2 véimoi n>2). Do do:

n+2 n
14710 208
36912 201
Suy ra

A2<14710 208 1.3-6-9---207 1 1 1 1 (1)2
3.6-9.12.-210 3-4.7-10--208 210 3 630 625 \25)
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Do do A<i.
25

7~ BAl 404. Chting minh céc bat dang thic:
3 5 7 2n+1

a) A=—+—+—+---+—————<1 (N nguyén duong);
) A= 3 e Ty <L (M new &
b) B=i+£+i+---+n—_1<1(neN; n>2).
21 31 41 n!
» Loi gii
Vit 2" gy L1
n“(n+1) n° (n+l)
A=1—%+i2—i2+---+i2— L >=1- 1 > <1.
2 2° 3 n° (n+1) (n+1)
by viét "L thaph —+ 1
n! (n=1! n!
. L 1 5 11 n*+n-1
7~BAI 405. Ching minh bét ding thirc: C ==+~ +==+...+ - "2 .2 (n nguyén duong).
21 31 41 (n+1)!
» Loi gii
nf+n-1_nm+y) 1 1 1
(n+)!  (n+D! (n+D! (n=-1! (n+D)!
Ta co:
1 (1 1) [1 1j (1 1) 1 1
— | == || == || === |+t +
20 (a1t 31) (2t 41) (31 51 (n-1)! (n+1)!
1 /1 1 1 1 1 1 1 1
=—+| —F+—+—+-+ —|=t+—+=++
21 |11 21 3 (n+1)!| |31 41 5l (n+1)!
1 1 1 1 1 1 1
4y = =2 <
21 11 21 nl (n+1)! n' (n+1)!
7~ BAI 406. Chirng minh bat dang thuc: A=3+32+33+i4+---+%<2.
2 22 2 2 2
. Loi gii
2 3 4 100
2A:1+E+?+?+"'+W (1)
1 2 3 99 100
A:E+?+§+"'+F+W (2)

Lay (1) trir (2) ta duoc:
1 1 1 1 100
A:(1+E+?+?+"'+FJ—W
Hay chang minh biéu thtic trong ddu ngoic nho hon 2.
1 1 1

~BAI 407. Chting minh bét dang thc: B=i3+—3+—3+---+—3<l (neN, n>3).
¥ 4 5 n® 12
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= Loi gii
Giai twong tu vi du 96.
7~ BAI 408. Ching minh bét ding thirc : C=2+2+> 4 4109 3
3 3 3 3 4
(& Loigiai
2 3 99 100
3C=1+§+?+,,,+3?+3W
12 99 100
=4

3 g Tgw g

1 2 1 1) 100
Suy ra: ZC:(1+§+3_2+?+'"+3E)3W'

Hay chang minh biéu thtc trong ddu ngoic nho hon g

L ) i 1 1 1 1
= BAI 409. Ching minh bat dang thirc: 1< + + +..+ <2(n & .
g ¢ g n+l1 n+2 n+3 3n+1 (n nguyén durong)
& L&i gidi
Goi A= 1 + 1 + L + ...+ 1 +,,,+i+ 1
’ n+1 n+2 n+3 2n+1 3n 3n+1

Tong A c6 2n+1 sb, ghép thanh n cap cac phan sé cach déu hai dau, con lai mot phan sb ¢ gitra la
1
2n+1

MJi cap bang:

1, 1 4n+2  4n+2 2
2n+1-k 2n+1+k (2n+1)*-k* (2n+1)° (2n+1)
Vay A> 2 et -
2n+1 2n+1

Dé ching minh A< 2, l1am troi A bing cach thay mdi phan sé cua A boi phan sb 16n nhat.

~ BAI 410.Chﬁngminhbétdéngth&c:§< P SN S
5 2004 2005 2006 4006 4

(& Loigiai

) 1 1 1 1
Gol A= + + +..+
) 2004 2005 2006 4006
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- Chttng minh A>§ : Tong A c6 2003 s6, ghép thanh 1001 cip phan sé cach déu hai dau, con lai
NP U
mot phéan s6 ¢ gitra la ——.
3005

L1 6010 _ 2
3005-k 3005+k ~ 3005° 3005

MJi cap bang:

Dods A>—2—.1001=2292 3
3005 3005 5

- Chitng minh A<% : bat 2004 =n, ta cé:

A:1+L+...+ 1

n n+l n(n-2)

1 1 1
A= + +...4+ =
n+(n-2) n+(n-3) n

Cong lai: 2A= l+ 1 + 1 + 1 +.t 1 +1
n 2n-2 n+1 2n-3 2n-2 n

Ta s& ching minh nhém dau va nhdm cudi ¢6 gia tri I6n hon cac nhom khac bang cach ching
et ot b sio<k<n-2 1
n 2n-2 n+k 2n-2-k

3n-2 3n-2

e n(n-2)> (n+k)(2n-2-k)

< n(n-2)<(n+k)(2n-2-k)

< 2n?-2n<2n? = 2n—kn+ 2kn — 2k —k?

< k?<kn-2k & k<n-2 dang

1 3n-2 3n-2 3

Vay 2A<[ = (n-1)=—2=%_.(n-1)= 2

i <(n+2n-2j (=)= sy ("= <2
Do do A<§.
4

7~ BAI 411. a) Chung minh bét dang thuc:

1+1+1+...+ 1

n
>—( n nguyén duong).
1 5 (N neuy g)

b) Chang minh rang véi moi s6 duong A, ta ludn tim duoc s6 tu nhién n dé

1+1+£+...+£> A
2 3

n
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(¢ Loigiai

a) Goi A:1+1+1+...+ 1
2 3

O vi du 97, ta da chimg minh rang A < n. Bay gio ta ching

n_l'

minh A>%. Ta co:

A:1+1+ 1+1 + £+...+l +...+ 1
2 \3 4

1 (1 1) ( 1 1) ( 1 1) 1
=1+ 4+ = || ——F o |+-+ 4.+ |-
2 \3 2¢ 27 +1 28 2" +1 2" ) 2"

Thay mdi phan sb trong dau ngoac boi phan sé nho nhat trong dau ngoic do:

A>1+£+i.2+i.22+...+i.2”'1-i
2 2° 2° 2" 2"
.. 1.1 1 1 1__..n 1_n
=l+—+—+—+ +———=1+———>—
2 2 2 2" 2 2" 2
. A 1.1 1 n .
b) &p dung céu a): 1+=+=+ >— neéu tachon k =26n-1 thi
2 3 2"-1 2
11 1_n
1+=+ =+ + 2> —
3 k 2

Nhur vay néu chon k = 22 —1 thi 1+%+%+...+%>2_2A: A.

7~ BAI 412. Cho bdn sé nguyén duong a,b,c,d , trong d6 tong ba sb bat ki chia cho s6 con lai déu
¢6 thuong 1a mot sé nguyén khac 1 .

Chuang minh rang trong bbn sé a,b,c,d ton tai hai s6 bang nhau.

(£ Loigiai
Giasra>b>c>d.Pat b+c+d :m,a+g+d _patb+d
a c

Theo gia thiétthi m>1;talaicé d <c<b<a nén b+c+d <3a,dodo m<3;vay m=2.Dé
thy

b+c+d b+c+d a++d
m= < < =n
a b b
a+c+d a+c+d a+b+d
b c C

Suyran>3p>4

Tacé b+c+d=2a,a+c+d>3b,a+b+d>4c.
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Cong tirng Vé ta duoc:

2a+2b+2c+3d >2a+3b+4c=3d >b+2c>d+2d =3d, vo li.

7~ BAI 413. Tim céc s6 tu nhién x va y sao cho x* ¢6 y chit sd, con y¥ ¢ x chir sb.

(& Loigiai
Taco x* ¢6 y chirsd = 10¥* < x* <10’
y¥ ¢6 x chirs6 = 10! <y¥ <10*.
Giasir x>y.Taco x*<10’ <10*=x<10.
Ta chon cac s x* sao cho x <10 va x* >10"" véi moi y—1 nho hon x.
Céc s 22,3%,...,7" khong thoa man (ching han 2% <10,3° <10° ) Xét cac sé 1*,8°,97, ta thiy
10° <1' <10',10" <8® <10'0%,10° <9° <10°
Papsd: x=y=1;x=y=8;x=y=9.
7~ BAI 414. Chiing minh bét ding thire (n!)? > n? véi moi s6 tu nhién n>3.

(& Loigiai

nl=1x2x3x.. xkx..xn
n'=n(n-1)(n-2)..(n-k+1)..1
Suy ra (n!)? = (1xn)x[ 2(n-1)x[3(n-2)]..[k(n-k+1)]...(nx1). Tas& chimg minh ring biéu
thire trong mdi dau ngoic vudng déu Ién hon n.
That vay
k(n-k+1)-n=kn-n-k*+k=n(k-1)-k(k-1)

=(n-k)(k-1)>0vin>k>1
7~ BAI 415. Ki hiéu [a] 1a s nguyén 16n nhat khong vuot qua a. Ching minh rang
[X]+[y]<[x+y].

(& Loigiai
Taco: [x]<x[y]<y nén [x]+[y]<x+y, tacla [x]+[y] la cac s nguyén khong vuot qua

Y 1)

Mt khac, theo dinh nghia phan nguyén, [x+ y] 12 s6 nguyén l6n nhét khong vuot qua

X+y )
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(1) va (2) suy ra [x]+[y]<[x+Y].

1. Bt diang thirc va phwong trinh

7~ BAI 416. Dung phuong phép bat dang thirc dé giai cac phwong trinh:

a) (x+y)’ =(x+1)(y-1); b) X* +y? +2° +t* = x(y+z+t);

c)(x2+1)(y2+4)(22+9)=48xyz (x,y,2>0); d)(x+1)(y+1)(x+y)=8xy(x,y=0)

(¢ Loigiai

a) Pat x+1=a,y-1=b. Phuong trinh tr& thanh (a+b)? = ab. Dé dang tinh dugc a=b=0.

Pap s6: x=-1,y=1.
b) Bién ddi: x=1,y=2,z=3.

¢)Pap sd: x=1,y=2,z=3.

d) Sir dung bét dang thac (x+1)(y+1)(x+y)>8xy (xem vi du 94).

=~ BAI 417. Ki hiéu S(n) la tong cac chit s6 cia n. Tim s nguyén duong n sao cho:

a) n+S(n)=2018;
(& Loigiai
a) Tacd
n+S(n)=2018
nén
n<2018
S(n)<1+9x3=28
n>2018-28=1990
Tur (2) va (3) suy ra n=199a hozic n= 20bc.
Thay n=199a vao (1) duoc 2a=9, loai.
Thay n=20bc vao (1) duwoc a=0,b=8. Pap sb: 2008 .
b) S(n)=n*-2005n+7

- Xét n=2005 thi S(n)=7 va (1) ding.

b) S(n)=n?-2005n+7

(1)

)

@)

- Xét n>2005. Tacd S(n)=n?-2005n+7>n(n-2005)>n,tacla S(n)>n,vd Ii.
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- Xét 1<n<2004. Taco n-1>0,n-2004 <0 nénn(n-1)(n-2004) <0 = n?-2005n+2004 <0
n(n-1)(n-2004)<0= n’-2005n+2004 <0
= n*-2005n+7 <-1997 = S(n) <0, v Ii.

Pép sb: n=2005.

TIM GIA TRI NHO NHAT, GIA TRI LON NHAT CUA

BIEU THUC
0 Tém tat ly thuyét

1. Cho biéu thuc f(x,y...)

Tanodi M lagia tri I6n nhat (GTLN) cua biéu thac f (x,y...), ki hiéu maxf =M néu hai diéu
Kién sau thoéa man:
- V6imoi X,y,... d¢ f(x,y...) xac dinh thi
f (X y...)<M (M lahéng so) 1)
- Ton tai Xy, Y,,... sao cho
f (X, Y...)=M )
2. Cho biéu thic f(x,y...)

Tan6i m lagia tri nho nhat(GTNN) cua biéu thic f (x,y...), ki hiéu min f =m néu hai diéu kién

sau théa man:
- Véimoi X,y,... & f(x,y...) xac dinh thi
f(xy..)2m (mla hing s ) (1)
- Tontai Xy, Y,,... sao cho
f (X Yo-..)=m (2)

3. Chl y rang néu chi c6 diéu kién (1) hay (1') thi chua thé néi gi vé cyc tri cia mot biéu thic.

Chang han, xét biéu thtic
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A=(x-1)°+(x-3)

Q M6t sd vi du
A4

Mic duitacod A> 0, nhung chua thé két luan duoc min A =0 vi khong ton tai gié trindo cua x dé A=0.

A. GIA TRI NHO NHAT, GIA TRI LON NHAT CUA MQT BIEU THUC

EQ vi DY 1. Tim gia tri nhd nhat cla biéu thic
, , (¢ Loigiai
A=(x-1) +(x-3)
Taco

A= x?-2Xx+1+x> -6x+9:2(x2 -4x+5)

=2(x-2°+2>2
A=2<x-2=0x=2

Vay min A= 2 khi va chi khi x=2.

B. TIM GIA TRI NHO NHAT, GIA TRI LON NHAT CUA BIEU THUC CHUA MOQT BIEN

1. Tam thirc bac hai

3 vipuy 2.
1.TimGTNNcla 4= 2x"-8x+1

2. TimGTLN cla B=-5x" -4x+1

3. Cho tam thrc bac hai P = ax’ +bx +¢

(& Loigidi
1. A=2x*-8x+1=2(x*-4x+4)-7T=2(x*-2)*-7 > -7

min A=-7 khi va chi khi x=2.

2
2. B=-5x*-4x+1=-5 x2+ix+i +g=-5 x2+g +ggg
5 25 5 5 5.

5
maxB—g ivachi -x—£
5 khi va chi khi 5
— 2 —_ 2 b 2 b 2 b2
3. P=ax"+bx+c=a(x"+—x)+c=a(x"+—) " +c-—
a 2a da
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. b*_ ., b A
bat c-—=k.Do (x*+—)" >0nén
4a 2a

-Néu a>0 thi (x2+2£)2 >0,dodo P>k
a

min P =k khi va chi khi X=£;
2a

-Néu a<0 thi (x2+2£)2 <0,dodé P<k
a

max P =k khi va chi khi xzi.
2a

2. Pa thirc bac cao hon hai

O viby3. TimGTNNcla A= x(x-3)(x-4)(x-7)

(& Loigiai
A:(x2-7x)(x2-7x+12)
Dit x* -7x+6 = y thi
A=(y-6)(y+6)=y*-36>-36

=1
min A:-36<:>y:0<:>x2-7x+620<:{x 6
X=

3. Phan thikc c6 tir 1a hang s6, miu 1a tam thirc bac hai

2

CAViDy4. Tim GTNNcla 4 = ———
6x-5-9x

(& Loigiai

-2 -2
A: 2 = 2
9x“—-6x+5 (3x-1)°+4

Tathiy (3x-1)> >0 nén (3x-1)’+4>4.
R s s X N 1 1 , - N N X N , ,
bé y tinh chat a>b thi ESB véi a va b cung dau. Tu do ta co

1 1 -2 -2 1
(3x-1)"+4 4  (3x-1)°+4 4 2
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min A:-l<:>3x-1:0<:>x:§

4. Phan thirc c6 miu la binh phwong ciia mét nhi thirc

B’ 3x?-8x+6
MViDbys. TmGTNNcla 4=————
x -2x+1

E"\ |\- -7;

Cach 1. bat x-1=y thi x=y+1.Taco

A= 3UHD B FE gy 2yl o 2, 1
y y y y

Lai dat 1 z thi
y
A=3-22+7°=(z-1)°+2>2
MnA=2sz=loy=1loXx-1=1ox=2

Céch 2. Viét A dudi dang tong caa 2 véi mot biéu thire khéng am

_ (2x2 -4x+2)+(x2 -4x+4) _
B X2 -2x+1 T x-17 T

min A= 2 khi vachi khi x=2.
5. Cac phan thac dang khac

3-4x
x’+1

LA ViDy 6. Tim GTNN clia 4 =

@ Loigiai

Dé tim GTNN, viét A dudi dang

2 _ _y2 _ _2)\2
A=X 4x-2|-4 X 1=(x2 2) A1
X“+1 X“+1

min A=-1 khi va chi khi x=2.
Pé tim GTLN, viét A dudi dang

2 2 2
_4X"+4-4x -4x-1:4_(2x+1) <4

A
x?+1 x?+1

max A=4 khi va chi khi x= %

TAI LIEU TOAN HOC
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C. TIM GIA TRI NHO NHAT, GIA TRI LON NHAT CUA BIEU THUC CO QUAN HE
RANG BUQC GIUA CAC BIEN

M ViDY 7. Tim GTNN ctia 4 =x" + (£ Wobséliring x+ y =1
Str dung diéu kién da cho dé rit gon biéu thuc A
A=(x+ y)(x2 - Xy + y2)+ xy =X’ -xy+y*+xy=x*+y?
Dén day co nhiéu céch giai
Céch 1. Biéu thi y theo x rdi dwa vé tam thirc bac hai theo x.

Thay y=1-x vao biéu thic A

2 ) ) 1Y 1.1
A=x"+(1-X) :Z(X -X)+1:2 X-— | ¥525
2) 272
min A= khi va chi khi x=—;y ==
2 2 2

Céch 2. Str dung diéu kién da cho 1am xudt hién mét biéu thic méi c6 chira A
X+y=1=x*+2xy+y*=1
Mat khac
(X-y) =20=x*-2xy+y*>0

Cong (1) va (2), ta duogc
1
2(X°+y?* )21 X +y? > =
(< +y?) V23
. 1 1
min A== khi va chi khi x=y==
2 2
Céch 3. Str dung diéu kién di cho dé dua vao mot bién moi

bit x:%+a thi y:%-a. Biéu thi x*>+y? theo a, ta duoc
2 2
X2 +y’= lral+[ta] =tiowest
2 2 2 2
minA:1<:>a:0<:>x:y:1
2 2

vibys8.Cho x+y+z=3
1.TimGTNN clia A=x"+y° +2°
2.TimGTIN cia B=xy+ yz+zx

3.TimGTNNcta C=A4+RHB
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@ Loigiai

Binh phuong hai vé cua dang thic x+y+z =3, ta duoc
X2 +y?+22+2(xy+yz+2x)=9 D
tecla A+2B=9.
Dé dang chirng minh dugc A> B 2)
xay ra dang thirc khi va chi khi x=y=1z.
1. Tur (1) va (2) suyra 3A> A+2B=9,nén A>3.
Do @6 min A=3 khivachikhi x=y=z=1
C6 thé gidi cau a bang cdch doi bién x=1+a,y=1+b,z=1+c roi xét x*+y?+2°.

2. Tu(l)va(2)suyra 3BB<A+2B=9,nén B<3.Doddé max B=3 khi va chi khi
x=y=z=1.

C6 thé gidi cAu b dyavao cau a: Vi A+ 2B =9 nén B Ién nhat khi va chi khi A nhé nhat.
3. Tacot A+2B=9 ma B<3 (caub) nén A+B>6.
Do d6 min(A+B)=6 khivachi khi x=y=z=1.
3 VI DU 9. Tim GTNN, GTLN cua
1. Biéuthuc A4, biétraing A(A-1)< 2

2.Biéuthuc A=2-x-y-z,biétraing(2-x-y-z)* =4-x>-y* -2’

(& Loigidi
1) Ta sir dung phuong phap xét diu dé tim GTNN, GTLN caa A. Ta bién ddi
A(A-1)<2o A*-A-2<0 < (A+1)(A-2)<0

Lap bang xét dau
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-1 -2
A+1 - 0 + +
A-2 - - 0 +
(A+1)(A-2) + 0 - 0 +

Do d6 -1<A<2 nén min A=-1 va max A=2.
2) T gia thiét ta co
X+y+z=2-A Q)
X +yr+z2=4- A (2)
Ta dua ra mot bt dang thirc trong d6 chira x+y+2z va x> +y?+z°. Taco
(X+y+2)?=x2+y* +2° +2(Xy + yz+X2) (3)
Mit khéac, dé dang chirng minh duoc
Xy+Yyz+2x < X2 +y° +7° 4)
Tir (3) va (4) suy ra (x+y+2)° <3(x*+y* +2°); xay ra dang thic khi va chi khi x=y=2z. Thay
cac biéu thic (1),(2) vao bat dang thirc trén, ta c6
(2-AY <3(4-A*) = A-A-2<0

Giai tiép nhu cau a ta dugc

X+y+z=3

-mA=-1 S x=y=z=1
X=y=
X+y+z=0

-mMA=2& S x=y=z=0
X=y=12

D. CAC CHU Y KHI TIM GIA TRI NHO NHAT, GIA TRI LON NHAT CUA MQT BIEU
THUC

Khi tim cuec tri(GTNN hay GTLN) cia mét biéu thize, ta c6 thé dai bien.
Chang han, 6 vi du 1 ta cé thé dat x-2=y, khi d6
A=(y+1)° +(y-1)° =2y*+2°2

Suy ra min A=2 khi y=0< x=2.
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i tim cuc tri caa biéu thirc, nhiéu khi ta thay diéu kién dé biéu thire dat cuc tri boi diéu kién
turong duong 1a biéu thirc khac dat cuc tri.

Chang han:

+) — A 16n nhit & A nho nhit.
) % I6n nhit < B nho nhitvéi B > 0.

+) C 16n nhiat & C216n nhat véi C > 0.

3 Vi du 10.
4
Tim GTNN clia A — X2—+12
(x°+1)
. Lo gidi

Chayring A>0nén A I6n nhit < % nho nhat va A nho nhat < % I6n nhat. Ta c6
2 2 4 2 2
1_ (X +D)° xT+2x +1_1+ 2X

A x*+1 X +1 0 x*+1

2x?

4

Tim GTLN caa A: Taco2x? > 0, x*+1>0nén .
x4 +

>0 :>121+0=1
A

min%:lkhivé chi khi X =0. Do d6 maxA =1khivachi khi x=0.

Tim GTNN caa A: Taco 2x> < x* + 1 (D& chirng minh, dau “=" xay ra khi va chi khi x*> =1) ma
2x°
X" +1

x* +1>0 nén

<1 :>i£1+1=2
A

max%zz khi va chi khi x> =1. Do d6 minA:% khi va chi khi x =1 hodc x=-1.

1. Cach khac tim GTLN cua A:

(X* +1)* —2x° 2x°
A= —1-—22 <
(x* +1)? (x* +1)?

maxA =1 khi va chi khi x=0.
2. Cach khac tim GTNN cua A::

Cach 1. Dat

v y nhur Vidu 5.

Cach 2.
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22X+ 2 (P +D)+ (X -1)? _1 (x* =1)° 21

T2+ 203 +1)7 2 2(X+1)7 2

min A= %khi va chi khi x = +1

* Khi gidi todn cwc tri, nhiéu khi ta can xét nhiéu khodng gid tri cia bién, sau dé so sanh cdc gid tri
cia biéu thite trong cdc khodng dy dé tim GTLN, GTNN.

3 Vi du 11.
Tim GTLN va GTNN ciia: A= (3x—1)* —4|3x—1|+5.

» Loi giai
Dit [3x—1[=y thi

A=y’ —4y+5=(y-2)*+1>1

x=1
mlnA:].(:; y=2<:>|3X—1|=2<:> 1
X=—=
3
3 Vidu 12.
TimGTNNcia B =[ x— 2|+ | x—3|
» Loi giai

Cach 1. — Xét khoang x <2thi B=2-x+3—-Xx=5-2x
Do x<2 nén —2x>-4dodo B>-1 Q)
- Xét 2<x<3thi B=x-2+3-x=1 2
- Xét x>3thi B=x-2+x-3=2Xx-5
Do x>3nén 2x>6,dodo B>1 3)
So sanh (1), (2), (3) ta dwoc min B =1khi va chi khi 2<x<3
Céch 2. Do gia tri tuyét déi cia mot sb 16n hon hoic bang chinh sé d6 nén
Bex—-2|+|3-x|AHx-2|+|3-x2(x—-2)+(B—-x)=1

Xx—2>0

< 2<x<3.
3—x=0

Do d6 minB=1<:>{

3 Vidu 13.
Tim GTNN cila A=| x—1[+||X=7|+|x—9]

= Loi gidi
Do gi4 trj tuyét d6i cia mot sé 16n hon hoidc bang s d6 nén

[ X=1|+|x=9| x-1|+|9—Xx|=x-1+9—-x=8 1)
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laico [ x—7]>0 2
T (l)va(2)suyra A>8
x—1>0

DoddminA=8<=:{9-x>0<=x=7
X=7

* Chii y: Khi tim cuec tri ciia mét biéu thire, ngudi ta thirong sir dung cdc bt dang thire dd biét. Xem
muc cdc hang dang thire trong chuyén dé Chirng minh bat dang thike.
3 Vi du 14.
Cho x? + y?> =52. Tim GTNN ctia A = 2x + 3y
w Loi giai
Tanhan thay 2x+3yva x? + y?déu la cac thanh phan cia bat dang thac Bu-nhi-a-cop-xKki
(ax +by)? < (a® +b?)(x* + y*) v6i a=2,b=3.
Theo bat dang thic trén, ta co

(2x+3y)* < (2> +3?)(x* + y*) =13.52=13.13.4

Suyra|2x+3y|<26,dodo 2x+3y <26
X |y 1

maxA=26khivachikhi ]33 )
2x+3y>0 (2)

2
=52 x=44

Thay y =37Xvao x* +y? =52 taduoC x* + ox

-V6i x=4 thi y =6, théa mén (2).
-Véi X =—4 thi y =-6, khéng thoa mén (2).
Vay maxA =26 khivachikhi x=4va y=6.

Cha y: Trong cac hang dang thirc, can chii y dén hai ménh dé sau, cho ta GTLN cua tich, GTNN
cua tong:

- Néu hai sé c6 tong khéng d@si thi tich cia chiing cé gia tri 16n nhat khi va chi khi hai sé d6 bang
nhau.

- Néu hai s¢ diong c6 tich khéng doi thi tong cia chiing nhé nhdt khi va chi khi hai sé d6 bang
nhau.

Pé ching minh hai ménh dé trén, ta ding bar dang thirc (a+b)? > 4ab:

2 2
- Néu hai sé ava b cé a + b =k (hang sé) thi tir (a+b)? > 4ab ta c¢6 ab < k? do dé max(ab) = k?

khi va chi khia = b.
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- Néu hai s6 dwong ava b cd ab = p (hang sé) thi a+bnhé nhat < (a+b)* nhé nhdt, do d@s
min(a +b)? = 4p khi va chi khi a=b.
3 Vi du 15.

Tim GTNN ctia A = (x* —3x +1)(21+3x — x°)
= Loi gii
Céc biéu thirc x? —3x+1 va 21+ 3x — x2¢0 tong khong ddi (bang 22) nén tich cua ching 16n nhat
khi va chi khi x> —3x+1=21+3x—x*> & x*-3x-10=0
X=5

<:>(x—5)(x+2)=0<:{
X=-2

Khido A=11.11=121.
Vay maxA =121khi va chi khi X =5 hodac x=-2.

L Vi du 16.
2
Tim GTLN cia A - 18X +4x+1 v 0
2X
w Loi gidi

Viét B dudi dang A =8x + 2+ Zi Hai s6 8x va Zi I hai s6 duong c6 tich khong déi va bing 4
X X

nén tong caa chung khi nhat khi va chi khi 8x = Zi 16X =1 X = %
X

(chiy rang x > 0).

Vay min 1+1+1

_ gkhi va chi khi x:%.

2

Chii y: Trong cdc vi du trén, ta chi ra tdt ca cdc gid tri ciia bién dé xdy ra dang thirc. Tuy nhién, yéu
cau cia bai toan tim GTNN, GTLN khéng doi héi nhw vdy, chi can chiing 16 rang ton tai gid tri cia
bién dé xay ra dang thike.
1 Vidu 17.
TimGTLN cia A=ab+bc+cd, biét ring a, b, ¢, d 1a cac s6 khéng am c6 téng bang 1.
= Loi giai
Cachl.Giast a>b>c>d >0.Taco
A=ab+bc+cd <ab+ac+ad =a(b+c+d)

2
=a(l-a)=a—-a’ =—[a—1) +1
2 4
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hong cin tim didu Kién cin va du dé A=%, tac 1a khong can giai tat ca cac didu Kien

bc = ac,cd :ad,azl,b+c+d :%va b,c,d >0. Ta chi can chi ra A:%khi, chang han

a:bzl,c=d:0.
2

VéymaxA=%khi. chinghan a=b==,c=d =0

N[~

Céch 2.
A=ab+bc+cd <ab+ad +bc+cd =(a+c)(b+d)

2
Ap dung bét dang thirc xy < (X; yj .Taco

2
As(a+c)(b+d)s(wj _1
2 4
1
a+C=—
2
4 2
ad =0
la,b,c,d >0

1 ,
VélymaXA=Zkhi. Chang han a =b :%’Czd =0

o Bai toan cwc tri véi sé tw nhién

L Vidu 18.
Tim GTLN cia biduthac A=—Y  véix, y 1 cac s6 tu nhién.
5—(x+Y)
w Loi giai
Taco x+y #5.
Xét x+y<4:
-Néu y=0thiA=0
“Néul<y<3thiao=— Y <
5-(x+Yy)
-Néu y=4thi x=1va A=4
Xét x+y>6thi A=— Y <
5-(x+Yy)
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So sanh céc gia trj trén ciia A, ta thdy maxA = 4khi va chi khi x =0,y =4

1 Vi du 19.
Tim GTNN va GTLN caa tich xy, biét ring xva y la cac sd nguyén dwong thoa mén

X+ Yy =2005.
= Loi gidi
Taco
4xy = (x+Y)? = (x— y)* = 2005% — (x — y)*
Gia st X > Yy (khdng thé xay ra X = y). Ta c6
Xy I6n nhat <> X — y nho nhat; Xy nho nhat <> X — Yy 16n nhat.
Do1<y<x<2004nénl1l<x-—y<2003.Taco
+ min(x — y) = 1khi va chi khi x =1003, y =1002
+ max(x — y) = 2003khi va chi khi x =2004,y =1.
Do do
+ max(xy) =1005006 khi va chi khi x =1003,y =1002
+ min(xy) = 2004 khi va chi khi x =2004,y =1.

L Vi du 20.
Tim GTNN caa biéu thirc A =]11™ —5" | voi m, n 1a cac s6 nguyén duong.

» Loi gidi
Tathdy 11™ tan clng bang 1, con 5" tan cling bang 5.
Néu 11™ > 5" thi A tan ciing bang 6, néu 11" < 5" thi A tan cing bang 4.
Ta chi ramot truong hgp A=4:voi m=2,n=3 thi A=121-125|=4.

Nhu vdy minA = 4khi, chang han m=2,n=3.

Q Bai tap tu luyén

r~ Bai 1.

a) Tim GTNN cia A=x* -5x+1 b) Tim GTLN cia B =1—x* +3x
= Loi giai

a) Tacd
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25) 21
4

A=x2—5x+1=[x2—5x+7

Vay minA = —Edat tai X =g

b) Taco

B:1—x2+3x:—(x2—3x)+1

BE
4
Vay maxB =E dat tai ng.
4 2
= Bai 2.
Tim GTNN cua céc biéu thic
a) A=(x+8)"+(x+6)* b) B =(0,5%* + x)* —3.|0,5x* + X |
c) C=x*-2x>+3x* -2x+1 d) D=(x*+x-6)(X*+x+2)
= Loi gidi

a)bat y=x+7, taduoc

A=(y+D) +(y-D)* =[(y+1)° +(y-D°T - 2(y +1)*(y-1)°
=(2y*+2)* —2(y* 1) =4y* +8y* +4-2y* +4y* -2
=2y* +12y* +2
>2

DAu bang xay rakhi y=0< x+7=0< x=-7
Vay minA=2 dattai Xx=-7

b) Pat t =/ 0,5x° + x|,t >0. Taco
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B=t2—3t=(t2—3t+gj—g
4) 4
2
2 4
>_2
4
Dau bang xay ra khi
3 leix=3
t=—o|=X+x==-< 2
2 ) 3
X X=——

x?+2x-3=0 {x=1
= =N
x> +2x+3=0(VN)

Vay minB =—% dattai x=1,x=-3

c) Tacéd
¢ 3]
C:x4—2x3+3x2—2x+1=(x2—x+1)2:Kx—gj +—}

2
=C2> E =i
2

DA4u bang xay ra khi x—%zoax:%

Vay minC :g dat tai X :1
16 2

d)Pat t=x*+x, taco
D=(t-6)(t+2)=t*—4t-12=t"—4t+4-16=(t—2)* -16>-16
Dau bang xay ra khi

t-2=0t=2x>+x=2

{x:l
=S
X=-2

Vay minD =-16 dattai x=-1;x=-2.
r~ Bai 3.
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GTNN cua cac biéu thuc

» Loi giai
a) Tacd
A= Xx=3|+|x=-T]2x-3+7-x|=4

L s _[x=320 X>3
Dau bang xay ra khi

&
7—-x=>0 X<7

Vay minA=4 datkhi 3<x<7
" 1Y 3
b) Tacé X" —x+1= X_E +Z>O VGi moi X nén

B=X*—X+1+|2+X- X2 X* = X+1+2+Xx—-x*=3
Dé4u bang xay rakhi 2+ x—x*>0< (X+1)(2-x) >0 -1<x<2

Vay minB =3 dat dugc khi —1<Xx<2.
7 Bai 4.
Cho x+2y =1. Tim GTNN ctia x* +2y°.
= Loi gidi
Thay x =1-2y vao A= x>+ 2y?, ta duoc
2 2 1) 2
A=6y° -4y+1=6| y*—=y |+1=6| y*—= +—j——+1
y y (y SYJ (y 3y 9) 3
1Y 1
=6|y——| +=
(y 3) 3

2

W+

Dau bang xay ra khi y:%<:>x:1—2y=%.

Vay minAzl dat tai X:E,yzl.
3 3 3
I~ Bai 5.
Cho 4x -3y =7. Tim GTNN ciia 2x* +5y°.
= Loi gidi
Thay y =——— vao B =2x?+5y? ta duoc

Q) A=[Xx=3|+|x-T7] b) B=| x> —x+1|+|x?—x—2]
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9B = 98x2 — 280X + 245 = 2(7x —10)? + 45 > 45,

DAu bang xay ra khi 7x—10=0<:>x:g,y:—§
Vay minB =5 dat tai x=£,y:—§.

7 7
= Bai 6.

Cho a+b=1. Tim GTNN cua a* +b*.
» Loi giai
Taco
(a—b)?>0

o a’+b*>2ab
o 2(a®+b*) >a’ +b*+2ab
o 2(a +b?) > (a+h)

2

< at+b’>

1)
Ching minh tuong ty ta cling c6 <> 2(a* +b*) > (a®> +b?)* (2)
Binh phuong hai vé cua (1) ta duoc

(a2 +b?) » 22D

4
4
= 2@t +b)) > B 45 9
:>a4+b4>ﬂzl
~ 8 8

DAu bang xay rakhi a=b vavi a+b =1 nénsuyra a:b:%.

Vay minAzé dat khi azbzg.

7= Bai 7.
Cho a+b=1. Tim GTNN cua ad+bd.
= Loi gidi
pit A=a’+b’.
2
Tacs ab< D) 1 1idotacs
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a’+b’=(a+b)’-3ab(a+b)

=a’+b’ =1—3ab21—3%:E

4

A M 5 - 1
Dau bang xay rakhi a=Db :E.
Vay minA=1 dat khi a:b:l_

4 2
I~ Bai 8.
Tim GTNN cua cé4c biéu thirc
a) A=2x"+y? —2xy —2x+3 b) B=x"—2xy+2y®+2x-10y +17

» Loi gidi
a)Taco A=X>—=2xy+ Y> +x° =2Xx+1+2=(x—y)’ +(x-1?*+2>2

DA4u bang xay ra khi

Vay minA =2 dat duoc khi x=y =1.
b) Taco

B=x*—2xy+y*+2x—-2y+1+y* -8y +16

= (X=y)*+2(x—y)+1+(y-4)’
=(x-y+1)*+(y-4)?>*=0

X—y+1=0 X=3
=
y—-4=0 y=4

Dau bang xay ra khi

) [x=3
Vay minB =0 dat duoc khi .
y=4
7 Bai 9.
2
1) Tim GTLN cia biéu thue A= X —9X*17
X°—2X+5
2
2) Tim GTNN caa biéu thic B = 2% 10X+ 41
X —8x+22
= Lo gidi
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2

1) Thyc hign phép chia da thirc ta dugc A=3+————
X" —2X+5

Mat khac X —2X+5=x* —2x+1+4=(x-1)>+4>4. Suyra

Déau bang xay rakhi x—1=0< x =1.
N 7 :
Vay maXA:E dat tai X =1.

3

2) Thuc hi¢n phép chia da thirc ta dugt B=2 - ———.
X —8x+22

Mat khac x* —8x+22=x*-8x+16+6=(x—4)°+6>6. Suy ra

3 3.1

X2 —-8x+22 6 2

3 s 1

X2 —-8x+22 2
o235 1.3
X°—8x+22 2 2

DAu bang xay rakhi x-4=0< x=4

Vay minBzg dattai x=4

= Bai 10.
Tim GTLN cua céc biéu thirc
X X
a) A=—— b)B=———
) (x+10)? ) (x+100)°
w. Loi giai
a) bat y=x+10, ta dugc A:l—g.})ét i:Z,taducgrc
y 'y y
2 2 1
A=-10z +z:—10(z ——zj
10
T PEOE S I R
10 400) 40
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Dau bang xay ra khi

z:i<:>y:£:20<:>X:y—10:10
20 z

Viy maxA = % dat tai x =10

b) bat y =x+100, ta dugc Azl—@.})ét 1:z,tadu:()rc
y 'y y

A=-100z*+z= —100(22 1 zj
100

=—1OO(22— 1t }L L
100 40000, 400

2
—-100[ - | +-1
200 400

<1
400
Dau bang xay ra khi

7=L oy=1_200& x=y-100=100
YA

Viy maxA=—— dat tai x=100.
200

= Bai 11.
Tim GTNN va GTLN cua cac biéu thuc
a) A= 272—12x b) B = 8x2+3

X°+9 4x° +1

= Loi giai

a). Taco

A 272—12x

X°+9
(x*—12x+36)—(x* +9)
- x*+9
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_(x=6)°

= 1
x> +9

>-1
DAau bang xay rakhi x—-6=0< x=6.
Vay minA=-1 dattai x=6

Taco

A:272—12X
X°+9
(4x2 +36)—(4x2 +12x +9)
x2+9
2
4_(2>§+3)
X“+9

<4

DAu bang xay ra khi 2x+3=0< x=—§.

Vay maxA =4 dat tai x=—%.

b) Taco
_8x+3 A +8x+4-4x"-1
4x% +1 4x% +1
4(x+1)°
S i |
4x° +1
> 1

Déau bang xay rakhi x+1=0 < x=-1.
Vay minB =-1 dat tai x=-1.
Taco

_16x% +4-16x" +8x -1
4% +1
4(4x7 +1)— (4x—1)?
B 4x% +1
_ 2
4_(4x2 1)
4x°+1

B

<4

DAau bang xay rakhi 4x-1=0 < x=%.
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ay maxB =4 dat tai x:%

=~ Bai 12.
, x2 4 yz
1. Tim GTNN cua biéu thrc A= —————
X“+2xy+Yy
9 X2
2. Tim GTLN cua biéu thic B=—;
X" +1
w Loi giai
1. Taco
A X2 +y? (x+y)-2xy 2y
a2yt (x+y)’ (x+y)’
Mait khac
(x-y)*>0

< X+ y? > 2xy
& X+ yP+2xy > 4xy
& (X+Y)? > 4xy

2Xxy <1

= <
(x+y)* 2

Suy ra Azl—%:%, diu bang xay rakhi x =y .

Vay minA:% dat duoc khi x=y.

X2

x* +1

Vaéi x#0 thitacd

2.Véi x=0 thi B= =0.

(xz—l)2 >0
o xP -2x2+1>0
S xH+1>2x2>0

x? NG
<

xelT 2 2
DAu bing xay rakhi x? —1=0< x? =1.

Vay maxB =% dat tai x=+1

I~ Bai 13.
Tim GTNN cua cac biéu thirc
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X+4)(x+9 2
2y A< A9 s b) B=XH100° iy 0
X X
X ..
c)C=—+ voi X > 2
3 x-2
w Loi giai
a) Tacd
2
A:X +13x+36:x+%+13
X X

Cac s6 duong X va 30 oo tich khong ddi nén téng cua chdng nho nhat khi va chi khi
X

x=§:>x=6:> A=6+§+13=25
X 6
Vay minA=25 dattai x=6

b). Tacd

B

~ x*+200x+100000 (x N 10000

j+200
X X

Cécséducng)(vé]DOOO c6 tich khong ddi nén téng cua ching nho nhat khi va chi khi

o 10000 10000

= Xx=100= A=100+ +200 =400
X 100
Vay minA =400 dat tai x=100.
= Bai 14.
Cho x+y=1x>0,y>0.Tim GTNN ctia cic biéu thic
1. l+1
Xy
a’ b’ .
2. Y+7(a va b 1a hang s6 duong da cho )
2 2
3.(x+1j +(y+1j
X y
w Loi giai
1. Taco a=u=i. Do x,y>0 nén 1 nho nhat < xy 16n nhat. Mat khac
Xy Xy Xy

Xy <X+ yr o axy<(x+y)=le xys%
= A>4

DAu bing xay ra khi x=y=% (do x+y=1)
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ay minA =4 dat khi x:y:%.

2. Taco
2.1 p21 a’(x 2(x
gl b1 a(xty) bi(x+y)
X y X y
2 2
_a s AV X
X y
2 2
_(a y+b—xJ+az+b2
X y
. a’y , b’x . . . .
Cac so duong va T co tich khong doi nén tong caa ching nho nhat khi va chi khi
X
2 2
ﬂ:ﬂ@azyz:bzxz<:>ay:bx<:>a(1—x)=bx<:>x=i
X a+b
: a . b . 2
Khi x = ta tinh dugc y=——+ va B=(a+b)".
a+b a+b
A . 2 . a b
Vay minB =(a+b)° dat khi x = ES .
a+b a+b
~ Bai 15.
Loz \ oo~ 1L 1 1 R
Cho céc s6 duong X va y théa man —-+—=—. Tim GTNN cua céc bi€u thirc
Xy
a) A=xy. b) B=x+y
= Loi giai
a) Ap dung a® +b? > 2ab, ta co
E=i2+i22£:xy24
2 X° YT Xy

Dau bang xay ra khi l=£<:>x=y. Vi x,y>0néntacd xy=4< x=y=2.
Xy

Vay minA=4 dattai x=y=2.
b) Tir két qua cu a) ta co
(x+Yy)> >4xy >16
S X+y>4dox+y=>0.
DAau bang xay rakhi xy=4 < x=y=2.
Vay minB =4 dattai x=y=2.
I~ Bai 16.
Tim GTNN cia cac biéu thirc
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1. A:(a+b)(§+%jvéi a,b>0

2. B:(a+b+c)(1+%+1Jvéi a,b,c>0.
a c

» Loi giai

1. Taco A=2+(E+Bj.
b a

Céc s6 duong % va 2 c6 tich khong ddi nén téng cua chang nhé nhét khi va chi khi
a

%=g<:>a2 =b*=a=Db

Khidé A=2+1+1=4.

Vay minA=4 dattai a=Db.

2. Ap dung tinh chat: "Néu hai s6 dwong khong d6i thi tong cua cua chiing nho nhét khi hai s6
duong d6 bang nhau" ta cd

%+92 2, d4u bing xay ra khia =b
a

%+§22, du bang xay rakhi a=c¢
b ¢ £ M 5 :
E+522’ dau bang xay ra khi b=c

= B:3+(E+Ej+(3+£J+(E+Ej29
b a c a c b
DA4u bang xay rakhi a=b=c.
Vay minB=9 dattai a=b=c.
r~ Bai17.

Cho céac sb duong x,y,z c6 tong bang 1. Tim GTNN cia A= X+y .

Xyz
= Loi gidi
Tur gia thiét suy ra 1= ((x+y)+2)*. Ap dung bét dang thic (a+b)® >4ab, taco
I=((x+y)+2)*24(x+y)z

X+Yy
Xyz

Nhan hai vé véi s6 duong ta dugc

x+y>4z(x+y)2>4z-4xy=16
Xyz  Xyz  Xyz
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X+y=12

L X . 1 1

Dau bang xay ra khi < x =y <@x=y=11=5
X+y+z=1

) . ) 1 1

Vay minA=16 dat tai x:y=z,z:5.

I~ Bai 18.
Tim GTLN cua tich xy v6i x,y 1a cac sb duong, x <60,y =60 vd x+y=100.
= Loi giai
Cach 1. Tacd x<60,y>60 nén
(60-x)(60-y)<0
= 3600-60(x+Yy)+xy<0
= 3600-6000+xy <0
= Xy <2400
D4u bang xay rakhi 60—y =0< y=60= x=40.
Vay max(xy)=2400 dat tai x =40,y =60.
Cach 2. bat y=60+t t6i t>0. Taco
xy =(100—y)y = (100—60—t)(60+t) = (40—t)(60+1)
= 2400 - 20t —t* < 2400
Dau bang xdy ra khi t =0 <> y=60= x=40 Vay max(xy)=2400 dat tai x =40,y =60
7 Bai 19.
Tim GTLN ctia cac biéu thic
1. A=(x+2z)(y+t) biétrang x> +y* + 2% +t* =1.
2. B=(x+2)(y+t) biétrang x* +y*+2z° +2t* =1.
= Loi gidi
1. A=xy+xt+yz+zt.Taco
2xy < X2 +y?
2xt < x° +1°
2yz<y*+7°
27t < 7% +t°

=2A<2(X +y + 2 +t7)=1

Déau bang xay rakhi x=y=z=t= 4x? =1<:>x=i%.

Vay max A=1 dat tai x=y:z=t=i%.

2. B=xy+xt+yz+zt.Taco
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2xy < x> +y? Axy < 2%° 4+ 2y?
2xt < X% +1? AXt < 2%% + 2t?

27t < 7% +1? g A7t <27° + 2t7

0<(y—22)° Ayz<y*+7°

= 4B <3(xX* +y*+22° +2t%)=3

Vay maxB=% dat duoc khi x=y,y=z,z=t,x=2t va X’ +y* +22° +2t° =1

1 -1
X=y=—"— X=y=—
& V3 hoac V3
7ot=—1_ S
2\3 23
= Bai 20.
Tim GTNN cta céc biéu thirc
1.A=V—2h{x—ﬂﬂx—4y
2. B:‘x—1|+|x+2|+|x—3|+|x—4‘.
w Loi giai
1. A=|x—2|+|x—3|+|x—4| . Tach
X=2+[4-x2x-2+4-x=2
= A>2
x=3>0
Dau bang xay ra khi
x—220
2<x<4
-x20& < x=3
A {x=3
Vay minA=2 dat tai a=3.
2. A=|x=1+[3=x|+|x-2[+/4-x|. Taco
X=1]+/3-x|2 x-1+3-x=2
= A>22+2=4
‘x—ﬂﬂ4—ﬂ2x—2+4—x:2
Dau bang xay ra khi
x-=1>0
3-x>0 {13x33
& & 2<x<L3
x—2=0 2<x<4
4-x>0
Vay minB =4 dat duoc khi 2<x<3
= Bai 21.
Tim GTLN cua A= X y voi X,yeN.

x+y+8—(x+y)
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= Loi gidi
Ta xét hai treong hop
1. x+y<8.Tacd 3 truong hop nho

~ Néu y=0thi A=1

~ Néu 1<y <6 thi X Y 6= A<,
X+y  8—(x+y)

~ Néu y=7 thi x=0va A=7
2. X+y>8.Khidotaco

So sanh cic giatritrén cua A,tacd maxA=7 dattai x=0,y=7
~ Bai 22.

Tim GTNN ctia A= ‘36m —5"| v6i m,n la cac sb nguyén duong.

= Loi giai
Taco 36™ tan cung bang 6, con 5" tan clng bang 5. Do d6
e Néu 36™ >5" thi 6™ —5" tan cing bang 1 .
e Néu 36™ <5" thi 6™ —5" tan cing bang 9 .
Ta xét cac kha nang sau

e Khaning A=1.Tacd 36" —-5" =1« 36" —1=5". Pang thirc nay khdng xay ra vi vé tréi
chia hét cho 35 nén chia hét cho 7, con vé phai khong chia hét cho 7 .

e Khaning A=9.Taco 5"—36" =9 =5" chiahétcho 9, vo Ii.
e Khaning A=11. Xay ra dugc kha ning nay, chang han véi m=1,n=2 thi
A=[36-5°| =11.
Vay minA=11
~ Bai 23.
Tim GTNN cua biéu thirc A= Xx*+4y biét rang x,y 1a cac sb tw nhién va A khong phai 1a s6 chinh
phuong.
w Loi giai
Sé tu nhién A khéng phai 1a s6 chinh phwong nén A>1.
o Xét A=2,tacd 2=x"+4y nén x lasb chin. Khi &6 vé phai chia hét cho 4, vé trai khong
chia hét cho 4, loai.
o Xét A=3,taco 3=x>+4y nén x lasd Ié. Khi d6 vé phai chia cho 4 du 1 con vé tréi chia
cho 4 du 3, loai.
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o Xét A=5,tac6 5=x"+4y.Khido x=y=1.
Vay minA=5
7~ Bai 24.

x4 4+ v

Cho A=

trong d6 x,y va A la cac sé nguyén duong

1. Ching minh rang x va y déu chia hétcho 3.
2. Chang minh rang x va y déu chiahétcho 5.
3. TIMmGTNNcua A.
» Loi gidi
1. D& thay néu s6 nguyén a khong chia hét cho 3 thi a* chia3 du 1. Do A la sé ty nhién nén
x*+y*:15, do @6
x*+y*:3 (1)
Ta s& chiang minh x:3.
Gia sir x khong chia hét cho 3. Thé thi x* khong chia hét cho 3, y* khong chia hét cho 3,y khéng
chia hét cho 3. Do x va y khdng chia hét cho 3 nén x* va y* chia 3 du 1, suy ra x* +y* chia 3 du
2, tréi véi (1). Vay x:3.
Chung minh tuong ty, ta dugc y:3.
2. D& thiy néu a khong chia hét cho 5 thi a* chia cho 5 du 1. Do A 1as6 ty nhién nén x* + y*:15,
do do
x*+y*i5 @)
Ta s& chung minh x:5.
Gia st x khdng chia hét cho 5. Thé thi x* khong chia hét cho 5, y* khdng chia hét cho 5,y khong
chia hét cho 5. Do x va y khong chia hét cho 5 nén x* va y* chia5du 1,suyra x*+y* chia5
du 2, tréi véi (2). Vay xi5.
Chirng minh tuong tu, ta duoc y:5.
3. Tir cAu a) va cau b) suy ra x va y chia hét cho 15. Do x,y nguyén duong nén x>15,y >15, do
do x*+y* >15"+15". Suy ra
_xt+yt 15%415°
15

A =6750

Déau bang xay rakhi x=y =15.

Vay min A=6750 dat tai x=y =15.

7 Bai 25.

Tim sé‘ chinh phuong 16n nhit l?iét rang néu x6a hai chit s tan cung ctia n6 (hai chit s6 nay khong
cung bang 0 ), ta lai dugc mot s6 chinh phuong.

w Loi giai
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0i 56 chinh phuong phai tim 12 n?, tacé n*> =100A+b, (A 1a s trim, 1<b <99) . Theo dé bai,
100A 14 sb chinh phuwong nén A 1a sé chinh phuong.
bit A=a* (ael}\ Tacan timgia tri lon nhat cua a. Ta co
n’>100a* = n>10a=>n>10a+1
=n’>(10a+1)* =100a’*+b >100a’ + 20a+1=>b > 20a+1
Do b<99 nén 20a+1>99=a<4

Taco n? =100a* +b <1600+99 =1699. Kiém tra 42> =1764,41° =1681. S chinh phwong 16n
nhét phai tim 1a 1681 = 41%.
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PHAN

HINH HOC
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TU GIAC

T giac

Q Tom tit ly thuyét

Phuwong phap giai:
Pinh nghia 1. Tt gidc ABCD la hinh gém bén doan thang AB, BC,CD, DA trong d6 bat ki hai doan thang
nao ciing khéng ciing nam trén mot duong thang.

v CAc tit gidc dwoc nghién ciru trong chirong la tir gidc 16i, @6 la nir gidc lubn nam trong mét niza
mdt phang ma bo la dwong thang chira bat ki canh ndo cua tir gide. Khi néi dén tir giac ma khong cha
thich gi thém, ta hiéu dé la nr giac 16i.

Tinh chit 1. Tong bdn gdc ciia mot tir giac bang 360°.

Q M6t sé vi du
A4

$9696> BAITAP MAU 96560

[ Vidu 1.

Tt gisc ABCD c6 B+ D =180",CB = CD.. Chang minh ring AC 1a tia phan gi4c cia goc A.
= Lo giai

Trén tia d6i cua tia DA lay diém E sao cho DE = AB. c

Taco B+ ADC =180°, EDC + ADC =180° nén B = EDC..
~ A B

=E
Tacd AABC = AEDC (c.g.c). Suy ra A 1
(c.9.0). Suy {AC:EC()

Tam giac ACE c6 AC =EC nén la tam giac can,
dodo A =E(2). A 5 ¢F
Tur (1) va (2) suy ra AC la tia phan giac cua goc A.
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g/ Bai tap tu luyén

I~ Bai 1.
Tu gidc ABCD c¢6 hai duong chéo vudng goc, AB=8 cm,BC =7 cm, AD =4 cm. Tinh d6 dai CD.
w Loi giai
Goi O la giao diém cua AC va BD A
Ta co:
OC? +0D’ +OB? +OA* = BC* + AD?

=7 +4°=65
va OA? +OB? = AB® =64

Suy ra OC*+0D? =1 hay CD? =1 D ° B
Viy D1 \/

C

I~ Bai 2.
Tu giac ABCD cé A-B =50". C4c tia phan giac cia géc C va D cét nhau tail va CDI =115". Tinh

cac goc A va B.

w Loi giai
Ta tinh dugc C+ D =130°, do d6 A+ B = 230". B
Ta lai co A—B =50",
Turdé A=140°,B =90". A
D™ C
7~ Bai 3.

Cho tir gidc ABCD, E 1a giao diém cua cac duong thang AB va CD,F 1a giao diém cua cac duong
thang BC va AD. Céc tia phan gi4c cua cac goc E va F cat nhau & | . Ching minh rang
1) Néu BAD =130°, BCD =50° thi IE vudng goc véi IF.
2) Goc EIF bang nira tong caa mot trong hai cip goc ddi dinh cua tir giac ABCD.
= Loi giai
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1) Cach giai tong quat dugc ap dung ¢ cau b.

2) Giastr E va F cdvi tri nhu trén hinh bén, cac tia phan giac
cia géc E va F cit nhau tai I|. Trudc hét ta chang
minhBAD +C = 2EIF .

That vay, goi H va K la giao diém cua FI véi AB va CD.
Theo tinh chat goc ngoai cua tam giéc ta cd

BAD = H,+a,C =K, —a nén

BAD +C = H, +K, = (EIF + ) + (EIF - j8) = 2EIF

Do d6 EIF =(§0\\D+é):2
~ Bai 4.
Chang minh rang néu M 1a giao diém cac duong chéo cua tir giac ABCD thi MA+MB+ MC +MD
nhoé hon chu vi nhung 16n hon nira chu vi tir giac.

~ Bai 5.

So sanh d6 dai canh AB va duong chéo AC cua tir gidc ABCD biét rang chu vi tam giac ABD nho
hon hoc bang chu vi tam giac ACD .

= Loi giai

AB+CD < AC+BD B
AB+BD<AC+CD

Suyra 2AB<2AC = AB< AC A

Cong ting vé {

D~ C
I~ Bai 6.
Tu giac ABCD c¢6 O la giao diém cua hai duong chéo, AB =6,0A=8,0B =4,0D =6. Tinh d6 dai
AD.

w Loi giai
X_3
2 2 _136 5
Ké AH 1 OB. bat BH =x,AH =y. Taco hé X +y2 9 = 2
(x+4)? +y* =64 y2:13_5
2

Do d6 AD? = HD® + AH? =11,5° +BTS:166.

Vay AD = /166
r~ Bai7.
Cho nam diém trén mit phing trong d6 khong c6 ba diém nao thang hang. Ching minh rang bao gio
ciing c6 thé chon ra duoc bén diém 1a dinh caa mot ti giac 16i.
= Loi gidi
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Xét bén diém A, B,C,D . Néu bon diém d6 1a dinh cua
mot tir gi4c 151 thi bai toan dugc chang minh xong. Néu
b diém d6 khong 1a dinh caa mat tir giac 16i thi ton tai
mot diém (gia sir diém ) nam trong tam giac c6 dinh la
ba diém con lai (hinh bén). Chia mat phang thanh chin
mién nhu hinh v&, diém thtr nim E ndm bén trong mot
mién (vi trong nim diém khong co6 ba diém thang
hang).Néu E thudc cac mién 1,4,8, ta chon bén diém
la A, D,B. Néu E thuoc cac mién 2,5, 7 ta chon E
va A, D,C.Néu E thudc cac mién 3,6,9 tachon E,B

,D,C.

HINH THANG

Q Tom tit ly thuyét

Pinh nghia 1. Hinh thang 1 t& gi4c c6 hai canh d6i song song
Pinh nghia 2. Hinh thang can 14 hinh thang c6 hai goc ké mot day bang nhau.
Tinh chit 1. Trong hinh thang can, hai canh bén bing nhau, hai duong chéo bing nhau.
Pé chizng minh mét hinh thang 1a hinh thang can, ta chitng minh hinh thang dé cé hai géc ké
mét ddy bang nhau, hodc ¢é hai dwong chéo bang nhau.
Pinh nghia 3. Poan thang ndi chung diém hai canh bén cua hinh thang 1a dudng trung binh cua
hinh thang.
Tinh chdt 2. Puong trung binh caa hinh thang thi song song véi hai day va bang nira tong hai
day.

Puong thang di qua trung diém mot canh bén cua hinh thang va song song Vi
hai day thi di qua trung diém canh bén thi hai va 1a duong trung binh cua hinh thang.

Q Mdt s6 vi du
AN_4

$0696> BAI TAP MAU 696969

[ Vidu 1.

Cho tam gidc ABC c6 BC =a. Cac duong trung tuyén BD,CE. Lay céc diém M, N trén canh
BCsao cho BM =MN = NC. Goi | I giao diém cia AM va BD, K I giao diém AN va CE.
Tinh d6 dai IK.
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. Loi gii
D& thdy DN 1a duong trung binh caa AACM nén DN || AM A

, |[BM =MN . i
Trong ABND co nén | la trung diem cua BD.
MI || ND

Tuong tu K 14 trung diém caa CE.
Hinh thang BEDC ¢6 | va K 1a trung diém cua hai duong '
chéo nén dé dang chimg minh dugc

a

_BC-DE 275 a
T2 2 &

[ Vidu 2.

Mot hinh thang can cé cac dudng cao bang nira tong hai day. Tinh gdc tao boi hai duong chéo caa

hinh thang.

IK

= Loi gidi
Xét hinh thang can ABCD(AB||CD), duong caoBH va A B
BH — AB+CD 1)
2
Qua B ké dudng thang song song véi AC , cit DC & E.
_(BE=AC r\
Taco nén BE = BD D o e E
AC =BD
Tam giac BDE cén tai B,duwong cao BH nén
DH = HE =% @).

Tacé AB=CE nén AB+CD =CE +CD =DE (3).
Tu (1),(2) va (3) suy ra BH = DH = HE.

Cac tam gidc BHD, BHE vudng can tai H nén DBE =90 .

_(BDLBE
Taco nén DB 1 AC.
AC || BE

Q Bai tap tw luyén

~ Bai 1.
Cho mot hinh thang c6 hai day khong bang nhau. Chang minh rang
1) Téng hai goc ké day nho 16n hon tong hai gc ké day 16n.
2) Tong hai canh bén 16n hon hiéu hai day.
w Loi giai
Qua mét dinh cua day nho, ké duong thang song song véi canh bén cia hinh thang.
~ Bai 2.
Hinh thang ABCD c6 A= D =90°, day nho AB=11cm, AD =12 cm,BC =13 cm. Tinh d6 dai AC.
w Loi giai
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Ké BH L CD A B
Ta tinh dwugc CH =5 cm,CD =16 cm.
Tudo =20 cm.
-l -l
D H C
r~ Bai 3.

Hinh thang ABCD(AB||CD) ¢6 E la trung diém cua BC,AED =90". Ching minh ring DE Ia tia
phén giéac cua goc D.

w Loi giai
Goi K 1a giao diém cua AE va DC.
Khi d6 AABE = AKCE (g.c.g)
Suy ra AE = EK. Vay AADK can.
Tur d6 DE la phén giéc cua goc D.
A B
E
1
D c K

r—~ Bai 4.
Hinh thang can ABCD(AB||CD) c6 duong chéo BD chia hinh thang thanh hai tam gidc can ABD can
tai A vatam giac BCD céantai D. Tinh cac goc caa hinh thang can do.
w Loi giai
Pit ADB = x. Ta tim duoc X = 36". A B
Cac goc cua hinh thang bang 72°,72°,108°,108".

~ Bai 5.
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rén doan thang AB lay mot diém M (MA > MB). Trén cling mot nira mat phang c6 by AB, vé tam
giac déu AMC,BMD. Goi E,F,1,K theo tha tu 1a trung diém caa CM,CB, DM, DA. Chting minh rang

EFIK la hinh thang can va KF =%CD.
. Loi gii
Chang minh EF || KI,EKI = FIK = 60° c

Suy ra KF =El =%

I~ Bai 6.
Cho diém M niam bén trong tam giac déu ABC. Chang minh rang trong ba doan thing MA, MB, MC
doan 16n nhat nho hon téng hai doan kia.

w Loi giai

Qua M vé MD || AB, vé ME || BC,vé MF || AC, dugc ba hinh A

thang can, do d6 MA=DE,MB =EF,MC = DF cac doan

thaing MA,MB,MC 1a d6 dai cua cac canh cua ADEF nén

doan 16n nhit nhé hon tdng cua hai doan kia.

r~ Bai7.
Cho tam giac ABC, trong tam G .
1) V& duong thang d di qua G, cit cac doan thing AB, AC . Goi A’,B’,C’ la hinh chiéu cua A,
B,C trén d. Tim mdi lién hé gitra cac d6 dai AA’,BB’,CC’.
2) Néu duong thang d nam ngoai tam giac ABC va G’ 1a hinh chiéu cua G trén d thi cac do
dai AA',BB',CC’',GG’ c@ lién h¢ gi?
= Loi gidi
1) Ly diém | trén duong trung tuyén AM
sao cho | 1a trung diém cua AG. Ké
AA',BB',CC',Il',MM'vubng goc vaGi d.
Khi d6 AA'=BB'+CC’".
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2) Goi BE 1a duong trung tuyén cua A
AABC, M la trung diém cua BG.

Vé AA',BB',CC',EE',GG',MM’ vubng

goc vai D

Ta co:

MM'+ EE'=2GG’

= 2MM'+2EE' = 4GG’

= BB'+GG'+ AA'+CC'=4GG’

= AA'+BB'+CC'=3GG’
I~ Bai 8.
Trén doan thang AB ldy cac diém M va N (M nam giita AvaN). V& vé mot phia cia AB cac tam
giac déu AMD, MNE,BNF. Goi G la trong tdm cua tam gi4c DEF.Chung minh ring khoang cach tir
G dén AB khdng phu thudc vao vi tri cia diém M, N trén doan AB.
w Loi giai

K

Goi K 1a giao diém cua AD, BF thi AABK déu.

Trudc hét ching minh rang tong cac khoang cach tir D,E, F dén AB bang duong cao KH =h cuaa
AKAB (h khong dbi).

Do d6 khoang cach tir G dén AB bing %
7~ Bai 9. Ta giac ABCD c6 E,F theo thir ty 1a trung diém cia AD, BC .
1) Chirng minh rang EF AB+CD

2) Tt gidc ABCD c6 didu kién gi thi EF = AB+CD.

= Loi giai
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E
/ )

D C

1) Goi K la trung diém AC.

Tac6 EF < KF + KE, tir d6 2EF < AB+CD nén EF < B +CD

2) Taco EF:AB;ZCD@ E,K,F thang hang < AB / CD.

I/~ Bai 10. Tt gidc ABCD c6 AB=CD. Chiing minh riang duong thang di qua trung diém cua hai
duong chéo tao véi AB va CD céac goc bang nhau.

= Loi giai

Goi M 1a trung diém cua AD,1,K 1
trung diém cua AC,BD.

Puong thang IK cit AB,CD & E,F.
Tam giac MIK cén nén Rl =1,

Talai co Kl = él (so le trong, AB /7 KM)
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Lai c6 I, = F, (so le trong, IM // CD)
Vay E =R

I~ Bai 11. Trong t& giac ABCD, goi A’,B’,C’,D’ thtr tu la trong tdm cua céc tam giac BCD, ACD,
ABD, ABC . Chitng minh ring bén dudng thang AA’', BB',CC’,DD’ ddng quy.

= Loi giai

Ny

Goi E,F 1atrung diém cia AC va BD

Piém | 1a trung diém cua A'C.

Taco El /#/ AA', so d6 AA" di qua trung diém M cua EF .

Tuong ty BB',CC’, DD’ ciling di qua M

7~ Bai 12. Cho tam gi4c nhon ABC, tryc tim H,M 1la trung diém BC.Qua H ké duong thing
vudng goc véi HM cit AB va AC theothirty & E va F.

1) Trén tia di cua tia HC lay diém D sao cho HD = HC . Chitng minh rang E 14 truc tdm cua tam
gi4c DBH .

2) Chang minh rang HE = HF
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= Loi gidi

—I |F\
A Il

1) Vi MH 1a duong trung binh cia ACBD nén MH # BD.

Do MH L EF nén BD 1L EF

Tacé BALHD,dodd E latruc tam cua ABDH .

2) Goi G 1a giao diém ciia DE va BH,K la giao diém cua BH va AC.
Khi d6 aDHG =aCHK (canh huyén - goc nhon).

Suy ra HG = HK =aHGE =aHKF( g.c.g ).

Vay HE = HF .

I/~ Bai 13. Ttr giac ABCD c6 B va C nim trén duong tron c6 duong kinh 1a AD . Tinh d6 dai CD
biét ring AD =8, AB=BC =2.

= Loi giai

Goi O la tam cua duong tron, H 1a giao diém cua OB va AC

BA=BC
Taco {O c nén OB la duong trung truc cia AC,

dodo OB L AC va AH =HC.
OH 1a duong trung binh cia aACD.
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Pat CD = x thi OH =§ nén BH =4—§.
Tacod AB?—BH? =0A?-0OH? (cung bang AH?)

2 2
Nén4—(4—§) =16—(§j —x=7=CD=7
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Dwng hinh bang thwé'c va compa

Q Tém tat ly thuyét

Giai bai toan dung hinh (bang thuéc va compa) 1a chi ra mot sé hitu han lan céc phép dung hinh co
ban va céc bai toan dung hinh co ban rdi chiing to hinh dung dugc c6 du cac diéu kién ma bai toan
doi hoi.

Loi gidi ddy di ciia mgt bai toan deng hinh gém bén phan:

1) Phan tich. Gia sir d3 c6 mot hinh thoa méan cac diéu kién cua bai toan. C6 thé vé thém hinh mai
lam xuat hién nhitng yéu té néu trong dé bai hozc 1am xuat hién nhitng hinh cé thé dung duoc
ngay. Pua viéc dung cac yéu té con lai caa hinh phai dung vé cac phép dung hinh co ban va céc
bai toan dung hinh co ban da biét.

2) Céch dung. Néu thir ty tung budc dung hinh dua vao cac phép dung hinh co ban va céc bai
toan dyng hinh co ban, dong thoi thé hién cac budc dung do trén hinh v&.

3) Ching minh. Dung lap luan ching to rang véi cach dung nhu trén, hinh da dung thoa mén céc
diéu kién cua bai toan.

4) Bién luan. Chi rd trong treong hop nao bai toan dung duoc va dung dugc bao nhiéu hinh thoa
man dé bai (hinh thoa mén d& bai goi la nghiém hinh).

Q M6t sé vi du
-/

OO BAITAP MAU 69696

A Vi du 1. Dung tam giac ABC biét AC=h, AB=C,B -C=a.

= Loi gii
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1. Phan tich.
Gia st da dung dugc aABC ¢6 AC=b,AB=c,B-C =«

Ké Ax||BC, ké tia Cy sao BCy =B(Cy va A cing phia d6i voi BC). ABCD I hinh thang nén

CD=AB=c,ACD=BCD-BCA=B-BCA=a
Tam giac ACD dung duogc (biét hai canh va géc xen giita).
Pidm B thoa man hai didu kién: nim trén duong thing qua C song song véi AD va DAB= ADC
2. Cach dung.
e Dung AACD ¢ AC =b,CD=c,ACD=a.
e Qua C dung duong thing Cm//AD
e Dungtia Ansao cho DAn= ADC cit Cm ¢ B.

3. Chitng minh. T@ gidc ABCD c6 AD//BC, DAB = ADC nén 1 hinh thang can. Do d6

— o — e — -

4. Bién luan. Bai toan c6 mot nghiém hinh néu b > ¢, <180°.

Phuong phap 13y giao cua hai quy tich goi la phwong phap quy tich twong giao. Noi dung cua phuong
phap 13: Bé dung mot diém, ta phan tich diém d6 théa man hai diéu kién, do diéu kién tht nhat diém
thudc mot quy tich, do diéu kién thir hai diém thuoc mot quy tich khac, giao diém cua hai quy tich dy
cho ta diém phai dyng.

Khi phan tich mot diém thudc duong ndo, can nhé céc kién thuc sau:
- Piém cach déu hai dau caa doan thang AB thi nam trén duong trung truc cia AB.
- Piém cach déu diém O mot khoang r thi ndm trén duong tron (O;r)

- Piém nam trong goc va cach déu hai canh cua géc thi nam trén tia phan giac caa goc ay.
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{ing can cha y dén s giao diém cua hai duong. Hai dudng thang c6 thé c6 0,1hozc vo sb giao diém
tdy theo chling song song, cat nhau hay tring nhau. Puong thang va dudng tron (O;r) c6 thé c6 0,1
hodc 2 giao diém tly theo r < h,r =h hodc r >h (hla khoang cah tir O dén duong thang). Hai
duong tron cd thé c6 0,1,2 hoic vo sb giao diém.

Dua vao s giao diém 4y ma ta bién luan bai toan.

O Vi du 2. Chitng minh rang ton tai mot hinh thang c6 do dai bon canh bang d6 dai bén canh caa mot
tu giéc cho trudec.

. Loi gidi
A d B
c c b
a-d
D E C
< a >

Goi a,b,c,d 1a d¢ dai bén canh cua tir giac (a>b>c>d). Can chiing minh ton tai hinh thang c6

bdn canh nhu trén: Chon day 16n bang a, day nho bang d . Ta dung ABEC rdi dyng Dva A. Bé
chtng minh ton tai hinh thang ABCD, ta s& chiing to ton tai ABEC (tam giac ndy c6 thé suy bién
thanh doan thang).

That vay, taco: b+c>a—d(vi d+b+4c>a do a,b,c,d 1abdn canh caa tir giac).

a—d+b>c(via>c,c>d ), a—d+c>b(via>bc>d)

Q Bai tap tv luyén
\u

7~ Bai 1. Dung hinh thang ABCD(AB//CD), biét:

1) AB =1cm, AD = 2cm,BC = 3cm,CD = 3cm.

2) AB=a,CD=b,AC =¢,BD =d.

= Loi giai
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2) Trudc hét dung ABDE biét ba canh DE =a+b,BE =c¢,BD =d . Sau d6 diém A.

7~ Bai 2. Dyng hinh thang can ABCD ( AB//CD), biét AB =a,CD =b,D = .

w Loi gidi

\OC

O
o
M)
@)
m
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Truéc hét dung AADE ¢6 DE =b—a, D = AED = a.. Sau d6 dung cac diém C va diém B

I/~ Bai 3. Dung tir giac ABCD, biét ba goc va
a) Hai canh ké nhau
b) Hai canh ddi nhau
= Loi gidi
a) Cach dung thé hién trén hinh b) Cach dung thé hién trén hinh

7~ Bai 4. Dung AABC , biét B=8,C=a,BC—AB=d.
= Loi giai

1) Phan tich. Gia st da dung dugc AABC ¢6 B=8,C=0a,BC— AB=d . Trén BC liy diém D sao

~

cho BD = ABthi DC =BC -BD=BC—-AB=d . Tacd AABD can nén ﬁ)\C:90°+%:90°+%

(g6c nay dung dugc bing thudc va compa).
- AADC x4c dinh ngay vi biét mot canh va hai goc ké véi no.

- Piém B thudc tia dbi cua tia DC . Mat khac do BA= BD nén B thudc duong trung truc cia AD .
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2) Céach dung.

- Dung AADC c6 6=90°+%,6:a, DC =d.

- Dyng dudng trung truc cua AD, cit tia ddi cuatia DC ¢ B. Nbi AB.

3) Chizng minh. B thudc duong trung truc cua AD nén AB = BD. Do d6
BC—-AB=BC-BD=DC=d.

AABD can ma ﬁ)\C:90°+%nén A/Eﬁ:90°—%,do do §:B,6=u.

4) Bién lugn. Bai toan c6 mot nghiém hinh néu dung duoc AADC , tirc 12 néu

90° +%+0¢ <180° (:)oc<90°—%

7~ Bai 5. Dung AABC, biét:
1) A=q,BC=a,AC—AB=d.
2) B-C=a,BC=a,AC—AB=d.
= Loi gidi
1) Trén AC lay diém D sao cho AD = ABthi DC = d, BDC = 90° +%. Dung tam gi4c ADBC, rdi

dung diém A.
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B a C

2) Trén AC lay diém D sao cho AD = ABthi DC = AC —AB=d. Tinh
oo Al_g_B,C g _BC_«
2 2 2 2 2

DBC = ADB—C =

Dung ABDC, rdi dyng diém A. Chdy rang c6 thé dung dugc hai diém D nhung chi chon D sao
cho BDC >90°.

I~ Bai 6. Dung AABC, biét:
1) A=a,BC=a,AC+AB=s.
2) B-C=a,BC=a,AC+AB=s.
. Loi gidi
1) Phan tich. Trén tia déi ciia tia AC iy diém D sao cho AD = AB thi AABD cannén D = % Dung

ABDC, réi dyng diém A.
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Céach dung.

- Dung XADY=%

- Tréntia Dx lay DC =s.

- Dung duong tron (C;a)céttia Dy ¢ B.

- Dyng dudng trung truc cua DB cat canh DC & A.

Bién lugn. Goi h la khoang céch tir C dén Dy . Diéu kién dé bai toan c6 nghiém hinhla h<a<s.
2) Trén tia d6i cua tia AC ldy diém D sao cho AD = AB. Tinh

A B C B-C

DBC = §+%= B-+[90° 55 =90° +T:90° +%( g6c nay dung duoc bang thudc va

compa). Dung ABDC, ri dung diém A.

7~ Bai 7. Dung AABC , biét: A=, AC + AB =, duong trung tuyén AM =m.
» Loi gidi
Trén tia d6i cua tia AB lay diém D, trén tia ddi cua tia AC lay diém E sao cho AD = AE = AB. Ta

c6 EC =s,DC = 2m, DEC = 90° —%. Dung AEDC, rdi dung diém A, sau d6 dung B .
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(/ 2m

¢ | » | y—>

B M C
I~ Bai 8. Dyng AABC, biét: BC =a, duong cao AH = h, duong trung tuyén BM =m.
= Lo gidi
V& MK vudng goc véi BC thi MK :g. Dung ABMK , rdi dung diém C, sau dé dung A.

I~ Bai 9. Duyng AABC, biét: duong cao AH =h, duong cao Bl =k, dwong trung tuyén AM =m .

= Loi gii
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Tam giac vubng AHM dung dugc. V& AK vudng goc voi AC thi MK = % = g Dung tiép tam

giac vubng AMK . Biéu kién dé c6 nghiém h‘mh% <mh<m.

7~ Bai 10. Dung AABC c6 B = 3C biét AB =c, AC =b.

» Loi giai

o

B C

L4y E trén AC saocho CBE = Cthi ABE = 2C, AEB = 2C . Do d6 AABE can.
Suyra EC=b-c,BE=b-c.

Dung AABE biét 6 dai ba canh c,c,b—c. Sau d6 dung tiép diém C.

I~ Bai 11. Dung tam giac, biét 4o dai ba duong trung tuyén.

» Loi giai

)
O
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Goi K 1a trung diém cia CG. AGDK c6 ba canh bén bang % d6 dai cac duong trung tuyén cua

AABC . Dung AGDK , réi dyng F,C. Sau d6 dung B, A.
Diéu kién dé c6 nghiém hinh 1a |m—n|< p<m-+n véi m,n, p 1a d dai ba duong trung tuyén da

cho.
I/~ Bai 12. Cho géc xOy va diém G ¢ trong goc. Dung AOAB nhan G lam trong tdm, c6 A thudc

Ox, Bthugc Oy.

= Loi gii

Trén tia OG ldy diém C sao OC =30G . Qua C V& cac duong thang song song véi cac canh cua
goc.
7~ Bai 13. Dung AABC ¢6 B—C =90° biét duong phan gisc AD =d,DC =m.

w Loi gii

TAI LIEU TOAN HOC
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@ 1]

D C
V& dudng vudng goc véi BC tai B, cit AD ¢ K, cat AC ¢ H.

Tacé ABH =C,ADB = A; +C,BKD = A + ABH nén ADB = BKD .

Do d6 ADB = 45°, ADC =135°

Dung AADC (c.g.c) rdi dung B.

7~ Bai 14. Cho duong thang m va hai diém H,G thudc cing mot nira mat phang bo m . Dyung
AABC cé B va C thuoc m, nhan H lam truc tdm, G lam trong tam.

. Loi giai
A
‘ G
H o
B M C
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oi O 1a giao diém cac duong trung truc cia AABC thi G nam gitta H va O, dong thoi
HG = 2GO.. Do d6 biét vi tri H,G thi dung duoc O. Saudé dung OM L m . Trén tia MG ldy
MA=3MG.

Dung (O;0A) citm ¢ B va C.
Bai toan ludn c6 mot nghiém hinh vi dudng tron (O;0A) ludn cat m

7~ BAI 15. Dung tam giac ABC vudng tai A c6 AC =2AB, biét BC =5cm.
= Loi giai
Goi M 1a trung diém cua AC. V& AH,MK L BC A
AABH = ACMK (canh huyén - goc nhon) nén
BH =MK, AH =CK.. M

Talai co MK=%.Suy ra BH =CTK.

Ma.CK =HK . nén BH :%BC:lcm, AH =2cm

Dung dugc AABH , rdi dyng C .

7~ BAI 16. Cho tam giac ABC . Dung dudng thing DE song song voi BC (D thuoc AB, E thudc
AC) sao cho DE =DB+CE.

= Loi gidi
Dung tia phan giac cua cac géc B va C ching cat nhau o 1 . A
Qua | dung DE//BC.

B C

7~ BAI 17. Cho tam giac ABC . Dung dudng thing DE song song voi BC (D thuoc AB, E thudc
AC)saocho AE=BD.

. Loi gidi
Qua E v& dudng thing song song véi AB cit BC & F. A

Chting minh rang AF 14 tia phan giac cia goc A.
Truéc hét duyng F, rdi dung E .

B E C

7~ BAI 18. Cho hai duong thing song song a va b, diém C thudc a, diém O thudc nira mat phang
khong chira b c6 bd a. Qua O dung duong thang m cat a, b theothirtw & A, B sao cho CA=CB

= Loi giai

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC




Website: tailieumontoan.com

Phan tich:
QuaC v CH LAB,cithb ¢ D.

AACB cén nén C/AB:@, ma CAB = ABD.

Do d6 CBA=DBA, suy ra OD =0C . —
Cach dung: ’ . .
Dung (O;0C) catbh ¢ D. e B

Qua O dung dudng vudng goc véi CDcat a, b ¢ A, B.

Bién ludn:

o)

Goi h la khoang cachtir O dén b.
Tuy theo OC >h, OC =h, OC <h mabai toan cé 2, 1,0 nghiém hinh.
r~ BAI 19.

1) Cho duong thang xy va hai diém A, B thudc hai nira mat phang di nhau bo xy . Dung diém M
thugc xy sao cho AMX = ZB/I\/I\y.
2) Giai bai toan trén trong trudng hop A va B thudc cliing mot nira mit phang bo xy .

= Loi giai
1) Phén tich: A
Qua A V& dudng vudng goc voi BM , cit xy & C.

Ta ching minh dugc BA=BC, vi thé x4c dinh dugc C,
do d6 xac dinh dugc M .

2) Dung B’ sao cho xy la duong trung truc cia BB'. Bua P M y
vé y trén. \

B

7~ BAI 20. Cho tam gi4c ABC . Dung diém M sao cho néuvé MA' L BC, MB’ L Ac, MC' L AB
thi AB=B'C=C'A.
= Loi giai
Dé cho ba doan thing bang nhau A'B’, B'C, C'A c6 lienhé véi  p
nhau, ta "dich" chung d&én M . V& duong thang qua M song song
véi A'B va duong thing qua B song song véi A'M , chlng cét «
nhau & H . V& duong thing qua M song song véi B'C va duong
thang qua C song song véi B'M , ching cit nhau ¢ | . V& duong
thang qua M song song véi C'A va dudng thiang qua A song song
v6i C'M |, ching cit nhau & K
Céac duong thing AK, BH , ClI citnhaud D, E, F. ADEF xac
dinh duoc vi ¢ cac canh theo thir tu vudng géc v6i AB ¢ A, VGi
BC & B, vsi CA & C.Con M la diém cach déu ba canh cua
ADEF nén giao diém cua cac dudng phan giac (trong hoic ngoai)
cua tam giéc. Bai toan ¢ bn nghiém hinh.

E
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POI XUNG TRUC

Q Tém tat ly thuyét

Pinh nghia 1. Hai diém goi 1a d6i xtng nhau qua duong thang d néu d 1a duong trung truc cia doan
thang ndi hai diém d6. Khi mot diém nam trén duong thang d thi diém ddi xing véi nd qua duong
thang d chinh 1a diém do.

Pinh Ii 1. Néu hai doan thang (géc, tam gidc) doi xing nhau qua mét dwong thang thi chiing bang
nhau.

Pinh i 2. Hinh thang can nhdn dwong thang di qua hai trung diém hai ddy lam truc doi xang

Q M6t sd vi du

[ 3 viDy 1. Cho dudong thang d va hai diém A, B nam clung phia véi duong thang d . Dung diém ]

C thuéc d sao cho CA+CB c6 dé dai ngan nhat.

= Lol giai
Huong suy nghi. A
Bai toan tro nén don gian néu cho A, B nam khéc phia véi duong thang
d . Khi d6 C 1a giao diém cua d véi doan thing AB (Hinh 10a).
Trong truong hop A, B nam cing phia véi duong thang d | ta cé thé tao d
ra diém B’ nam khéc phia véi A d6i voi d ma do dai CB’ ludn ludn bang C \
CB khi C thay d6i vi tri trén duong thang d . Piém B’ chinh la diém d6i B
xung véi B qua d .
Phan tich:
V& B’ d6i xing voi B qua d . Goi M 1a diém bat ki thuoc d .
Tac6 MB'=MB. Do d6:
AM +MB = AM + MB' > AB’ (hing s6) d

Vay gié tri nho nhat caa AM + MB bang AB’ khi M thuoc
doan AB'.

Céch dung.

Dung B’ d6i xung véi B qua d . N6i A véi B, catd ¢ C.

Chng minh.
Goi M 1a diém bét ki thuoc d . Ta cé:

AM +MB = AM + MB' > AB’
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AC+CB=AC+CB'=AB'
Vay AC+CB<AM +MB.
Bién luan.

Bai toan c6 mot nghiém hinh.

1 Vi DY 2. Cho hai duwdng thdng X, y va hai diém A, B.Dyng diém C thudc X va diém D thudc
y saocho A, B, C, D la cac dinh cta hinh thang cdn c6 AB 1a mot canh day.

w Loi gisi
Phan tich.
Gia sir da dung duoc hinh thang can thoa man yéu cu dé bai.
Goi d 1a duong trung truc cia AB. Dung duong thang X' qua D va
giao diém cua d va X (néu d//x thi X' 1a duong thing di qua D va
song song vai X ). Khi do, X' d6i xang véi X qua d . Diém D thoa mén
hai diéu kién: thuoc X’ vathuoc y . Tir d6 dung duoc diém C .

Céch dung
- Dung duong trung truc d cua AB.

- Dung duong thang x' dbi xang voi X qua d

- Goi D la giao diém cua x' va y . Dyng C ddi xang véi D qua d .

Chueng minh.

Theo céach dung thi AB// CD do ciing vudng goc vai d . Mat khac AC dbi xiing véi BD qua d nén
AC =BD. Vay ttr gidc ABCD la hinh thang céan.

Bién ludn.

-Néu x' triung y thi bai toan c6 vo sé nghiém hinh (Hinh 12). Khi d¢6 X va X' ddi xang nhau qua d ;
ndi cach khac d triing véi phan giac cua goc tao boi X va y (Hinh 12a) hoic d 1a duong thang song
song cach déu X va y . (Hinh 12b).

X'y D y
A d A
D
B d
B
C X C X

-Néu x'//y thi bai toan khéng c6 nghiém hinh (Hinh 13). Khi ¢6 d song song véi mot tia phan giac
cua goc tao bai X va y . (Hinh 13b, ¢).
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-Néu x' cat y thi bai toan c6 mot nghiém hinh (Hinh 14). Khi d6 d cét ca hai duong thang chua tia
phan giac cua goc tao bai X va y (Hinh 14a) hoac d cét duong thang song song cach déu X va y
(Hinh 14b).

X C X

- Riéng néu x' cit y tai diém D thudc d thi bai toan khéng co nghiém hinh (hinh thang can suy bién
thanh tam gi4c can, Hinh 15a,b) ; néu x' cit y tai diém D thang hang voi AB, bai toan khong c6
nghiém hinh (hinh thang can suy bién thanh doan thang).

Chay:

1. Trong céch dung trén, do cha ¥ dén tinh ddi xang truc, ta da dung d 1a duong trung truc cuia AB ,
khi d6 duong thang d xac dinh, cac diém C va D ddi xang nhau qua d . Tathdy: D ddi xing véi C
qua d, ma C thudc dudng thang X thi D thudc dudng thiang x' ddi xang véi X qua d . Giao diém
cia X' va y cho tadiém D.

2. Ciing c6 thé phan tich: C ddi xing véi D qua d, ma D thudc y nén C thudc duong thang y' ddi
xang véi y qua d . Giao diém cua X va y' cho ta diém C.

Q Bai tap tw luyén
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I~ BAI 1. Cho tam giac ABC co A=60°, cic duong phan giac BD va CE cét nhautai 1. Qua E
ké duong thang vudng goc véi BD, cit BC ¢ F . Chang minh ring

1. E va F dbi xting véi nhau qua BD.
2. IF latia phan giac cua goc BIC.

3 D va F dbi xang nhau qua IC .

1. Goi H la giao diém cia EF va BD.
Dé& thiy ABHE = ABHF (canh g6c vudng - goc nhon).
Do d6 HE = HF hay H la trung diém cua EF .

Vay E va F dbi xang qua BD.
2. Theo y a), goc BIE va géc BIF déi xang qua BD nén BIE = BIF .

Mit khéc: BIC =180° — B+C 180180 —A _190g

Nén BIF = BIE =180 —BIC =60'$
Suy ra CIF = BIF =60°. Vay IF la tia phan giac goc BIC
3. Theo ching minh trén ta c CID = BIE =CIF , do d6 ACDI = ACFI (9cg).

Suyra CD=CF va ID=IF, hay ClI la duong trung truc cua DF
Vay D va F d6i ximg nhau qua CI .
7~ BAI 2. Cho ba diém O, D, E. Dung tam gi4c AABC sao cho O 1a giao diém cua cac duong
phan giac BD va EC.
= Loi giai
Phan tich.
Gia sir da dung duoc tam giac AABC théa man dé bai. Goi M, N lan luot 1a cac diém ddi xang véi D
qua OE , dbi xang véi E qua OD. Chay rang BC ddi xang véi BA qua OD va BD ddi xang Vi
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AC qua OE nén M,N thuoc BC. Tirdo B la giao diém cia MN va OD, C la giao diém cia MN
va OE.

Céch dung: A
- Dyng M dbi xting véi D qua OE , dbi xting véi E qua OD . _ D

- Dyng diém B,C lan luot 1a giao diém MN véi ODva OE. =

- Dyng diém A 1a giao diém BE véi CD. . SR c
Chazng minh.

Do D va M ddi xang qua OC nén MCO = DCO hay OC la tia phéan giac géc BCA. Tuong tw OC
la tia phan giac goc CBA. Ta c6 diéu phai chirng minh.
Bién luan.

- Néu DOE <90° hoic O, D, E thing hang thi khdng c6 nghiém hinh.

- Néu AODE cantai O va DOE =120° thi M trang N, bai toan c6 vo s6 nghiém hinh.
- Cac treong hop con lai, bai toan c6 mot nghiém hinh.
7~ BAI 3. Cho duong thang d va hai diém A, B nam khac phia d6i véi d . Dung diém C thuoc d
sao cho tia phan giac cua goc ACB nam trén d .
w Loi giai
Phan tich.
Gia sir da dung duoc hinh vé théa man bai toan. Khi d6 hai duong thang CA va CB ddi xing nhau qua

d . Do d6 diém A’ d6i xang voi A qua d thudce duong thing BC . Khi d6 C 1a giao diém caa BA' va
d.

Céch dung. A
- Dyng diém A’ d6i xing voi A qua d .

- Dung diém C 1 giao diém ciia BA' va d . ¢ %
Chizng minh, \Ell\
Theo cac dung thi CA va CB 1a hai duong thang ddi xang voi :

nhau qua d nén d la duwong phan giac cua goc ACB.Tacé

diéu phai ching minh.

Bién ludgn

- Néu khoang cach tir A va B dén d bang nhau thi bai toan khong cé nghiém hinh.

- Néu khoang cach tir A va B dén d khac nhau thi bai todn c6 mot nghiém hinh.

7~ BAI 4. Dyng hinh thang can ABCD (AB//CD) c6 D =2ACD, biét CD = a, dudng cao AH =h

» Loi giai
Phan tich.
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Gia str da dung dugc hinh thang ABCD thoa mén bai toan.

Khi d6 BCD = ADC = 2ACD nén CA la tia phan giac goc CBD. Lai co BAC = ACD nén
BAC = BCA hay tam gi4c BAC can tai B. Goi M 1a trung diém AB, G la trong tdm tam giac BAC
. Do tam giac BAC céannén GA=GC.

Cach dung. d

- Dung doan thang CD . Dyng dudng thing m song song Vi A M ° m
CDva cach CD mét doan bang h. G

- Dung duong trung truc d cua CD, cit m tai M . h

- Dung diém G trén doan CM sao cho GC =2GM (dung

tam giac CXY bat ki c6 M 1a trung diém XY, G latrong b ; — c

tdm tam gidc CXY ).
- Dyng diém A 1a giao diém duong tron (G;GC) véi duong thang m sao cho A va C khéc phia dbi
véi d (chiy GC =2GM >GM > x véi x l1a khoang cach tr G dén m nén ludn dung dugc diém A
).

- Dung diém B d6i xting véi A qua d .

Chueng minh.

Theo cach dung, G 1a trong tdm tam giac ABC , hon nita do GA=GC nén G nam trén dudng trung
truc cia AC, do d6 BG latrung truc cia AC.

Suy ra BCA = BAC = ACD . Hién nhién theo cach dung thi ABCD la hinh thang can. Do d6

ADC = BCD = 2ACD

Bién luan.

Bai toan c6 hai nghiém hinh.

7~ BAI 5. Cho diém M nam bén trong tam gidc ABC, A" ddi xiang véi M qua duong phan giac cua
goc A B’ ddi xang voi M qua duong phan giac cia goc B,C ddi xang véi M qua dudng phan giac
cua géc C . Chirng minh rang cac duong thing AA', BB',CC’ ddng quy hoic song song timg doi mot.

w Loi gidi
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oi D,E,F lan luot 13 cac diém d6i xtng v6i M qua BC,CA, AB . Ta s& ching minh AA’ 1a dudng
trung truc cia doan thang EF .

Goi | 1atam duong tron noi tiép tam gidc ABC . Do cac dung cac diém A, E, F nén ta co
MAI = A'Al =, FAB=MAB =, EAC = MAC = y.
Suy ra FAA =28+ 2a, EAA =2y —2a

péyring a+f=y—-a =§, néntr (1) taco FAA = EAA, tac AA’ 1a duong phan gidc géc EAF
Hon nita do tinh d6i xting nén AF = AM = AA' = AE
Hay tam gidc EAF cantai A, suy ra AA' la duong trung truc cua doan EF .
Hoan toan tuong ty, BB’,CC’ lan lugt 1a dudng trung truc cua cac doan thing DE,FD . Vay AA',
BB’, CC' dé6i mot song song hoic dong quy.
/=~ BAI 6. Cho tam gidc ABC . V& cac tia Ax, Ay trong goc A sao cho B/A\><=6A\y, Ve cac tia Bz, Bt
trong géc B sao cho ABz =CBt. Goi E la giao diém caa Ax va Bz, goi F 1a giao diém cua Ay va
Bt . Chirng minh ACE = BCF .
w Loi giai
A Y

z

Dung cac diém X,Y lan luot ddi xing véi E qua AB, AC, dung diém Z ddi xang véi F qua BC.
Khi d6 ta co:

—

XAY = 2(EAB + EAC) = 2BAC
XAF = XAB + BAF = BAF + FAC = BAC

Suy ra AF la tia phan giac goc XAY ,honnira AX =AY (= AE) nén AF la duong trung truc cia
XY ,suyra FX =FY .

Xét hai tam gidc XBF va EBZ , tac6 XB=EB, FB=ZB va XBF = EBZ (twong tu chang minh trén)
nén AXBF = AEBZ . Suyra FX =EZ , hay EZ =YF . Do d6 AECZ = AYCF , tir d6 ECZ =YCF .

— e~ e~~~

ECY YCF-ECF ECZ-ECF FCZ
- e

Vay ACE = - BFC
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HINH BINH HANH

Q Tém tat ly thuyét

Dinh nghia 1. Hinh binh hanh 14 tir gi4c ¢6 cac canh dbi song song.

Dinh li 1. Trong hinh binh hanh: cac canh d6i bang nhau, cac goc ddi bang nhau, cac dudng chéo cat
nhau tai trung diém mdi dudng.

Pinh 1i 2. M6t tir gic 1a hinh binh hanh néu c6 mot mot trong céc d\hatu hiéu sau:
- Cac canh dbi song song.

- Céc canh ddi bang nhau.

- Hai canh d6i song song va bang nhau.

- Céc goc ddi bang nhau.

- Hai duong chéo cét nhau tai trung diém cia médi duong.

o M6t sé vi du

EQ Vi DY 1. Cho hinh thang vuéng ABCD (;1 = B = 90°), taco AB= %CD .Goi H 13 hinh chiéu

cta D trén AC latrung diém ctia HC . Chirng minh rang BMD = 90°

= Loi giai
Goi N 1a trung diém cua DH . A 5
Tacd MN la duong trung binh caa AHDC nén MN // DC ,
H
MN =£DC .
2
o 1 , N N M
Talai cé: AB//DC, AB=EDC do d6: AB=MN .
Vay ABMN la hinh binh hanh suy ra: AN //BM (1) D c

AADM c6 DH L AM, MN L AD suyra AN L DM (2)
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Tir (1) va (2) suy ra BMD =90°.

£ vi DY 2: Tinh d6 dai duwong trung tuyén AM  cla tam gidac ABC c6 A= 120°, AB=4cm,
AC =6cm.

w Loi giai
Céch 1. V& diém E sao cho M 1a trung diém cia AE . Tw giac ABEC la hinh binh hanh,
ABE =180°- BAC =180°-120° = 60°

Ké AH 1 BE. Tam giac vubng ABH co B =60° nén BH = AB _

— =2cm.
2

NS

Suyra HE=BE =BH =6-2=4cm
Trong tam giac vuéng ABH tacd AH? = AB°—BH’=16-4=12.
Trong tam giac vuéng AHE tacd AE? = AH?+HE®* =12+16=18.

Do d6 AE =2+4/7.Suyra AM =+/7cm.

A c H- A K

Cach 2. K& BH L AC;MK L AC, lan luot tinh dwgc AH = 2cm,

HB = 24/3cm, MK =+/3, HK =H—2C=4cm, AK =2cm Suy ra AM =+/7cm.

Q Bai tap tu luyén
b e

7~ BAI 1. Cho diém D nam bén trong tam giac déu ABC . V& cac tam giac déu BDE, CDF (D, E
, F nam ciing phia vi BC). Chting minh rang AEDF 14 hinh binh hanh
» Loi giai

Xét ADBC va AEBACc6O A
BC = AB

D/EY::/TB\E(=60°-KBB)

m

BD =BE
Suy ra ADBC = AEBA (c-g-c) nén DC = EA.
Do d6 DF =EA. (1) B c
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Chimg minh tuong tw c6 DE =FA. (2)
Tir (1) va (2) suy ra AEDF la hinh binh hanh.
7~ BAI 2. Cho tam gidc ABC cantai A. L4y diém D trén canh AB diém E trén canh AC sao cho
AD =CE . Goi | 1atrung diém cua D, E,K la giao diém cia Al va BC. Ching minh ring ADKE
14 hinh binh hanh.
w Loi giai
Ké DM va IN songsong véi BC( M, N thugc AC). A
Xét AEMD ¢6 IN//DM , | 1atrung diém cia DE nénsuyra N
1a trung diém cua ME

hay AD = NE (1)

Vi BC//DM nén ADM =B =C = AMD, do d6 AADM cAn tai 0 '\ﬁlE
A, hay AD=AM. (2)

Lai c6: AD =EC (3)

Tir (1), (2) va (3) suyra N la trung diém cua AC. : .

Xét AAKC co IN//BC, N la trung diém cua AC nén | latrung
diém ctia AK .
Ta gidc ADKE c6 hai dudng chéo cat nhau tai trung diém cua
moi dudng nén ADKE 14 hinh binh hanh.
r~ BAI 3.
1. Chtng minh rang duong thang néi trung diém hai duong chéo va cac doan thing ndi trung diém cac
canh d6i cua tir gi4c gap nhau tai mot diém. (Bai toan cua Giéc-gon (Gergonme nha toan hoc Phép,
1771-1859))
Dung dinh i trén ching t6 ring néu mot tir giac cac duong thang ni trung diém céc canh ddi di qua
giao diém hai duong chéo thi tir giac d6 1a hinh binh hanh.

w Loi giai

Goi E,F,G,H latrung diém cua AB,BC,CD,DA;1,K latrung
diém ctia BD, AC.
Tu giac EFGH c6 EF //GH (//AC),EF =GH (:%AC) nén

EFGH Ia hinh binh hanh. Chirng minh twong tw EIGK Ia hinh
binh hanh, do ¢6 FH va IK cung di qua trung diém cung EG

Goi O 1a giao diém cua hai dudng chéo va M 1a trung diém cua IK. Néu EG,FH cit nhau tai O thi
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theo cau a), M trung véi O, dodo | va K triung O. Tu giac ABCD c6 O 1a trung diém cua hai
duong chéo nén la hinh binh hanh.

™~ Bai 4. Cho tir giac ABCD. Trén canh AB lay cac diém E,F sao cho AE = AF =FB. Trén canh
CD lay diém G,H sao cho DG =GH =HC. Goi M, 1,K,N theo tht ty 14 trung diém caa
AD, EG, FH, BC . Chting minh rang bon diém M, I, K, N thang hang va Ml = IK = KN .

» Loi giai

Taco IF va HN song song va bang nhau vi cling song song va
bang mot nira BG . Do d6 tir giac IFNH 1 hinh binh hanh. Ta
lai c6 K 14 trung diém caa FH nén I,K,N thing hang va K
1a trung diém cua IN .

Chung minh tuong ty, M, 1, K thiang hang va | 1a trung diém
cua MK. Vay M, 1,K,N thing hang va MI = IK = KN

[/~ Bai 5. Hinh binh hanh ABCD c¢6 A =60°. L4y cac diém E, F theo thir tu thudc céc canh
AD,CD sao cho DE =CF . Goi K 1a diém ddi xang voi F qua BC. Chang minh ring EK song
song voi AB .

w Loi giai

A E D N
Goi N 1a giao diém cua ED va KC, khi d6 tam giac NCD déu ma CK = DE (cung ban CF) nén
tam giac NKE déu. Vay EK //AB.

[/~ Bai 6. Cho tam giac ABC c6 A>90°. Trong goc A vé cac doan thing AD, AE sao cho AD
vudng géc va bang AB, AE vudng géc va biang AC . Goi M 1a trung diém caa DE . Chirng minh ring
AM vuong gdc véi BC.

w Loi giai
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V& hinh binh hanh ADKE , khi d6 AADK = ABAC (c.g.c) (chay A
ring ADK =BAC vi cling bii véi géc DAE) nén A = B . Goi m
B c
H 1 ny
E

giao diém cua AM va BC.Tacd B+BAH = A + BAH =90°
nén AH L BC

I/~ Bai 7 . V& ra phia ngoai tam giac ABC cac tam giac ABD vudng cén tai B, ACE vudng cén tai C
. Goi M 1a trung diém cua DE . Hay xac dinh dang cua tam giac BMC

= Loi gii

Trén tia d6i cua tia MB 1dy MN = MB , khi d6 ta giac BDNE 1 hinh binh hanh, suy ra EN L AB va
EN =AB . Talaico EC L AC,EC = AC. Tirdé taco aENC =aABC (c.g.c). Suyra NC =BC va
NC 1L BC

Do d6 tam giac BCN vuéng cén, suy ra tam giac BMC vuéng can tai M

I/~ Bai 8. Cho tam giac déu ABC, mot duong thang song song voi BC ciat AB,AC & D va E. Goi
G latrong thm cua tam giac ADE, | 1a trung diém cua CD. Tinh sb do cac goc cua tam giac GIB .

= Loi gidi
Céch 1. Qua C v& duong thang song song vaoi BD, cit DE ¢ K. A
Ta c6 BDKC 14 hinh binh hanh nén B, I, K thing hang. 2 #
AGDB =aGEK( c.g.c ) nén GB=GK. Suyra aGBK cantai G co 1
— I ——
KBG =120°. Do d6 cac goc cua tam giac GIB bang 90°,60°,30° H

Céch 2.Vé H saocho | 1atrung diém cua GH . Ta ching minh
duoc aGBH déu.

I/~ Bai 9. Cho diém E thuoc canh AC cua tam giac déu ABC . Buong vudng goc véi AB ké tir E
cét dudng vuong goc véi BC keé tr C tai diém D . Goi K 1a trung diém cua AE . Tinh KBD.
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» Loi giai

Vé F saocho K 1a trung diém cua DF thi AF//DE, AF =DE.
ADEC ¢6 E=C =30" nén DE =DC , suy ra AF =DC

ABAF =aBCD( c.g.c ) nén BF =BD,B, =B,
Talai c6 B, +B, =B, +B, =60, do d6 ADBF déu, KBD =30’

I/~ Bai 10. Cho tam giac déu ABC, diém M thuoc canh BC . Goi D 1a diém déi xang véi M qua
AB | E 1a diém d6i xang véi M qua AC . V& hinh binh hanh MDNE . Chiing minh rang AN song
song véi BC

= Loi gii

Goi O 1a giao diém caa DE va MN. Ké DD’,00’, AH,NN’, EE’ vudng goc véi BC . Ta s& ching
minhAH = NN’

Tacd OO’ 1a duong trung binh cua tam giac MNN' nén NN'=2-00'.

Goi | 1a giao diém caa MD va AB, K 1a giao diém cia ME va AC, d& chang minhAH =
MI + MK

Vi OO’ 1a duong trung binh caa hinh thang DEE'D' nén DD'+ EE'=2-00'.
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ME

Tacé Iﬁ/IE’:30° nén EE'=T=MK 0.

Tuong ty, DD'= MI

Tt (1),(2),(3).(4) suyra AH =200'".

Tu (1),(5) suy ta AH =NN'. Tir d6 chimg minh duwoc AN //HN’, tac1a AN// BC.

7~ Bai 11. Cho tam giac ABC. Lay cac diém D, E theo thir ty thudc cac tia dbi ciia cac tia BA, CA

sao cho BD =CE =BC . Goi O 1a giao diém cua BE va CD. Qua O v& duong thiang song song Vi

tia phan gi4c cia goc A, duong thang nay cat AC & K. Chiing minh rang AB = CK

= Loi gidi
V& hinh binh hanh ABMC thi AB=CM . Ta chitng minh
raing CM =CK
Trudc hét ta ching minh M, 0, K thang hang. That

~

vay, B, =

L —

(/3\1= CBM nén BO latian phan giac

N
N~

cia BCM . Tuong ty, CD la tia phan giac cua BCM .

Do d6 MO la tia phan giac cua BCM . Suy ra OM song
song véi tia phan giac cua A,vay K,0,M thing hang.

— 1/\

Taco K/I\1 =EBCM =EBAC = @ nén ACKM can. Suy ra

CK=CM =AB
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POI XUNG TAM

e Tém tat ly thuyét

Hai diém goi 1a ddi xtng véi nhau qua diém O néu O Ia trung diém ciia doan thang ndi hai diém do.
Diém d6i xtng cua diém O qua diém O chinh 1a diém O.

Néu hai doan thing (goc, tam giac) dbi xirng nhau qua mot diém thi ching bang nhau. Hinh binh hanh
nhan giao diém cua hai dudng chéo lam tdm d6i xang.

Q M6t sd vi du
A4

696> Bai tap mau o696

3 Vi DU 1. M6t hinh binh hanh cé b&n dinh ndm trén bén canh clia mot hinh binh hanh khéc.
Chng minh rang cac tdm cda hai hinh binh hanh d6 13 trung nhau.

» Loi giai
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Goi EFGH 14 hinh binh hanh cé bén dinh nam trén bén
canh cua hinh binh hanh ABCD (nhu hinh vé& bén). Goi O
la tdm cua hinh binh hanh EFGH | ta s& ching minh O
cling 1a tim cua hinh binh hanh ABCD. That vay

Goi P,Q lan luot 14 trung diém cua cac canh AD,BC. Ta
c6 OP la dudng trung binh cua hinh thang AEGD

Vi EFGH 12 hinh binh hanh nén GF //EH,GF = EH va GFC = EHA, FFC = HEA (do AD//BC).
Tur d6 suy ra AAEH = ACGF (g-c-g), do vay CG = AE

CG+BE AE+EB _AB

Ma 0Q =
Q 2 2 2

Laicd AB=PQ nén OP = ? do vay O 1a trung diém cua PQ.

Vi PQ la duong trung binh cua hinh binh hanh ABCD nén O ciing 1a trung diém cia AC,BD . Do
vay O la tdm cua hinh binh hanh ABCD.

3 vi DU 2. Cho t& gisac ABCD), diém E thudc doan AD va diém G thudc doan BC . Dyng diém
F thudc doan AB va diém H thuéc doan CD sao cho EFGH 13 hinh binh hanh.

» Loi giai
+) Phan tich: Goi O 1a trung diém EG thi O 1a diém xac dinh va O 1a trung diém cua FH . 0.1

Vi F thuoc canh CD nén H s& ndm trén dwong thang d 12 anh caa duong thing CD qua phép dbi
xtng tdm O,

do d6 F 1a giao diém cua d va AB.

+) Cach dung:

Dung trung diém O caa doan EG

Ha OM L CD tai M. Ly d6i xang cia M qua O ta dugc
diém N .Qua N ké duong thang d song song véi CD, cat
AB tai F .N&i FO cit CD tai H.

Vay EFGH 1a hinh can dung.

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC




Website: tailieumontoan.com

+) Chizng minh:
Vi AOMH = AONF (g-c-g) nén OH =OF
Tu giac EFGH ¢6 OE =0G,0H =OF nén EFGH la hinh binh hanh.

+) Bién luan: Néu d trang véi AB : khi d6 AB//CD,O cach déu AB va CD thi bai toan c6 vo s6
nghiém hinh. Néu d song song véi AB: khi d6 AB//CD,0O khong cach déu AB va CD thi bai toan
khong cé nghiém hinh.

Néu d cit AB: khi d6 AB khdng song song vsi CD thi bai toan c6 mot nghiém hinh.

Q Bai tap tvw luyén

I/~ Bai 1. Cho tam giac ABC. Goi D, E, F theo thir ty 14 trung diém cua BC, AC, AB va O 1a diém
tdy y. LvoiC 1a diém ddi xiang véi O qua ABA'B' D, B’ 1a diém ddi xang véi O qua E,C’ 1a diém dbi
xung voi O qua F . Chang minh ring cac duong thing AA’, BB,CC’ ddng quy.

» Loi giai

Vi AB'song song va bang A'B ( do cung song song va bang
OC) nén ABA'B'la hinh binh hanh, do d6 AA' va BB’ cit

nhau tai trung diém mdi duong. (1)
Tuong ty, BCB'C"' 1a hinh binh hanh, do d6 BB 'cit CC' tai
trung diém moi duong. 2)

Tir (1) va (2) ta suy ra cac dudng thing AA', BB', BB' dong
quy ( tai trung diém mdi dudng).

I~ Bai 2. Cho goc x/@ khéc goc bet va M 1a diém thudc mién trong cia goc.

1)Qua M dung duong thing cit cac tia Ox,Oy theo thtr & A va B sao cho M 12 trung diém cua
AB

2) Chitng minh rang tam giac OAB nhan duoc trong cach dung trén c6 dién tich nho nhét trong tat ca
c4c tam giac tao boi tia Ox,0y va mot duong thang bat ky di qua M .

» Loi gidi
Ta c6 hai cach dung nhu sau:
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Céch 1. Qua M dung duong thing song song véi OX , cit
Oy & D.Dung B déi

xung voi O qua D, duong thang BM cit Ox tai A
Céch 2. Dung N ddi xung véi O qua M .

Qua N dung cac duong thing song song véi Oy,Ox va lan
luot cat Ox,Oy tai A, B

b) Qua M , v& duong thang bat ky (khong tring véi AB), cit Ox,Oy lan luot tai A’, B. Ta s& chung

minh S, <S,oxg . That vay,

C6 duy nhit mot duong thang di qua M va cit Ox,Oy lan lugt tai A, B sao cho M 1a trung diém
AB nén MA',MB' khong bang nhau (gia sc MA">MB").

Trén tia MA' ta liy diém E sao cho MB'=ME, khi d6 S50 = Sauae < Sanan
7~ Bai 3. Dung tam giac biét mot dinh, trong tim va hai duong thang di qua hai dinh con lai.
. Loi gii
d 4 d, &

Gia str can dung tam gidc ABC, ta biét dinh A, trong tam
G va hai dinh B,C lan luot nam trén hai duong thang

d,,d,. Ly diém B bat ky trén d,

o

Do AG xéc dinh nén trung diém M cua BC xacdinh.  © R /\”
Vi B,C ddi xang nhau qua M nén C nam trén duong

thang d, 13 anh cua d; qua phép déi xing tam M. Do

vay C 1a giao diém cua d, va d,.

7~ Bai 4. Cho tir giac ABCD va mot diém O nam bén trong tir giac. Dyng hinh binh hanh EFGH
nhan O lam tdm d6i xing, ¢6 bén dinh nam trén bén dudng thang chia canh cua tir giac ABCD .

= Loi gii
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Gia str can dung hinh binh hanh EFGH c6tam O, E C ;
(:.’-”/\ / a

AB,F € AD,G €CD,H € BC (nhu hinh v& bén). Goi Y H

a,b lan luot 12 anh cia AB, AD qua phép ddi xiang tam O. ”

Khi @6 ta thdy G 1a giao diém cia a va CD, H la giao diém
cua b va BC.

Bién luan:

+) Néu ABCD 14 hinh binh hanh thi bai toan c6 vo sb
nghiém hinh (khi O la tdm cua ABCD ) hoic khong cé
nghiém hinh (khi O khéng la tdm cia ABCD).

+) Néu ABCD Ia hinh thang ma khong Ia hinh binh hanh thi bai toan cd vé s nghiém hinh (khi O
cach déu hai day) hoac khéng cé nghiém hinh (khi O khéng cach déu hai day).

+) Cac truong hop con lai thi bai toan cé mot nghiém hinh.

HINH CHU NHAT

Q Tém tat ly thuyét

Hinh chix nhat 1a mét tir gidc c6 bdn géc vuéng.

Hinh chit nhat c6 ddy du tinh chat cuaa hinh thang can va hinh binh hanh, trong d6 dic biét cha y dén
tinh chat: "Trong hinh chit nhat, hai dudng chéo bang nhau va cit nhau tai trung diém mdi duong". Bé
chirng minh mét tr giac la hinh chir nhat, ta chirng minh tir giac d6 c6 ba goc vuéng hoac chirng minh
ttr giac d6 1a hinh binh hanh c6 mét trong cac tinh chat

a) Co mot goc vuong;

b) C6 hai duong chéo bang nhau.
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Ap dung vao tam gidc, ta co

1 Trong tam giac vudng, duong trung tuyén tng véi canh huyén bang nira canh huyén:

2 Néu mot tam giac c6 duong trung tuyén tng vai mot canh bang nira canh d6 thi tam giac dé vudng.

Q Mot sd vi du
AN

$9656> BAITAP MAU 6946560

3 vibu 1. Tinh cic canh AB, AD cla hinh chi¥ nhat ABCD biét ring duomng vudng géc AH
kétr A dén BD chia thanh hai doan HD =9 ¢cm, HB =16 cm.

» Loi giai
Tac6 BD =BH +HD =16+9=25cm D C
Xét tam gidc ABD vubng tai A co
(1)
AB? + AD? =15° =625
Xét tam giac ADH vuong tai H ¢ A B
AH? + HD? = AD* & AD? = AH? +9° @)
Xét tam giac AHB vudng tai H c6 3)
AH? + HB? = AB? < AB? = AH? +16°
Tu (2)va(3) Taco AB2—AD?=162-92 =175
4)

Tur (1) va (4) ta duoc
AB? = (625+175): 2=400 = AB =20 cm

AD? = (625—175) :2=225= AD=15cm

= Loi gii
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Goi 1,0 lan luot 13 thm cua hinh chit nhat BDEH,CDFK .

Tac6 IBD = IDB,OCD =ODC (tinh chit hinh chit nhat).

Ma IBD =0OCD (do tam gidc ABC can tai A ) nén AV AN

IBD =1DB =0CD =0DC

o

Do d6 BE//DK,DH //CA, suy ra AIDO Ia hinh binh hanh
= AO = ID. Ma HI =ID nén AO =HI B D C

Lai c6 AO//HI nén AOIH 14 hinh binh hanh, do d6 1)
AH //10,AH =10

Chtng minh tuong tuy ta dwoc AIOK  la hinh binh hanh nén
AK //10,AK =10

(2)
Tu (1) va(2)tasuyra A H,K thiang hangva AH = AK .
Vay A la trung diém cua HK .

Ed viDU 3. Cho hinh binh hanh ABCD c¢6 cac duong cao AE, AF . Tinh khoang cachtir A dén
trc tdm H cda tam gidc AEF biét AC =25cm; EF =24cm

.
w Loi giai
Ké CN L AB tai N = AECN Ila hinh chit nhat nén A N B
AN =EC . Xét ter giac EHFC c6 EH //CF,HF //EC nén
EHFC Ila hinh binh hanh, do vay EC = HF = AN = HF .
g
Xét tir gidc ANFH c6 AN //FH, AN = FH nén ANFH 13 - E
hinh binh hanh, do d6 AH =NF va AH //NF. ]
D FE ¢

Laicé AH L EF nén FN L EF.
Xét tam giac ENF vuong tai F c6 EF =24 cm, NE = AC =25 cm nén

NF?=NE?’-EF?=25"-24*=4NF=7cm Vay AH=7cm.

Q Bai tap ty luyén
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I~ Bai 1. Cho tam giac ABC vudng tai A, duongcao AH. Goi I, K lan luot I hinh chiéu vuéng
goccaa H. 1én AB,AC va M Ia trung diém cua BC . Chung minh raing AM L IK.

= Loi giai
Goi O,N lan luot 1a giao diém cua
AH, AM Vvdi IK.
Taco MAK = I\TC?;(TKTA: OAK K

nén MAK +OKA = MCK +OAK =90°
Do do6 AM L IK.

7~ BAI 2. Cho hinh binh hanh ABCD c¢6 O la giao diém cua hai duong chéo, H 1a hinh chiéu vuéng
g6c ciia A 18n OD . Biét DAH = HAO = OAB, ching minh ring ABCD 14 hinh chit nhat.

(7 Loi gidi

Ké OK L AB tai K. Tas€ chitng minh BAD = 90" D c
That vay, ta co H
AOK =90° —OAK =90" —OAH = AOH . o
Do d6 AAOH = AAOK ( g—c—g), suy ra OK =OH
Vi OH 1 OD,DAH =OAH nén AADO cantai A, do |

A K B
d6 OH :%OD.

Ma ABCD 12 hinh binh hanh nén OB = OD , do vay OK = OH :%OB

Xét tam gidc OKB vuébng tai K cd OK =%OB nén OBK =30° = OAB =30°

Do d6 BAH =60°, BAD =90°. Vay ABCD la hinh chit nhat.

7~ BAI 3. Cho tam gi4c ABC c6 truc tdm H va | 1a giao diém cua cac duong trung truc. Goi E 1a
diém ddi xang cua A qua | . Chitng minh rang BHCE 14 hinh binh hanh.

(& Loigiai

Vi | 1a giao diém cuaa cac duong trung truc cia AABC nén IA=1B=1IC
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Ma IA=IE nén IA=1B=IC =IE . Xét tam giac e
AEC ¢6 | 1atrung diém AE,CI =%AE nén

AACE vubng tai C=CE 1L AC
Ma BH L AC nén BH //CE
Xét tam giac AEB c6 | 1a trung diém

AE, BI =%AE nén ~ABE vulng tai

B— BE L AB.Ma CH L AB nén CH // BE
Tu (1) va (2) tasuy ra BHCE Ia hinh binh
hanh.

7~ BAIl 4. Cho tam gi4ac ABC vudng tai A(AB < AC) c6 duong cao AH . Trén canh AC lay diém
E sao cho AE = AB. Goi M la trung diém cua BE. Chang minh rang HM 14 tia phan giac caa goc

ey
(2 Loigiai
Ké EK L BC tai K,ElI L AH tai | = IHKE Ila
hinh chit nhat, do d6 1E = HK . A
Ma EAI + HAB = 90° = HAB + HBA
Nén HBA=EAI
Lai c6 AB = AE nén AAHB = AEIA E
= AH = IE = HK R T
Vi céc tam gidc BAE, BKE lan luot vudng
va M 1a trung diém BE.nén M
1 ] .
AM = KM = BE. ; : " C

Do vy AAHM =AKHM (c—c—c)

— AHM = KHM , suy ra HM Ia tia phan giac

cua goc AHC
7~ BAI 5. Cho hinh thang can ABCD c6 AB//CD, ACD =60° va O 14 giao diém cua hai dudng
chéo. Goi E,F,G theo tht ty 1a trung diém cua OA,OD, BC . Tam giac EFG la tam giac gi? Vi sao?

@ Loigiai

TAI LIEU TOAN HOC
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Vi ABCD Ila hinh thang can nén AACD = ABDC
(c.9.c). Ma ACD = 60° nén BDC = 60". Khi do cac tam
giac OAB,OCD la cac tam giac déu.

Vi E,F lan luot 1a trung diém cia OA,OD nén

BE L OA,CF L OD va EF:%AD:%BC (1)
Xét cac tam giac BEC , BFC lan luot vuéng tai E, F

c6 G 1a trung diém cua BC nén EG = FG = % BC.

(2)

Tur (1) va (2) tasuy ra AEFG la tam gic déu.
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I/~ BAI 6. Goi H la hinh chiéu vuéng goc cua dinh B 1én duong chéo AC caa hinh chit nhat
ABCD va M, K lan luot 1a trung diém cua AH,CD.

1 Goi I,0 lan luot 14 trung diém caa AB, IC . Ching minh rang MO:%IC

2 Tinh sb do goc BMK
(& Loigiai
1/ Vi ABCD la hinh chit nhat va I, K lan luot &
trung diém cua AB,CD nén BIKC 14 hinh chit D K c

nhat. Do d6 O1la trung diém cuaCl, BK . N 0 7
Xét tam gidc IMC vubng tai M cé

MO:EIC
2

2/ Xét tam gidc MBK ¢6 MO =% IC =%BK

nén BMK =90°.
7~ BAI 7. Cho tam gidc ABC c6 d6 dai céc canh bang a,b,c, chu vi bang 2p va cac duong cao
tuong ng lan luot 14 h,m,n . Ching minh ring

a) (b+c)*>a’+4h’

b) h> +m?+n® < p°.

c) h*<p(p-a)

(¢ Loigiai
Qua A ké duong thang d song song véi BC vagoi D 1a diém 0

dbi xtrng cua B qua d
a) Tacd BD =2h. Xét tam giac vudbng BCDtai Bco

BD?+BC? =CD? <(AD+ AC)” = 4h* +a* = (b+c)*(})

b) Tu (1) suy ra

4h*<(b+c) —a’=(b+c+a)(b+c-a)=4(p-a)
Dodé h*><p(p-a)
¢) Tuong ty cau b) tacé m* < p(p-b) va n*< p(p-c). Cong

cac két qua trén ta duoc
h®’+m?+n*<p(p-a+p-b+p-c)=p’.
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7~ BAI 8. Cho hinh thang vudng ABCD ¢6 A=D =90°, AB = AD = % Qua diém E thudc

canh AB, ké dudng thang vudng goc véi DE , cat BC tai F. Chang minh ring ED = EF .
(2 Loigiai
Ké BH L CD tai H = ABHD la hinh vudng, do do

BH=ava DH=a=CH =a
Tacé BH =HD =CH =a= ABCD vuong tai B

Goi M 1 trung diém cua DF

taco EM = BM =%:> cac tam giac MEB, MFB can

tai M

Vi ABHD Ia hinh vuéng nén DBH =45 = ABC =135°

Lai c6 MEB + MFB = MBE + MBF = EBF =135, do d6 EMF =360" —2-135" =90°

Xét tam giac DEF cd EM la trung tuyén, dong thoi 1a duong cao nén ADEF can tai E nén
ED =EF

7~ BAI 9. Cho hinh chit nhat ABCD ¢6 BDC =30". Qua C ké dudng thing vuéng goc véi BD
tai E va cét tia phan giac ciia goc ADB tai M . Goi N,K Ian luot Ia hinh chiéu cia M Ién

AD, AB.

1/ Chang minh ring AMBD 14 hinh thang can.
2/ Chting minh rang ba diém N, K, E thang hang

(& Loigiai
1) Vi N,K lan luot 12 hinh chiéu cia M 1én .
AD, AB nén -
ANMK hinh chit nhat, \‘x\
Vi BDC =30° nén ADB =60’ \\
— ADM =MDB =BDC =30°( do DM latia ™. [
phan giac BDC) S

Vi DE la phan giac MDC va DE L MC nén
ADMC la tam giéc can tai D = DE la duong
trung truc cia MC = BM =BC

Vi BDC =30° nén DBC =60". Ma CEB = 90°
nén B/C\E:BO".

Do d6 CBM =180° —2-30° =120° = MBA = 30°
Vi MCB = MDA =30° nén MCD = MDC = 60°, do vay AMCD cantai M = MK 14
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duong trung truc cia CD (vi MD L AB nén MD L CD) Tirdo ta c6 MK la truc ddi xing cua
hinh chit nhat ABCD = MK 1a duong trung truc cua AB, vi vay MA = MB.

Do d6 MA=MB =BC = AD (1)
Lai c6 AMD = ADM = MDB =30° nén AM // BD (2)

Tur (1) va (2) tasuy ra AMBD la hinh thang can.

2) Vi M nam trén tia phan giac goc NDE nén MN = ME. Ma ANME cén tai M ¢co
NME =120° nén MNE =30°. ?)
Lai c6 MNAK I3 hinh chit nhat nén MNK = MAK = ABD =30°  (4)

Tur (3) va (4) tasuy ra N, K, E thang hang.

7~ BAI 10. Cho hinh chit nhat ABCD.
1) Chttng minh rang néu M 1a diém bat ky nam trong ABCD thi MA? + MC? = MB? + MD?
2) Két qua trén co thay doi khdng néu diém M nam ngoai hinh chir nhat?

@ Loigiai
1/K¢ cac duong D_ H c
ME L AD,MG L AB,MF L BC,MH LCD T M
A E H‘"“‘\L/ _4F

(nhu hinh v& bén). - |
Taco // !

MA? + MC? = ME? + MG? + MF2 + MH? (1) _— ;

MB? + MD? = MF2 + MG? + ME2 + MH? (2) A © ®

Tu (1) va (2) suy ra MA? + MC? = MB® + MD?

2) Trudong hop M nam ngoai hinh chit nhat ABCD ta Er
c6 hinh v¢

bén. Khi 46 MA? + MC? = ME? + EA? + MF? + FC?
3

MB? + MD? = MF? + FB® + ME? + ED?
(4)
Tur (3) va (4) suy ra MA? + MC? = MB? + MD?.
Vay néu M nam ngoai hinh chir nhat ABCD thi két
qua khong thay ddi.

/=~ BAI 11. Cho tam giac ABC . Vé ra phia ngoai tam giac ABC céc hinh chit nhat ABDE, ACFG,
BCHK . Ching minh ring cac dudng trung truc cua EG, FH, KD dong quy

(2 Loigiai
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Goi M 1a giao diém cua cac duong trung H
truc /
cta cac doan thang FH, DK . Ta co E !
MA? + MD? = ME? + MB? ,
MBZ? + MH? = MK ? + MC? oL
MC? + MG? = MF2 + MA? _
Cong cac két qua trén ta duoc ,’M e N\K
MD? + MH? + MG? = ME? + MK? + MF? - .

Vi MD = MK,MH = MF Nén s &
MG = ME .
Do d6 M nam trén duong trung truc caa /
doan thang GE .Vay cac duong trung ,
truc cua EG, FH, KD dong quy.

HINH THOI

Q Tém tat ly thuyét

Dinh nghia 1 . Hinh thoi 1a t&r giac c6 bdn canh bang nhau.
binh li 1. Trong hinh thoi
1 Hai duong chéo vubng gbc vaéi nhau.
2 Hai duong chéo 1a cac duwong phan giac caa cac goéc cua hinh thoi.
Hé qua 1 . Dau hiéu nhan biét
1 T giac c6 bdn canh bang nhau 1a hinh thoi.
2 Hinh binh hanh ¢6 hai canh ké bang nhau 1a hinh thoi
3 Hinh binh hanh c6 hai duong chéo vuéng goc vai nhau Ia hinh thoi.
4 Hinh binh hanh c6 mét duong chéo la duong phan giac caa mot géc la hinh thoi.

Q Mot sé vi du
-/

[Q Vi du 1. Cho tit gidc ABCDc6 A=40",D =80", AD = BC. Goi Eva F la trung diém ciia

ABva CD. Tinh EFD,EFC |

TAI LIEU TOAN HOC
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(2 Loigiai
Goi M, N theo tht ty 1a trung diém cua BD, AC . A
Tacé NF la duong trung binh cia AADC nén E .
NFC = ADC =80°, MF 14 duong trung binh cua
ABDC nén MFD =BCD =40".
Suy ra MFN =180" — (80" +40°) = 60°
Tu giac EMFN ¢6 bon canh bang nhau nén 1a
hinh thoi. 5 ’

F c

Dodé F,=F,=60":2=30"
Vay

EFD =30° +40° = 70°, EFC = 30° +80° =110,

Q Bai tap tu luyén

I/~ BAI 1. Xac dinh dang ciia mét ti giac, biét rang
1/ T giac d6 c6 hai truc ddi xang vudng goc véi nhau va khong di qua dinh cua ttr gi4c.
2/ T giac co hai truc d6i xtimg 1a hai dudng chéo cua no.

(2 Loigiai

Gia s tir giac ABCD ¢ hai truc d6i xang vuong goc d, D c
va d, nhu hinh v&. Khi d6
d, 1a duong trung truc cua AB va CD nén AB//CD o
d, la duong trung truc cua AD va BC nén AB//BC
Laic6 d, Ld, = AB L BC
Vay ABCD la hinh chir nhat A i B

) D
2/ Do BD latruc doi xieng nén BD la duong trung truc
cua AC
Nén DA=DC,BA=BCva AC L BD A h c

Do AC la truc déi xiang nén AC la dudng trung truc cua “

BD nén AD = AB
Vay ABCD Ia hinh thoi. B
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7= BAIl 2. Cho AABC. DPiém D thuoc canh AB, diém E thudc canh AC sao cho BD =CE . Goi
I,K,M,N theo thir ty 1 trung diém cia BE,CD, BC, DE
1/ Tu giac MINK Ia hinh gi? Vi sao?

2/ Chang minh rang 1K vuéng goc vai tia phan giac At cua goc A.
(& Loigiai

1/ Co
+MK 1a duong trung binh cia ACBD (1)

+NI 1a duong trung binh cia AEBD  (2)
Tur (1) va (2) suy ra MK = IN =%BD va
MK // NI // DB,

nén MINK Ia hinh binh hanh. (3)

Lai c6 NK la duong trung binh caia ADEC va
EC=BD,suyra NK=IN (4)

Tu (3) va (4), suy ra MINK Ia hinh thoi.

2/ Goi G,H theo thir tw 1a giao diém cua MN véi AC,BD.

+MI1/ICE = M\l = 51 (hai gbc so le trong)

+MK // BD = M, = H ( hai g6c so le trong)

+ Ma M, =M, (tinh chét hinh thoi). 3)

Tu (1),(2) va (3) suy ra AAHG cantai A. Ma At la phan giac trong BAC

— BAt= AHG = At// HG (do hai g6c bing nhau & vi tri ddng vi)

Laico HG L IK = IK 1 At

7~ BAI 3. Cho hinh binh hanh ABCD, AB =2AD, D =70°". Goi H 1a hinh chiéu cua B trén

AD, M la trung diém cua CD. Tinh s6 do goc HMC .

(Z Loigiai
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. . 2 _ |MN // DA /
Goi N Iatrung diém AB, co
DA 1 BH H

= MN L BH va MN di qua trung diém caa /
BH = MN 1la duong trung truc cua //
BH =M, =M,. AL
Lai co IT/I\Z:IV/I\3 va N/I\E:m:m".vay /
i /
HMC =3-35" =150". /

/o

/70

I~ BAI 4. Goi O 1a giao diém cua cac dudng chéo hinh thoi ABCD,E va F theo tht ty & hinh
chiéu cua O trén BC va CD. Tinh cac goc cua hinh thoi biét ring EF bang mot phan tu duong
chéo cua hinh thoi.

(& Loigiai
e  Xéttruong hop EF =%BD.
Goi | 14 trung diém OB .AEOB vuéng tai E nén

El =%BO _ EF = EFOI 12 hinh thoi, suy ra

AOEF can tai F, lai c6 OE =OF nén AOEF déu
— EOF =60° = ECF =120° = ABC = 60°

A

Vay khi EF:%BD thi C=A=120",B=D =60 E -

Xét truong hop EF =%AC .
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E E
\//’T: c F
c
Goi | 1a trung diém OC = EF =El = IF = IEF déu ACIF =30° = CIF =30° = IOF
15 = ODF =15 = D =30°=B va A=C =150°
7~ BAI 5. Trén cac canh AB,BC,CD, DA cta hinh binh hanh ABCD, Iy theo thir tu cac diém E,
M, N, F sao cho BM = DN, BE = DF . Goi I,0,K theo tht tu 1a trung diém cua EF,BD, MN

1) Chang minh rang ba diém 1,0, K thang hang.
2) Trong truong hop nao thi ca nim diém A, 1,0,K,C thang hang?

(Z Loigiai

1/ Trudc hét, ta chirg minh rang duong thang Ol tao véi AB va AD cac goc bang nhau.
Thay vay, goi Q la trung diém cua BF taco
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+1Q la duong trung binh cia AFBE = 1Q = % BE.

+0Q la duong trung binh cia ABFD = 0Q =%FD .

Ma BE = FD = QI =QO

e Néu ABCD la hinh thoi thi 1,0, A thiang hang. Twong tu K,O,C thang hang. Do d6 nim
diém A 1,0,K,C thing hang.

Néu ABCD khong Ia hinh thoi, ta c6 AQIO can. Goi G,H 1a giao diém cua Ol véi AD, AB. Ta

c6 O=1,Q10=H (goc ddng vi) va QOI =OGF (géc so le trong) nén G =H do d6 HG song
song Vvéi tia phan gidc Ax cua goc A. Tuong tu, OK song song véi phan gidc Cy cua goc C.
Nhung Ax//Cy, dodé 1,0,K thang hang.

I/~ BAI 6. Tt gidc ABCD c6 cac duong chéo cat nhau tai O va chu vi cac tam giac
OAB,OBC,0CD, ODA bing nhau. Chirng minh raing ABCD 14 hinh thoi.

(& Loigiai

Gia st OC > OA,OD > OB. Trén doan thang
oC
lay diém E, trén doan thang OD liy diém F
sao cho OE = OA,OF =OB . Ttrgiac ABEF la
hinh binh hanh, chu vi AOAB bang chu vi
AOEF Theo dé bai, chu vi AOAB bing chu vi
nén chu vi cac tam giac OEF va OCD bing
nhau, tac 14 EF = EC +CD + DF . Biéu nay chi
xay rakhi C trung E va D trung F . Vay
ABCD 12 hinh binh hanh. Theo d& bai, chu vi
AOAB biang chu vi AOBC , tic la
OA+AB+BO=0B+BC+CO
ma OA=CO nén AB=BC, viay ABCD la
hinh thoi.

7/~ BAI 7. Goi H la tryc thm cua tam giac déu ABC, duong cao AD. Lay diém M bat ki thudc
canh BC. Goi E va F theo thi tw 12 hinh chiéu caa M trén AB, AC . Goi | 1a trung diém cua
AM .

1 Xac dinh dang cua ti gidc DEIF .

2 Chuang minh ring cac duong thang MH, ID, EF ddng quy.

(2 Loigiai
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1/ ADAM vudng tai D, c6 DI 1a dudng trung tuyén nén DI :%AM (1)
AEAM vuéng tai E, c6 El la duong trung tuyén nén El =%AM (@)

Laico MIE = IAE + IEA=2IAE
MIE = IAE + [EA = 2IAE

DIE = DIM +MIE = 2(IAD + IAE) = 2DAE = 60" (3) %
Tur (1),(2) va (3) suy ra ADIE déu (4)
N
Chung minh tuong ty ADIF déu (5). |
Tur (4) va (5), suy ra DEIF la hinh thoi. L ’ \\h EH“ T~ \F
b) Goi O la giao diém cua ID va EF . Can ching (7 RS
minh M,0, H thiang hang. Goi N 1a trung diém cua E A ° //
AH ,tacé OH la duong trung binh cua . ”D
ADIN = OH // IN . B M ©

IN la duong trung binh cia AAMH = MH //IN . Suy ra OH va MH cung song song véi IN
hay H,0,M thing hang. Vay HM, ID,EF ddng quy.
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HINH VUONG.

Q Tém tat ly thuyét

Pinh nghia 1 . Hinh vuéng la tir gic c6 bdn goc vudng va c6 bon canh bang nhau.
Nhan xét. Ter dinh nghia hinh vuéng, ta suy ra
e Hinh vudng la hinh ché nhdt c6 bén canh bang nhau.

e Hinh vuéng la hinh thoi ¢ bon goc vudng.
Hinh vuéng vira la hinh chir nhat, vira 1a hinh thoi.
Tinh chat 1 . Hinh vudng c6 tat ca cac tinh chat ciia hinh chir nhat va hinh thoi.

Hé qua 1 . D4u hiéu nhan biét
©@Hinh chir nhat ¢ hai canh ké bang nhau 12 hinh vuéng.
@®Hinh chir nhat c6 hai duong chéo vudng goc vaéi nhau la hinh vudng.
©Hinh chir nhat c6 mot duong chéo 1a duong phan giac cuaa mot géc vuodng la hinh vudng.
OHinh thoi c6 mot goc vudng la hinh vudng.
@©Hinh thoi ¢6 hai duong chéo bang nhau 14 hinh vudng.

Q M6t sé vi du
N4

0 Vi du 1. VD 16 —tr 96

Goi M 1a diém bat ki trén doan thang AB.V& vé mot phia caa AB cac hinh vuéng AMCD ,
BMEF .

1) Chttng minh rang AE L BC .
2) Goi H 1a giao diém ciia AE va BC. Ching minh rang ba diém D, H,F thang hang.

3) Chung minh rang duong thing DF ludn di qua mot diém cd dinh khi diém M chuyén dong
trén doan thang AB c¢b dinh.

(Z Loigidi
1) Xét ACAB, tacé CM L AB,BE L AC (vi BE L MF , MF // AC). Suy ra AE L BC
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2) Goi O Ia giao diém cia AC va DM. Do AHC =90°nén, OH =A—2Cdo d6 OH =¥.

Tam gi4c MHD c6 dudng trung tuyén HO D,
bing nira DM nén I\WI-WD:QO"(l) oA \H

Chang minh tuong tu
MHF =90° (2)
Tur (1) va (2) suy ra D,H, F thing hang.

3) Goi | la giao diém cia DF va AC;

ADMF ¢6 DO =0OM , Ol // MF
nén | 1atrung diém cua DF
Ké 11’ L AB thi I’ 1a trung diém cua AB va

_AD+BF _AM+MB AB
2 2 2

"’

Do d6 1 1a diém cb dinh: 1 nim trén duong trung truc cia AB va cach AB mat khoang bang %

Q Bai tap tv luyén
W

7~ BAI 1. Tir gidc ABCD c6 E,F,G,H theo thir ty 1a trung diém cua AB, BD, DC,CA. Tim diéu
kién cua tir giac ABCD dé EFGH 14 hinh vudng.

(& Loigiai
+EF la duong trung binh cia ABAD B
= EF =%AD va EF// AD

+GH 1a duong trung binh caa ACAD

= GH :%AD va GH // AD

Tu gidc EFGH c6 EF // GH va EF =GH . Suy
ra EFGH la hinh binh hanh.
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+ Tacingco EH//FG//BC;
EH=FG="5C.

2
biéu kién dé hinh binh hanh EFGH trd thanh
hinh vuéng la EF L EH va
EF =EH < AD 1 BC va AD=BC (hinh vé
bén).

7~ BAI 2 Cho hinh vuéng ABCD, diém M nim trén dudng chéo AC . Goi E,F theo thir ty la
c4c hinh chiéu cia M trén AD,CD . Chimng minh rang:

1) BM vubng goc véi EF.
2) Cac duong thang BM, AF,CE ddng quy.

(Z Loigiai

1) Goi K 1a giao diém cua EM va BC. Vi M
nam trén duong chéo AC cua hinh vudng nén: =

+ AEAM vubng can tai E, suy ra \ PP
EM = EA= BK _
+MFCK Ia hinh vubng, suy ra MF = MK \

Vay AEMF = ABKM (c.g.c) nén MFE = KMB H X Y
Goi H 1a giao diém cua BM va EF , tacd \

EMHzﬁ/IT(,suyragvmﬂWF\H. Y

Ma EMH + HMF = 90°
nén MFH + HMF = 90° = MHF =90° hay
BH L EF.Vay MB L EF
2) AADF = ABAE (c.g.c), suy ra DAF = A/\BTE, ma EAF + FAB =90° = FAB + ABE = 90°
suy ra AF L EB. Ching minh tuong ty, CE L BF .
Vay BM, AF,CE la cac duong cao cia ABEF nén chung ddng quy.

[/~ BAI 3. Cho hinh vudng ABCD. Piém E nam trong hinh vuéng sao cho tam giac ECD can c6
goc day bang 15°. Ching minh rang AABE 14 tam giac déu.
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(& Loigiai

V& diém | trong hinh vudng sao cho AIAD can tai | ¢c6 A B
g6c & day bang 15°
AIAD = AEDC (g.c.g )= ID=ED

E>\E=A[>/\c—(ﬁ+ﬁ>\c):90°—30° —60°

Vay AIED déu.
AIE = 360° —(A/E + EE) = 360" — (150° +60°) =150°

— AIE=AD 5 c

Suy ra AIAE = AIAD (c.g.c ) nén EA=AD.

Chang minh twong tw AECB = AEDA = BE = BC.

Viy BE = AE=BC.
7/~ BAIl 4. Cho 44BC cantai A, goc day 75° va hinh vudng BDEC ( cac diém A, D, E nam
cung phia déi véi BC ). Hiy xac dinh dang cua AA4DE .

(& Loigiai

V& tam giac déu BIC vao trong hinh vuéng. A

ABI = ABC - IBC = 75" — 60" =15°

ABD =90° - ABC =15". Suy ra ABDA = ABIA(c.g.c ),

— D E
suy ra DA= Al va DAB = IAB
I
Chang minh tuong tw ACAI = ACAE = AE = Al
va IAC =CAE . Suy ra AD = AE = Al va
DAE = 2BAI +2CAl = 2BAC =60’ 5 c

Vay AADE déu.
7/~ BAI 5. Cho hinh vudng ABCD, diém E thudc canh CD, diém F thudc canh BC . Ching
minh ring chu vi ACEF bing nira chu vi hinh vuéng khi va chi khi EAF = 45°

(2 Loigiai

TAI LIEU TOAN HOC
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Trén tia d6i cua tia DC ldy DK = BF,AADK = AABF A B
(c.9.c) nén AK = AF,KAF =90°.

*Ta ching minh ménh d& " EAF = 45° thi chu vi CEF F
bang nira chu vi hinh vuéng".

EAF =45 = EAK =45 = AEAK = AEAF (c.g.C)

= EK =EF

Do d6 chu vi ACEF bang
CE+CF+EF =CE+CF+EK =

CE+CF+ED+DK =CE+CF +ED+FB (bang nia
chu vi hinh vuéng ).

*Ta chiing minh ménh d& "Chu vi CEF bing nira chu vi hinh vuéng thi EAF = 45° "
CE+CF +EF =CB+CD = EF =ED+BF = EF =ED + DK = EK
AEAK = AEAF (c.c.c )= EAK = EAF = EAF =45°

7~ BAI 6. Cho hinh vuéng ABCD, didm M thugc canh AB . Tia phan gidc cia MCD cét canh
AD & N . Cho biét BM =m,DN =n. Tinh d6 dai CM theo m va n.

(¢ LoiBai
Trén tia d6i cua tia BA iy diém K sao cho BK =
DN =n;

A M B
ADCN =ABCK = C, =C, va DNC = BKC (1)
Ma [TI\E:N/C\B(soIetrong):N/[f:=éz+ N
C,=C,+C,=MCK (2)
2 3

Tur (1) va (2) suy ra AMCK cén tai M, vay CM = b =

MK =m+n

7~ BAI 7. Cho hinh vuéng A'B'C'D’ nam trong hinh vudng ABCD sao cho thi tir cac dinh theo
ciing mét chiéu nhu nhau ( tic 1a néu vé hai duong tron, mdi duong tron di qua cac dinh cua mot
hinh vudng, thi chiéu di trén duong tron tir A lan luot B,C,D vati A’ lan lugt qua B',C’,D’ la
nhu nhau). Ching minh rang trung diém cac doan thiang AA’, BB’,CC’, DD’ la dinh cua mét hinh
vuoéng.

(Z Loigiai
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Gol E, F, G,H th tu;’ 1a trung diém cua AA’, BB’, CC’, DD".
Goi |, K la trung diem BC’, CD’.

FI 1a duong trung binh ABB'C' nén FI //B’C’ va
Fl =%B'C’ (1)

EX B
GK la duong trung binh ACC'D' nén GK //C’D’ va
GK :%C'D' (2)

<
\
—

Laicé B'C'=C'D' va BC' LC'D" (3)

Tu (1),(2) va (3) suyra {FI =Gk

H__,
4
FI L KG ( )

D
) _ , |Gl =HK
Chung minh tuong tu ta cd

C
5
Gl L HK ()

FI =GK

Tir (4) va (5) taco { FIG = GKH = AFIG = AGKH = FG = GK va GF L GH ( tinh chét hai goc
IG = KH

bang nhau c6 cip canh twong ng vudng goc).

Chung minh tuong tu ta dugc GH = HE = EF = FG, tir d6 suy ra EFGH 1a hinh vuéng.

7/~ BAI 8. Cho hinh vudng ABCD. L4y cac diém E,F theo tht tu thuoc cac canh AD, AB sao
cho AE = AF . Goi H la hinh chiéu caa A trén BE. Tinh CHF

(2 Loigiai

A =B

A =
7
AD = BA = AADK = ABAE
ADK = EAB

Goi K 1a giao diém cia AK va DC

— DK = AE = AF = BFKC lahinhchitnhat E TR\S---l. N\ /
Goi O I tam hinh chit nhat BFKC
Xét AHKB vubng tai H nén .
HO=%KB=%FC:> AHCF vuong tai H. ’
Vay CHF =90",

\
\
/

C
7~ BAI 9. Cho diém M thudc canh CD cua hinh vudng ABCD . Tia phan giac cua g6c ABM cit
AD ¢ | . Chuang minh: Bl <2MI .
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(¢ Loigiai

V& MH L BI,MH cit AB tai E.Do BI la phan giac B C
ABM 3
nén E d6i xing véi M qua BI . Tacd '
ME = 2MH < 2MI (1) 7 SR M
Ké MK L AB, xét AMKE va ABAI c6 7

|_3,l = |\7|] ( Gbc cb canh twong trng vudng goc ) /’/

MK = BA o/

K=A=90 A — I/ b
— AMKE = ABAI = ME = BI (2) E

Tu (1) va (2) suy ra Bl <2MI.
=~ BAI 10. V& ra phia ngoai cia mot tam giac cac hinh vudng canh la canh caa tam giéc.
Chtng minh rang:

1) Cac doan thang néi trung diém mét canh cua tam giac véi tdm cac hinh vudng dung trén hai
canh kia bang nhau va vudng goc vai nhau.

2) Poan thiang néi tam hai hinh vudng bang va vudng géc vaéi doan thang ndi tm hinh vuéng thir
ba vai dinh chung ctia hai hinh vuong trudc.

(Z Loigiai

1) Vi A’ la tdm hinh vudng canh BC nén A’D=%BC.

Vi EF la duong trung binh AABC nén EF :%BC

Vay AD=EF. (1)

Ching minh tuong tu: FD=EB'. (2)

C6 AD LBC = AD L FE (3)

. [FD|AC
Lai c6 — FD 1 EB'(4)
AC L EB’

Tir (3).(4)= B'EF = FDA' (g6c c6 canh tuong tng vudng goc) (5)

Tu (1),(2) va (5) suy ra AADF = AFEB'( c.g.c )
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— FA'=FB' vd FB'E = AFD, ma EB' L FD = FB' | FA’

b) Xét AAFA’ va AC'FB' c6
AF =C'F (do C’ 1a tdm hinh vudng canh AB)
FB'= FA'(cmt)
AFA'=B'FC' (g6c co canh tuong (ng vudng goc)

= AAFA' = AC'FB'= B'C’'= AA’ va B'C' L AA" (canh tuong tng vudng gdc cua hai goc bang
nhau).

7~ BAI 11. Cho tam gi4c ABC . V& vé phia ngoai tam giac cac hinh vudng ABDE, ACFG ¢4 tam
theo tt ty M, N . Goi |,K theo tht tu 1a trung diém cua EG,BC.
1) Chirng minh rang KMIN 12 hinh vuéng.
2) Néu tam giac ABC c6 BC cb dinh va dudng cao twong tng bang h khong di thi | chuyén
dong trén duong tron nao?
(@ Loigiai
1) Xét AAEC va AABG co6
AE = AB
EAC = BAG (g6c c6 canh twong &rng vuong géc)
AC = AG
= AAEC = AABG = EC =BG va EC 1 BG (canh
twong ung vudng goc).

Lai c6: MK la duong trung binh ABEC nén

MK =%CE va MK // CE

NK la duong trung binh ACGB nén NK =%BG va

NK // BG

Do d6 MK =KN va MK L KN . Tu giac KMIN c¢c6 MK =KN va MK L KN nén Ia hinh vuong.
2) Do EA L AB vaEA// PG nén PG L AB.
{PG 1 AB

= PGA=BAC
GA L AC

Xét APGA va ABAC c6
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PG = BA(= EA)
PGA=BAC = APGA=ABAC (c-g-C)
AG = AC

= PA=BC va PA L BC (canh twong tng vudng géc cua hai goc bang nhau).
Suy ra | chuyén dong trén dudng thang song song véi BC, cach BC mot khoang h +%BC :

=~ BAI 12. Cho tt giac ABCD. Goi E,F,H theo tht ty 14 tam cac hinh vudng cé canh
AB,BC,CD, DA dung phia ngoai tir gi4c. Ching minh rang

1) Tir giac EFGH c¢6 hai dudng chéo bang nhau va vudng goc vai nhau.

2) Trung diém cac dudng chéo cua cac ta gidc ABCD, EFGH 1a dinh ciia mét hinh vudng.

(# Loigiai

1)Goi K 1a trung diém cua AC , theo bai 10
phan

a)taco KE=KF,KE L KF,KH =KG

KH 1 KG, suy ra AFKH = AEKG (c.g.c).
Suyra FH =EG va FH L EG.

2) Goi M, N thir tw 13 trung diém cua HF ,
EG thi KM,KN la cac dudng trung tuyén
tuong tng cua hai tam giac trén, do do

KM =KN,KM L KN . Vay AMKN vubng céan
tai K.
Goi | 1a trung diém cua BD, chirng minh
twong tu, AIMN vubng can tai | . Do d6 IMKN
14 hinh vuéng.

7~ BAI 13. Cho bén diém E,G, F,H . Dung hinh vuéng ABCD c6 bén duong thiang chira canh di
qua bén diém E,G,F,H

(Z Loigiai
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Phan tich. Qua G, v& Gl L EF,cit CD & K G 5

A
Taco AGG'K =AFFE nén GK = EF . Ta dung dugc 1
HK laduong thang chira canh hinh vuéng. |

Céach dung

+ Dyng duong thang Gl vudng goc véi EF tai | .
+ Dung diém K trén Gl sao cho GK = EF .

+ Dyng duong thang AD, BC lan luot qua E, F
vubng goc voi HK tai D,C

+ Dyng duong thang qua G vudng géc véi AD, BC
tai A, B.

Bi¢n lugn. Qua G, c6 thé vé Gl L EF , hoac
Gl L EH , hoic Gl L HF . Véi mdi cach trong ba
cach trén, c6 hai cach chon K

(chang han trén duong thang Gl L EF, ¢6 hai diém K va K’ sao cho GK =GK'=EF).

Do d6 bai toan c6 3x2 =6 (nghiém hinh). Riéng truong hop mot trong hai diém K hodc K’ tring
véi diém thir tu, bai toan c6 vo s6 nghiém hinh.

7~ BAI 14. Cho ba diém E,O, F . Dung hinh vuéng ABCD nhan O 1a giao diém hai dudng chéo,
E va F tht tu thudc
1) Cac duong thang AB va CD;
2) Cac duong thang AB va BC.
(& Loigiai
1)Dung E’ dbi xting véi E qua O, dung F' ddi xang véi F A E F B

qua O. Ta xac dinh duoc cac duong thing AB va CD lan luot
diqua E,F’' va F,E".

e Dung cic diém M, N la hinh chiéu cia O Ién AB va o
DC .

e Dung cac dinh A,B,C,D cua hinh vuéng.
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2)Dung diém E' ddi xang véi E qua O, dung F’ dbi xting A E B
véoi F qua O. "
Dua bai toan vé dung hinh vudng biét bon diém thudc bén [ L
duong thang chira canh hinh vuéng (bai 13) s

7~ BAI 15. Cho ba duong thiang a,b,c. Dung hinh vuéng ABCD ¢ A thudc a,C thudc b con
B va D thuoc d .

(# Loigiai
Phan tich: Goi C ddi xang véi A qua d, ma A thuoc
a nén C thuoc a’ doi xang véi a qua d . Mat khac C
thuoc b.
Céach dung.

+ Dung duong thang a' ddi xing véi a qua d,a’ cat
b tai C.
+ Duyng A ddixang véi C qua d, sau d6 dung B, D

Bién lugn.

Néu d cit cac dudng phan giac caa cac goc tao boi
hai duong thang a va b, hodc dudng thang song song
cach déu a va b, bai toan c6 mot nghiém hinh.

Néu d song song (hoic tring) véi mot duong phan
giéc cua
céc goc tao bai hai duong thiang a va b hodc duong
thang song song cach déu a va b, bai toan khong co
nghiém hinh (hozc v sé nghiém hinh).
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.
, DA GIAC
. J
PA GIAC.

Q Tém tat ly thuyét

Da giac AAA,...A, lahinh gdm n doan thang (n>3), trong d6 bat ki hai doan thang nao c6 diém
chung ciing khéng cung nam trén mot dudng thang.

Da giac 16i 1a da giac nam trong mét nira mat phang ma bo 1a duong thang chira bat ki canh nao caa
da giac do.

Khi néi dén da giac ma khong ch thich gi thém, ta hiéu d6 1a da giac 1.
Tong s6 do cac goc clia da gide n canh la (n—-2)-180°.

Pa giac déu 1a da giac co tit ca cac canh bang nhau va tat ca cac goc bang nhau.

Q Mot sd vi du
-/

[0 Vi du 1. Téng cac goc cua mot da gide n canh trir di goc A ctia nd bang 570°. Tinh n va A.

= Loi giai

Tac6 (n—2)-180°— A=570" nén A=(n-2)-180°"—-570°
o R o A . . . 570 1 1
Do 0° < A<180° nén 0<(n-2)-180° -570° <180 <:>O<n—2—ﬁ<1c>56<n<6€

Do n lasb ty nhiénnén n=6 va A=(6—2)-180°—570° =150".

3 Vi du 2. Ngii gidc déu ABCDE c¢6 cac duong chéo AC va BE cat nhau & K . Chitng minh
rang CKED & hinh thoi.
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w Loi giai
L 5-2)-180°

GOc cua ngii giac deu bang # =108". A
Tam giac ABC cantai B c6 ABC =108" nén A =C, =36". L/ 2
Do do A, =C, =108 —36" = 72" B = E
Taco C,+D=72"+108 =180 nén AC//DE.

VA&
Churng minh tuong tu, BE//CD. v J

C D

Do @6 CKED la hinh binh hanh.

Talai c6 CD = DE nén CKED Ia hinh thoi.

Q Bai tap tv luyén

1. Pa Giac

7~ BAI 1. Tinh sb canh ciia mot da giac, biét rang da giac d6 cé:
1) Téng cac goc trong bang tong cac goc ngoai (tai mdi dinh cua da giac chi ké mot goc ngoai);
2) S6 duong chéo gap doi sé canh;
3) Tdng cac goc trong trir di mot goc cua da giac bang 2570¢ .

, = Loi gidi
Gol s0 canh cua da giac 1a n.
1. Taco (n—2)-180° =2-180°. Ta tim dugc n=4.
n(n-3
2. Taco %zZn.Tatimdu’qc n="7.
3.Tacé (n—2)-180° — A=2570° nén A=(n-2)-180" —2570".
Do 0" < A<180° nén 0<(n—2)-180—2570<180<:>16%< n<17%.
Do n la sb ty nhién nén n=17.

7~ BAI 2 Cho ngii gisc ABCDE . Goi M,N,P,Q theo thir ty 1a trung diém cua AB, BC, DE, AE;

goi | 1a trung diém cua NQ, K 1a trung diém ciia MP . Ching minh rang IK //CD, IK :%CD.
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. Loi gii
Goi F la trung diém cua CE
Khi d6 ta co PF,KI lan luot 1a duong trung binh cia AEDC va AMPF

Do d6 IK//PF va PF//CD=>IK//CD

1 1

Lai co IK=£PF va PF==CD = IK==CD
2 2 4

I/~ BAI 3. Chitng minh rang néu mét luc giac c6 céc goc bang nhau thi hiéu cac canh dbi dién bang

nhau.
= Loi gidi
K¢ cac tia phan giéc cua géc B, D, F, ching cat nhau tao
thanh AGHI nhu hinh vé.

Tong sé do cac goc trong hinh luc giac 1a
(6-2)-180" =720".

Ma cac g6c bang nhau nén s6 do mdi goc 1a 720° 16 =120".

Khi d6 ta 6 BCD +CDI =180° = BC / /DI

= BCDI Ia hinh thang.

Ma CBI =CDI nén BCDI Ia hinh binh hanh.

Tuong tu ta cO HDEF, ABGF la hinh binh hanh.

= FE=HD,ID=BC,AB=FG,HF =DE,CD =BI,BG =/
= AB-DE=FG-HF =HG,FE-BC =HI,CD - AF =B(

Ma cac g6c cua AHGI bang 60° nén AHGI 1a tam giac
déu.

= HG=Gl=Hl = AB-DE=FE-BC=CD-AF

oA
G
H 7 /D
E E

7~ BAI 4. Luc glac ABCDEF ¢6 s do cac goc (tinh theo d6) 1a mot sé nguyén va

C-D=D-E=E-F.Gia tri 16n nhat caa A c6 thé bang bao nhiéu?

= Loi giai
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Tong cac goc trong luc giac bang (6-2)-180° =720

~ ~

Pit A-B=B-C=C-D=D-E=E-F=qa,tacé

= A+(A-a)+(A-2a)+(A—-da) + (A-5a) = 720°

= 6A-15¢ = 720° = 2A =5¢ + 240°

Do A la s nguyén va chia hét cho 5 nén A<175".

Gia tri 16n nhit cia A 13 175° khi o = 22°.

2. Pa giac déu

7~ BAI5. Goi M la diém bét ki trong tam giac déu ABC . Cac diém A’,B’,C’ la hinh chiéu cua
MA’ +MB' + MC’

AB'+BC'+CA"

M trén cic canh BC, AC, AB. Tinh ti s6
w Loi giai

Qua M V& cac duong thang song song véi voi cac canh

cia AABC, chling cit mdi canh thanh ba doan thing

NP,N‘Q, P'Q" nhu hinh v&.

bat P'Q'=x,NQ=y,NP=2z,tacd

xV3  yV3 23
2 2 2

J3

2

MA'+ MB'+MC' =

=(Xx+y+2z)

AB’+BC’+CA’=(Z+%J ( j y+— j (x+y+2)(2).

Tur (1) va (2) suy ra MA'+MB'+ MC =£.
AB'+BC'+CA" 3

7~ BAI 6. Cho lyc giac déu ABCDEF,M va N theo thir tu 1a trung diém cia CD, DE . Goi | la
giao diém cua AM, BN .

1) Tinh AIB
TAI LIEU TOAN HOC
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2) Tinh OID(O 1 tim ciia luc gidc déu).

Hudng dan: Chiing minh rang 10, ID 1a céc tia phan giac cua hai goc ké bu.
w Loi gidi

a) AADM =ABEN (c.g.c)nén A =B,

Goi O 1a giao diém cua AD va BE,K la giao diém cua

AM va BE.Taco BIK = AOK =60°". Vay AIB = 60°
b) Vé OG L AM,0OH 1L BN. Taco aOGA=20OHB
(canh huyén - géc nhon) nén OG =0OH .

= 10 latia phan giac cia géc AIN

Vé EE' L BN,DD’' L AM, DD, L BN

Taco EE'= DD’ (bang hai lan cac doan thang bang nhau OH,0G)

Ma EE'=DD, nén DD, = DD’

= ID la tia phéan gi4c cua goc MIN . Tir (1),(2) suy ra OID =90°

7~ BAI 7. Chang minh ring ngii giac c6 nim canh bang nhau va ba géc lién tiép bang nhau 13 ngi
giac déu. A

= Loi gidi

Truéc hét, xét ti giac ABCD, tacé B=C, AB=CD

nén ABCD Ia hinh thang can = BAD = CDA. Do d6 BAE =CDE C 4
Chtng minh twong tu d6i véi tir giac ABCE ta dugc C = E
Viay A=B=C=D=E hay ABCDE la ngii giac déu.

I/~ BAI 8. Chitng minh rang trong da giac déu 9 canh, hiéu gitra dudng chéo 16n nhat va duong
chéo nho nhit bang canh cua no.

» Loi giai I D
Goi ABCDEFGHI 1a da giac déu 9 canh, AE Ia
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duong chéo I6n nhat, BD 1a duong chéo nho nhit,

ABDE Ia hinh thang can.
V& BM L AE, DN L AE, ABC =140° nén ABM =30’
Tacd6 AM =% nén AE-BD = AB

7~ BAI 9.

1. Tim s6 N sao cho mit phang cd thé dugc phu kin bai cac da giac déu bang nhau c6 Nl canh.

2 CO ton tai cac ngil giac bang nhau (khdng yéu cau déu) dé pha kin mat phang khéng?

3. Po cac goc cua da giac déu N canh 1a sb tu nhién. C6 bao nhiéu gi tri caa Nl théa man bai toan?
w. Loi giai

(n-2)-180

. < ne(3,46}.

1. Theo dé bai ta co 360:

2. C6. Chang han ngii giac 1a nira cua luc giac déu.

(n-2)-180 360

3.Tacod eN=180-—eN=1360:n
n

Phan tich 360 ra thira s6 nguyén té ta dugc 360 = 2%-3%-5.
S6 360 ¢6 24 wac ty nhién. Do n >3 nénta loai cac sd 1va2 .

Vay c6 22 gia tri cua N thoa man bai toan.
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DIEN TiCH CUA PA GIAC.

Q Tém tat ly thuyét

Dién tich hinh chit nhat: S =a-b (a 1a chiéu dai, b 1a chiéu rong).
Dién tich hinh vuang: S =a°(a 1a canh).
Dién tich tam giac: S =%ah (ala canh, h 1 chiéu cao twong ng).

2

. N 3, .,
Dién tich tam giac déu: S = (a lacanh).

Dién tich hinh thang: s =%(a+b)-h(a va b 1a hai day, h 1a chiéu cao).
Dién tich hinh binh hanh: s =a-h(a la canh, h la chiéu cao twong ung).

Dién tich hinh thoi, dién tich t giac ¢6 hai duong chéo vubng goc: S =%d1dz (d, va d, 12 hai

duong chéo).

Q M6t sd vi du
AN

3 Vi du 1. Tinh dién tich hinh thang ABCD c6 canh bén AD = a, khoang cach tir trung diém E
ciia BC d&én AD bang h.

w Loi giai
Qua E, ké duong thang song song v6i AD, 4 B M
cit AB va CD theo thttutai M va N .
Xét AENC va AEMB c6 H
E
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M/I?E = E/C\N (so le trong)

EB = EC(E la trung diém cua BC)
BEM = NEC (déi dinh)

Do d6 AENC = AEMB( g.c.g ) = SAENC = SAEMB
Cong SABEND Vao 2 vé ta dugc SABCE = SAMND
AMND Ia hinh binh hanh nén S, = AD-EH =ah

Vé.y SABCD = ah (dO’n Vi dlén tiCh)

L Vi du 2. Tam giac ABC c6 ba gdc nhon, vé& cac duong cao BD,CE . Goi H, K theo thir tu
Ia hinh chiéu cia B,C trén duong thang ED . Chung minh rang:

1. EH=DK

2. SABEC + SABDC = SBHKC

= Loi giai

a) Goi M, 1 theo tht ty 1a trung diém cua BC va ED.

. 1 -
AMDE ¢6 MD =ME(  cling bing EBCJ A I
P E/T 0
nén la tam giac can. Do d6 MI L ED.
H
Hinh thang BHKC ¢6 BM = MC,MI //BH //CK \
nén | 1a trung diém ciia HK B E I' DM P

Tacoé IH =1IK,IE=ID nén EH =DK .

b) V& EE’, 11", DD’ vubng goc voi BC.

Taco Il' 1a duong trung binh cua hinh thang EE'D'D
nén II’=%(EE'+ DD’). Do do

S.eec +S,80c =%BC-EE'+%BC-DD'=%BC(EE’+ DD’)= BC-II'
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Qua |, v& duong thiang song song véi BC, cat BH va CK ¢ P va Q.

Taco BC-II'= SBPQC (2).
Talai €6 sPIH =aQIK( 9.c.9 ) NéN S,y =S, o, do d6 Sgpge = Sgie (3)-

Tir (1),(2),(3) suy ra S,gec +5,50c = Sgke dinh cita hinh binh hanh 1a trung diém hai canh ddi
cua t giac. Chizng minh ring dién tich hinh binh hanh bing nira dién tich tir giac.

3 Vi du 3. Cho hinh binh hanh ¢6 bé dinh nam trén bén canh cua mét tir giac, trong d6 c¢6 hai
dinh caa hinh binh hanh Ia trung diém cua hai canh ddi cua tir gidc. Chirng minh rang dién tich
hinh binh hanh bang nira dién tich ti giac.

= Loi giai
X6t tir giéc ABCD va hinh binh hanh EFGH ¢6 E,G 1 trung diém cia AB,CD . Goi O Ia tam

cta hinh binh hanh EFGH, M va N 1a trung diém cua BC va AD.Do EMGH ciing 14 hinh
binh hanh nén O ciing 1a trung diém cia MN . Xét hai trudng hop:

a) Néu F khong tring M thi FMHN 14 hinh binh hanh.

Khid6 FM //NH nén BC//AD.

Suy ra ABCD Ia hinh thang. E = G

1

EFGH — E SABCD

D¢ thz?iy > A NH D

1

EFGH — SEMGN = E SABCD :

b) Néu F trang M thi H tring N . Khi d6 S

£ Vi du 4. Tinh dién tich hinh thang c6 hai dudng chéo dai 6 m va 10 m, doan thing néi trung
diém hai day bang 4 m

= Loi giai
Goi ABCD Ia hinh thangcd AB//CD,BD=6 m,AC =10 m.

Goi E,F,K theo thir tu 13 trung diém cua AB,CD,BC.

Khi do

+EK' 1a duong trung binh cia AABC nén EK =A—ZC= 5m
L 4

+FK 1a duong trung binh cia ABDC nén FK =% =3m
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Taco EF? + FK? =3° +4* =25=5% = EK?

nén theo dinh li Pytago dao suy ra EFK =90",
Goi H 1a trung diém cua AD.
Dé dang ching minh duoc EHFK 14 hinh binh hanh

nen Sepy =2+S.cn = EF-FK =12 m?.

Dé dang Chﬁ'ng minh dlIO'C SABCD = 2 ' SEHFK .

Vay Sgep =24 m?.

* Cac doan thing EF, AC, BD ddng quy vi trong hinh thang trung diém cuta hai day va giao diém
ctia hai duong chéo 1a ba dim thang hang, xem B d& hinh thang & Nang cao va phat trién Toan 8
tap hai.

Q Bai tap tw luyén

1. Dién tich hinh chir nhat, hinh vudng, hinh tam giac

7= BAI 1. Cho mot hinh chit nhat c6 céc kich thuéc 1a @ va b(a va b co cung don vi do). Cac tia
phan giac cac goc cua hinh chir nhat cat nhau tao thanh mot tir gidc. Xéc dinh dang tir giac d6 va
tinh dién tich cua né.

= Loi giai

Xét AABG taco GAB =GBA=45". Suyra AGB =90°

Tuwong tu ta ching minh dugc EFGH a hinh chix nhat. 3 E 7
Mat khac ta co aAGB céntai G suyra AG =BG.

Ta cling c6 AAHD = ABFC (g.c.g). b

= AH =BF D '

Vay ta thu dugc HG = GF . Khi d6 EFGH 1a hinh vuéng.

Do AAGB 0 an tai G G=—F
0 AA vuong can tal suy ra A .
g : y /—2
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AD
Tuong tw AAHD vuodng can tai H suy ra AH =$.

Ta tinh dugc HG = |a_b|_ VAY Sergn = (a-b)’
: 7V ;

7~ BAI 2. Tam gi4dc ABC vuong tai C c6 BC =a, AC =b, Vé phia ngoai tam giac ABC , vé& tam
giac DAB vudng cantai D. Goi H, K theo thi tu 12 hinh chiéu cua D trén CB,CA, Tinh dién
tich cua tur gidc DHCK .

w Loi gidi

Ta ching minh duoc AAKD = ABHD (canh huyén - géc nhon).

Suy ra KD = KH. D& thay DHCK  1a hinh chir nhat. K D
T

Vay DHCK la hinh vuéng. A

Taco =AC+CB

CK+CH =CA+AK+CB-BH

=a+b(ViAK=CH). . ]

Suy ra CK =aT+b

o (a+b)?
Vay dién tich hinh vuéng la I

7~ BAI 3. Tam giac ABC vudng tai A, c6 BC =a, AC =b, AB =c, dién tich S . Chitng minh
ring 4S =(a+b+c)(b+c-a)

= Loi gidi
Tacéd
(a+b+c)(b+c—a)=(b+c+a)(b+c—a)=(b+c)*—a’ =b*+c*+2bc—a’ = 2bc (vi b* +c? :az)

Ma s =%bc. Vay (a+b+c)(b+c—a)=4bc
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I/~ BAI 4. Cho tam giac ABC vudng tai A, cac dudong phan giac cua cac géc B va C cit nhau ¢
| . Biét hinh chiéu cia 1B, IC trén BC c6 do dai lan luot 12 m,n. Tinh dién tich cua tam gi4c
ABC.

= Loi giai
7 2 ~ =7 ~ Ve A C

Taco | 1a giao diém cua ba duong phan giac nén cach déu ba
canh. Goi H,M,N theo tht tu 13 hinh chiéu cua | trén H
BC, AB, AC.

i ‘ L i
Taco | 1a giao diém cua ba duong phan giac nén cach déu ba
canh. Goi H,M,N theo tha tu 12 hinh chiéu cua | trén 7 u j\;

BC, AB, AC .

Pat IH =IM = IN = x. Khi d¢

AM = AN =x,BM =BH =m,CN =CH =n
Theo dinh ly Pytago, ta c6

(X+m)* +(x+n)* = (M+n)> = x> +xm+xn=mn

Mat khac

1 1 1
S=§~AB~AC:E(x+m)(x+n):5(x2+xm+xn+mn):mn

I/~ BAI 5. Cho tam giac ABC.M 1a trung diém cia BC . Goi O la mot diém bat ki. Tim lién hé
gitra di¢n tich cac tam giac OAM,OAB,OAC .

. Loi gidi
V& MM', BB’,CC’ vudng goc v6i OA. Ta xét hai truong hop:
Truong hop 1: B,C nam khac phia so véi OA.

1. Néu BB'>CC’. Goi | 1a giao diém cua AO va BC . Khi do

MM’/ /BB = 2 _ 1B
MM’ IM
A
Turcmg‘u}fMM’//CC’:>£=£
MM’ IM
BBS CC IB-IC M

=>———= B C
MM MM IM M ?\{
(.'If
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_ IM +MB-MC +IM

Nhu vay %:2 hay BB'—CC'=2-MM’

Suy ra %-OA-BB’—%.OA-CC’:Z%-OA-MM’

Do do SOAB - S0Ac = 2'SOAM
2. Néu BB' <CC’ . TU.’OTlg tu ta dU.’Q'C SOAC - SOAB = 2 SOAM .
Trudng hop 2:B,C ndm cing phia so voi OA.

Dé chiing minh MM 1a duong trung binh hinh thang BB'C'C .
Suyra BB'+CC'=2-MM'

Va %-OA-BB’+%-OA-CC’=2-%~OA~MM’.

Do SOAB + SOAC =2 SOAM

7~ BAI 6. Cho O la mét diém nam trong tam giac ABC . Goi D, E, F theo thi tu 1a c4c hinh
chiéu cua O trén BC, AC, AB. Trén cé4c tia OD,OE,OF lay lan luot cac diém A’,B’,C’ sao cho

OA =BC,0B'=AC,0C' = AB
1) Chirng minh rang dién tich tam giac A'B'C’ khdng phu thudc vao vi tri diém O trong tam giac.
2) Biém O c6 vi tri gi dbi voi tam giac A'B'C’ ?

= Loi giai

Ta chizng minh bai toan phu: Néu hai tam giac c6 cap
canh bang nhau va cap goc xen gitra bu nhau thi dién tich C

cua chling bang nhau. = 2
Xét AABC va nA'B'C' c6 AB=A'B’,AC=AC’
BAC +B'/A'C’ =180’ cr g

Ké duong cao BH va B'H’ cua hai tam giac, khi d6
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ABAH = AB'A'H'(ch-gn), suy ra BH = B'H’

Tir dé % BH - AC =%- B'H'-A'C’ hay Suec = Sage

Ap dung. Tir gia thiét tacd ~AOB" va a ABC co:
OA =BC,0B =AC va AOB +C =180" nén S, =S

Tuong ty ta duoC S, =Sxses Syoe = Sasc

Piém O nam trong aABC nén ciing ndm trong aAB'C'.
Do do SA'B’c’ = SA’OB’ t SA'oc’ t SE;’oc’ =3-Spgc
Vay dién tich tam giac A'B'C’ khdng phu thudc vao vi tri diém

O trong tam giac.

2.V& duong cao C'H va AK cuatam gidc B'OC’ va tam giac B
AOB'. Goi M 1a giao diém cua BO va AC'. o
Do S, . =S= AOB' va hai tam gidc nay chung ddy B'O
nén C'H = AK , suy ra AMHC =aMKA'( g.c.g) nén MC’ = MA S
hay M 1a trung diém cua AC'. M
K <D

Do d6 B'O latrung tuyén cia aA'B'C’, chimg minh tuong tu
ta ciing duoc AO,CO 14 trung tuyén.

Vay O latrong tdm cia ~AAB'C .
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F~Bai 7. Cho tam giac ABC , dudng trung tuyén AM . Goi D 1a diém nam gira B va M . Qua M
ké dudng thang song song véi DA, cit AC ¢ E . So sanh dién tich aDEC va dién tich aABC

4 Loi giai
A
E
¢ ° °C

B D M

Taco
1

SDEc = SDEM +SEMC = SAEM +SEMC = SAMC =§SABC

~~Bai 8. Cho tam giac ABC . Liy cac diém D, E ,F theo thir tu thudc cac canh AB, BC,CA sao

cho AD =%AB, BE =%BC,CF =%CA. Céc doan thang AE , BF ,CD cit nhau tao thanh mét tam

giac. Chang minh rang dién tich tam giac nay bang % dién tich tam giac ABC.
@ Loigiai

Goi tam giac tao thanh 12 MNK nhu hinh vé.

it Syp =a thi Sy =38,S e =255 =68
( Vi SAEc ZZSAEB’SKEC = 2SKEB)
Suy ra SACD = 7a, SABC =21a

Tu (1) va (2) suyra

6 2

SAKC = 21SABC :7SABC

Tuong tu
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2

SBMA = SCNB = 7 SABC

, 6 1
Do d6 SAKC + SBMA + SCNB :7SABC = SMNK = 7SABC

/~Bai 9. Cho tam giac ABC c6 diéntich S . Cac diém D, E, F theo thir tw nam trén cac canh

AB,BC,CA sao cho AD = DB, BE =%EC,CF =%FA. Céc doan thang AE, BF,CD cat nhau tao

thanh mot tam giac. Tinh dién tich tam giac do. A
. Lo gidi
(& i giai D
F
Goi 1,K,H lan lugt 1a giao diém cua BF va CD; AEva CD; I
B E
AE va BF
Ta co:
SADK — 1 : Y SRy > 3t 1
=— (hai tam giac c6 chung duong cao ké tr K, AD== AB)
SABK 2
S 1 .
Sﬂ =— (hai tam giac c6 chung day AK , dudng cao kétr C gap doi duong cao ké tir B)
ACK
S Sioc S 11 1 4 2
Suyra = A == 2= 25 5 =S =~ S
AKC ABK SACK 2 2 4 5 5
Tuong ty:

9, _91¢ 3

1 1
:§:> SBHA :ESABE = 10 'ESABC = 10 SABC

See _ Sene _SBHC _

11
SBHA SBHC SBHA 3 3

Scie :SCIF.SCIA:1:>S :ﬂs zﬂ.
BIC CBF
Sce Scim Sci 5 5

SABC = g SABC

N

Khi do:
1

SIHK = SABC _SAKC _SBHA _Scna =ESABC

/~Bai 10. Tinh di¢n tich tam gidc ABC biét AB =3cm, AC =5cm, dudng trung tuyén AM =2
cm.
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Goi K 1a trung diém cua AC

M la trung diem cua BC .

Tam giac ABC cd _
K la trung diem cua AC

= MK la duong trung binh cia AABC.

= MK =%AB=1,5cm

2 2 _ ~2 2 _
Tam giéc AMK c6 AM*+ MK =2°+15°=6,25
AK2=2,52=6,25

=+ AMK vudng tai M

Khi d6 Suge = 2S e =4S =6Cm’

/~Bai 11. Tinh dién tich tam giéc, biét d6 dai ba dudng trung tuyén caa né bang 15cm, 36cm, 39
cm

(@ Loigiai
Gia sit aABC ¢6 trong tim G va do dai AD, BE,CF lan luot 1 A
36cm,15cm,39cm
E E

Liy K la trung diém GC thi

1 1
GK ==GC ==CF =13cm. B D

2 3

1

GD=§AD=1ZCm

DK=£BG=£BE=SCm
2 3
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DG?+DK? =12%? +5% =169
GK?=13%=169

ADKG co {

—=aDKG vubng tai D.
= Sppc =3Sgac =3:2-Spgc =3-2-2- S =360cm’

~Bai 12. Cho tam gidc ABC vubng tai A, AC =20cm, AB =15cm.

1. LAy diém D trén canh BC sao cho AD = AB. Tinh d¢6 dai BD

2. Lay diém D' trén canh BC sao cho BD =4cm. Tinh do dai AD'. A
(7 Loigiai
Vé duong cao AH
. ¢ 4 N .
Tacé AH-BC =AB-AC(=2S,:) B D' H D C

= AH =12cm

Ap dung dinh ly Py-ta-go cho tam giac ABH ta c6

BH =+ AB’ -~ AH? =9cm

1. Tam giac ABDcéantai A c6 dudng cao AH nén H 1a trung diém AD
Nghia la: BD =2BH =18cm.

2. Taco DH=BH-BD =5cm .
Ap dung dinh 1y Py-ta-go cho tam giac AHD' ta dwgc AD =+ AH?+D'H? =13cm.

/~Bai 13. C6 tam giac nao ma do dai cac duong cao déu nhoé hon 1cm nhung dién tich bang
2000cm? khong?

(7 Loigiai
. y A A
Xét tam giac ABC can tai A co day BC =8000 cm, duong
cao AH =lcm
2
Khi d6 dién tich tam giac bang . | . | .
B H C
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S =l-l-8000= 2000cm?
2 2

Hon nira, AB = AC > HC =4000cm nén h, = =25 < 25 _1¢m.
AB 4000

Vay ton tai tam giac thoa yéu cau bai toan.
I/~ Bai 14. Cho tam giac ABC c6 d6 dai cac canh biang a,b,c, dién tich tam giac biang S . Ching
minh ring 6S <a?+b®+c’
(& Loigidi
V& duong cao AH cho tam giac ABC . Ta cé A
1 1

Spec = AHBC < AB-BC(Vi AH < AB)

= 25 < AB-BC =ac.

Tuong ty, ta ¢ thé chang minh 2S <bc,2S <ab .

Khi d6 6S <ab+ac+hc. *C

Ma ab+bc+ca<a®+b*+c?

Nén 6S <a®+b?+c?

2. Dién tich hinh thang, hinh binh hanh, hinh thoi

/~Bai 15. Tinh dién tich hinh thang can ¢6 dudng cao bang h, biét rang hai duong chéo cua hinh
thang vudng goc vai nhau. AM =m

(@ Loigiai

Xét hinh thang can ABCDcé AB| CD,AC L BD. A >
Qua B ké duong thang song song véi AC cit DC ¢ K.

T d6, ta dwoc ABKC la hinh binh hanh.

Do d6 AB=CK,BK = AC

Do ABCD Ia hinh thang can va AC L BD nén AC=BD D H C

va BK L BD
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Ma AC =BK nén BD =BK
Tur do, ta duwgc tam giac BDK la tam giac vudng can.
Ap dung hé thirc luong cho tam giac vuéng BDK ta dugc

1 1 1

= +
BH? BK? BD?

— BD = BK = BH~/2 =hy/2

Khi do

SABCD :%(AB-FCD)BH :%DCBH ZSBDK :hZ

/~Bai 16. Tinh dién tich cua hinh thang ¢6 hai dudng chéo dai 9cm va 12¢m, tong hai day bang
15 CM
(7 Loigiai
Xét hinh thang ABCDc6 AB || CD,BD =9cm, AC =12cm,
AB+CD =15cm
Qua B ké duong thiang song song véi AC cit DC & K A B
Khi do, ABKC la hinh binh hanh nén BK = AC,CK = AB.
Trong tam giac BDK c6 BD? + BK? =9% +12? =152 = DK?

nén tam giac BDK vuong tai B . Khi do

SABCD Z%(AB+CD)h :%DK .h= SBDK :54cm2

/~Bai 17. Qua giao diém O cua cac duong chéo ciia mot hinh thang, vé duong thang song song
Vé6i hai day, cat cac canh bén & E va G . Chang minh raing OE = OG .Dyng tam giéc, biét d6 dai
ba duong trung tuyén.

(@ Loigiai

Do c6 ciing canh day AB va chiéu cao nén Spug = S -

Suy ra SDOA = SCOB'
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Dodo LoE.h=tog.h
2 2
Suyra OE=0G.

Goi K 1a trung diém cua CG. AGDK c6 cac canh bén bang % d6 dai cac duong trung tuyén cua
A B

E G
Piéu kién dé c nghiém hinh 1a [m—n|< p<m+n 5

AABC . Dung AGDK , roi dung F ,C . Sau d6 dung B, A

v6i M, N, p 1a do dai ba duong trung tuyén da cho.

/~Bai 18. Hinh thang ABCDc6 dién tich S, day DC gip d6i day AB .Goi M 1a trung diém
AD, K 1a giao diém ciia BM va AC . Tinh dién tich tam giac ABK .

(@ Loigidi
Goi | 1a trung diém cua AC . Ta co:

MI=%DC=AB . ! *

1 1 1 K
SABK :ESABM :ESAMI =§SADC' M I

Ma S pc = 2.5 pgc nén Saoc = 55

Suyra s, =%s :

F~Bai 19. Piém O la giao diém cua cac dudng chéo cua hinh thang ABCD(AB [ICD) . Biét dién

tich c4c tam gidc AOB,COD theo thi tu 12 %,b”. Tinh dién tich hinh thang (a,b > 0).
(@ Loigiai
G0i S,pp =Sgoc =M

Khi d6
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OA:0C =S, S0z =2°:m A B

OA:OC =S, : Seop =M: b2

Tur do —a2 n h b
= ay m=ap.

u d6 suy ra o y

Vay Supep =@ +b* +2m=(a+h)?

D C

/~Bai 20. Cho hinh binh hanh ABCD ¢6 dién tich S . Goi M, N, I,K theo thtr ty 13 trung diém cua
AB,BC,CD,DA. Goi E,F lan lugt 14 giao diém cua KB véi Alva MC . Goi H,G lan luot la giao
diém cua DN véi Al va MC .

1. Chtng minh rang EFGH 14 hinh binh hanh.
2. Tinh dién tich hinh binh hanh EFGH theo S .

(@ Loigidi A M 5

1. Do AM ||IC va AM =IC
nén AMIC 13 hinh binh hanh. Do d6 Al || MC .

Tuong tutacd BK || DN .

Vay EFGH la hinh binh hanh.

2. bat HI =a, ap dung dinh li talet vdi tam giac DGC ta dugec GC =2a, vai tam giac CFBta
duoc FG=2a .

Do EFGH Ia hinh binh hanh nén suy ra EH =FG =2a.

Ap dung dinh Ii talet voi tam giac ADH ta dugc AE =2a. Tirdo suy ra EH = é Al .

Do EH =EAI nén FngMC
5 5
2 \ 1 A 1
Suy ra SEFGH ngAlmc ma SA||v|c = SABCD nen SEFGH :_SABCD'

/~Bai 21. Cho hinh thoi ABCD c6 canh bang a. L4y diém M trén canh AD diém N trén canh
CDsao cho DM =CN . Tinh dién tich hinh thoi ABCD, biét rang tam gi4c BMN déu.

(@ Loigiai
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Ké ME || NF || BD
Do ABEF =aDMN(c—g—c) nén EF =MN
Do tam giac BMN déu va EF =MN nén BN = EF .

Ma EN [IBC nén BFNE 1a hinh thang c6 hai duong chéo bing
A

nhau.

Tudosuyra BE=FN.

Khi d6, FN =BE =MD =CN ma tam gidc CFN can tai C

nén tam giac CFN déu.

Do d6, tam giac CBD déu.

Vay Sppep = 2S¢, =2 =

7~Bai 22. Tt gidc ABCDco B=90", AB =4cm, BC =3cm,CD =12cm, AD =13¢m . Tinh dién
tich tir giac ABCD.

(@ Loigiai

A

Ap dung dinh li Pitago ta ching minh dugc tam giac ACD vuoéng tai C .

Khi d6, Sasep = Sase + Sacp = 36¢m’

F~Bai 23. T gidc ABCDco O 1a giao diém cua hai doan thang ndi trung diém cac canh doi.
Ching minh rang
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SAOD + SBOC = ESABCD

(@ Loigiai

Goi E,F,G,H lan luot 1a trung diém cua cac canh AD, AB, BC,CD . Ta d& dang ching minh ti
giac EFGH 12 hinh binh hanh. Do O 1a giao diém cia EG va FH nén O 1a trung diém cia hai
doan thang EG va FH

Pau tién ta chung minh S,op + Sgoc = Seran

Lan luot vé AA, BB, FF vudng goc véi EG

1 1 . EG AA+BB EG ,
S_. +Sope =—-OE-AA +=-0G-BB = —. _ =5 FF' =5
OAE OBG 2 2 2 2 2 EFG
TlIO'l'lg tu, ta Chl’l’ng minh du’(jC SODE + SOCG = SEHG
Tirhai y trén, tasuy ra Saop + S0 = Sgran
Tiép theo, ta chung minh s__,, =%SABCD
1

Taco S (hai tam giac c¢6 chung duong cao ké tr F , AE = 5 AD)

==5
AEF ADF
2

Va's, . - %SABD (hai tam gidc c6 chung dudng cao ké tir D , AF = % AB)
N 1
NeN S,er :ZSABD
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1 1 1
Tuong tu SBFG =ZSABC'SCHG =ZSBCD’SDEH =ZSACD

1 1
Suy ra Saer *+Serc * Scre + Spen :Z'ZSABCD = ESABCD

1 A
EFGH ZESABCD' Vay S aop + Seoc ZESABCD

F~Bai 20. Cac duong chéo cia mot tir giac chia ti giac d6 thanh bon tam giac trong d6 ba tam giac
¢6 dién tich 30cm®,60cm?®,90cm’. Tinh dién tich tir gidc do.

(7 Loigidi
Xét tr giac ABCDco O 1a giao diém hai duong chéo. A 5
Truong hep 1: Gia sir S0 =30,S,5p =60,5.,, =90. O

Khi d6 ké AH 1 BD,CK 1 BD,taco

%AH .OB =30 va %AH -OD =60

Chia vé theo vé hai ding thirc trén, ta c6 OD = 20B.

Talaico S, :%CK -OD =90:>%CK -0B =45 hay Sgog =45

Vay dién tich tr gidc 1a S =30+ 60+90+ 45 =225cm?.

Trlr(‘mg h()’p 2: Giasu SAOB :30; SCOD = 60’SAOD :90
Khi do ké AH L. BD,CK L BD,taco

%AH .OD =90 va %AH -OB =30

Chia vé theo vé hai ding thirc trén, ta c6 OD =30B.
Ta lai ¢6 S ., :%CK 0D =60 :%CK .0B =20 hay Sco3 =20

Vay dién tich tir giac 1a S =30+60+90+ 20 =200cm?.
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Truong h()’p 3: Gia sur SAOB = 601SCOD =90’SAOD =30
Khi d6 k¢ AH 1 BD,CK L BD, taco

%AH .0D =30 va %AH .OB = 60

Chia vé theo vé hai ding thirc trén, ta c6 OD = %OB .

Talaico s, =%CK .0D =90:%CK~OB=18O hay Scos =180,

Vay dién tich tir gidc 1 S =30+ 60 +90+180 = 360cm?.

F~Bai 25. . Chtng minh rang

2 W2
a“+b .

S< 1 voi S 1a dién tich cua tam giac ¢6 d6 dai hai canh bang a, b
a2+b2+C2+d2 7 \ [N 7 5 I .7 ’, A \ e A M

S< voi S 1a dién tich cua tir giac c6 do dai bon canh bang a,b,c,d

4
(# Loigiai
1) Goi h 1a chiéu cao tmg vdi canh 4, khi d6 S =%ah .
Suy ra
4S =2ah<2ab<a’®+b’
a’ +b?
4

Vvay S <

Dau" =" xay rakhi h=a=b h

hay tam gidc da cho la tam giac can.

b}

2) Theo cau trén, ta cé

a’+b*+c’+d?
4

Suy ra S =S¢ +Spcp <
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F~Bai 26. Goi a,b,c,d 1a d6 dai bén canh lién tiép caa mot tir giae c6 dién tich S . Chang minh
cac bat dang thirc sau va chi rd khi ndo xay ra dang thuc

1) 4s <(a+c)(b+d)

2) 16S < (a+h+c+d)?

(# Loigidi
ab cd

ABC S71SACD —7

1) Taco S

Suyra S = Sasc +Saco < ab;Cd i

— 2S <ab+cd (dau "=" xay ra khi va chikhi B =D =90°)

Tuong tu, ta ciing ¢6 2S <ad +bc (diu "=" xay ra khi va chi khi A=C=90 )

Cong vé theo vé hai bat dang thuc trén, ta ¢6
4S <ab+cd+ad +bc < 4S <(a+c)(b+d)

A~

Déu "=" xay ra khi va chi khi A=B=C=D=90" hay tir gi4c ABCD I hinh chit nhat.
2) Taséching minh (a+b+c+d)*>4(a+c)(b+d)(*)

That vy, dat x =a+c,y =b+d, khi do (*) & (X+Y)* 2 4xy & (x=y)* >0 (luén dung).

Vay

(a+b+c+d)*>4(a+c)(b+d)>16S

DAau "=" xay ra khi va chi khi Xx=yhay a+c=b+d hay ti giac ABCD Ia hinh vuéng.

F~Bai 27. Goi a,b,c,d 1a dd dai bén canh (khong nhat thiét lién tiép) cia mot ti giac co dién tich
S Chtng minh rang 2S < ab+cd . Khi nao xay ra dang thic?

(& Loigiai
-Truong hop 1: @ va b 12 hai canh ké.
ab cd

Taco SABC S?’SACD 37
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Suyra s = Saec +Saco < ab-+cd

= 2S <ab+cd

Dau "=" xay ra xay ra khi va chi khi 8 =D =90"

- Truong hop 2: @ va b 12 hai canh dbi.

Goi C' 1a diém d6i xung voi C qua trung trec caa BD .Khi

do ta co
SABCD = SABC'D
DV
\
\
\
Theocdua tacd s . < ab+cd \
ABC D 2 |‘
b+cd v
nénsuy ra Syep < 22FC% hay 25 <ab+cd C

—

DAu "=" xay ra khi va chi khi ABC = ADC =90".

/~Bai 28. Cho t gidc ABCD, E va F theo tht ty 1a trung diém cua AD va CD. Biét
BE + BF =a. Chitng minh rang

2
a
SABCD < ?

(# Loigiai

vé BB,DD’ vueng géc vei EF
Do BB, > DD, nén SBEDF < ZSBEF

Pit BE =X, BF =y. Khi d6 Sgee < XY

2
MA Xy<(X+y) a2
4 4

Suy ra 2Sgee <

INE'S
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o
Vay Sgepr < e 1)

Mit khac, do E va F lan luot 13 trung diém cia ADva CD

~ 1 N 1
nen SBED ZESABD va SBFD :ESBCD'
Suy ra
1
SBEDF = E SABCD (2)

2

. a
Tur (1) va (2) suy ra Spgep < PR

7~7Bai 29. Cho hinh binh hanh ABCD . Céc diém Goi E,F,G,H theo thi tu thudc cac canh
AB,BC,CD, DAsao cho EG khéng song song véi AD . Cho biét dién tich tr giac EFGH bang nira
dién tich hinh binh hanh ABCD . Chting minh rang HF song song véi CD

A E B

V& EK song song vGi AD, ta cé:
1 1 1 1

SEFKH = SEKH + SEKF = ESAEKD +ESEBCK = E(SAEKD + SEBCK ) = ESABCD = SEFGH

Suy ra S, =S,g¢ Nén HF song song véi KG hay HF song song voi CD.
I~ Bai 30.

Cho tam giac ABC, E la trung diém cia AC . Ly diém D trén canh BC sao cho BD=%BC , lay
diém G trén canh AE sao cho AG =%AE.Doan thang AD céit BG, BE theo thartu & M, N Tinh
dién tich tir giac MNEG theo dién tich tam giac ABC?

» Loi giai
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B D F
Goi F 1a trung diém caa CD.
Xét tam gidc ACD c¢06 EF la duong trung binh nén EF || AD.
Xét tam giac BEF ¢6 EF || AD va D la trung diém BF nén N 1a trung diém BE .
Goi | 1atrung diém GE thi NI 1a duong trung binh cua tam giac EBG nén NI || MG.

Xét tam giac ANI ¢6 NI ||MG va G la trung diém Al nén M 1a trung diém AN .
o 1 1
Khi do: SAMG =ESANG :ESANE

5 5
Suy ra. SMNEG ZESANE :_SABE =_SABC

12 24

I~ Bai 31.
Cho tam giac ABC dién tich S. Lay cac diem E,G trén BC sao cho BE = EG =GC. Goi
D,H theo thir tu 1a trung diém ciia AC, AB; 1 1a giao diém cia GH va BD;K la giao diém cua
AG va BD. Tinh dién tich t giac EIKG .

i = Loi giai
Goi F la trung diém cua GC.

Taco KG||DF,BG:%BF A

nén chirmg minh dugc

KGzﬂDF :EAG,BKzﬂBD
5 5 5 D

Lai c6 HD||BC nén
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Suy ra: ID:EBD,IB:EBD,IK :EBD.
7 7 35

bat: S ;=a (2.1)
N 5 5 5

Thi: S, :Ea,SB,G =Ea,S,EG :Za (2.2)
. . 5 9

Tu (1),(2) suy ra: Sgye =jata=-a (2.3)
_ 5 7 7..5_35 35__3_105

Lai cO Syq :§a+a=Za nen: S,g :EaXEZTa’SABC :TaXEZTa' (2.4)

) 9 105 6
Tu (3) '(4) Suy ra SEIKG : SABC = Z : ?: g
= Bai 32.

Chutng minh rang tam giac c6 mot dinh 13 giao diém hai canh d6i cua mot tir giac, hai dinh kia la

6
hay SEIKG = %SABC .

trung diém hai duong chéo cua tir giac d6 co dién tich bang % dién tich tu giéc.

7 = Loi gidi 7
Goi M, N la trung diém cac duong chéo BD,AC cua tr gidc ABCD, E la giao diém cia AD,BC.
Taco

SEMN = SEDc - SEMD - SENC - SDMC - SMNC

1 1 1 1

= SEMN = SEDc _ESEBD _ESEAC _ESDBC _ESAMC

1 1

= SEMN = E(SEDC - SEBD - SDBC)+E(SEDC - SEAc - SAMC)

1 1
= SEMN = 0+E(SADM + SCDM ) ZZSABCD
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+ Néu tir gidc ABCD ¢6 F la giao diém cia AB va CD thi tir bai todn trén ta ciing cé Sgyy =
%SABCD. Suy ra E va F cdch déu dwong thang MN. Do dé dwong thang MN di qua trung diém

cia EF . Puong thang di qua M, N va trung diém cia EF goi la dwong thang Gau-xo-

3. DUNG HINH:

~ Bai 33.
Cho tam giac ABC. Dung cac diém D va F nim trén canh AB,E nam trén canh AC sao cho
duong gap khuc CDEF chia tam giac ABC ra bdn phan c6 dién tich bang nhau.

= Loi giai

L4y diém D trén AB sao cho BD =%BA. c
. 1

Suy ra: Sgep = ZSABC E

L4y diém E trén AC sao cho CE =%AC.

1 1
Suy ra: SCDE = 5 SCDA = Z SABC

Lay diém F trén AD sao cho AF =%AD.

1 1 1
Suy raSDEF = SEFA = ESDEA = §SCDA = ZSABC

Vay Véi cach lay cac diém D, E, F nhu trén théa duoc yéu cau bai toan.

~ Bai 34.
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ot manh vuon hinh tam giac ABC ¢6 mot céi giéng D nam trén canh BC . Hay chia manh vuon
thanh hai phan c6 dién tich bang nhau bai mét duong thang di qua D.

w Lo giai

Céch 1. Néu D 1a trung diém BC thi DA la duong
thang phai dung.

Néu D khéng la trung diém cua BC, qua trung diém M
cua BC ké dudng thing song song véi DA cit AB tai
E.DE 1a dudng thang can dung.

That vay, do EM || AD nén

1

SADE = SADM = SBDE = SABM =ESABC

Cach 2. Giasae BD>CD.

Qua C v& dudng thang song song véi DA cit AB tai
K . Nhu vay, aABC duoc bién doi thanh aBDK ¢6
cuing dién tich. Bé chia aBDK thanh hai phan cé dién
tich bang nhau, ta chi can dung dudng trung tuyén DE
cua no.

~ Bai 35.
Cho tir giac ABCD . Dung dudng thing di qua A chia tt giac ra hai phan c6 dién tich bang nhau .~
7 7 w Loi giai
Qua trung diém K cua BD, vé duong thang song
song v6i AC cat CD tai E.AE 1a doan thang can
dung.
That vay, do KE || AC nén Syac = Sgac

1
Suy ra SABCE = SABCK = ESABCD

I~ Bai 36. 7 ‘
Cho tam giac ABC . Dung diém O nam bén trong tam giac sao cho dién tich cac tam giac
AOB,BOC,COA tilévsi 1:2:3

w Loi giai
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Dung D,E trén BC saocho BD:DE:EC=1:2:3.
Qua D v& duong thiang song song véi AB, qua E V&
duong thang song song vai AC , ching cét nhau tai
diém O phai dung.

That vy, do OD || AB nén: S, = S =%sABC

Do OE || AC nén S, = Sgac :%SABC

1
Suy ra SOBC = ESABC

I~ Bai 37.
Cho tir giac ABCD. Dyng diém O nam bén trong ti gi4c sao cho néu néi O véi trung diém céc
canh cua ti giac thi tir giac duoc chia ra bén phan c6 dién tich bang nhau.

. Loi giai
Goi E,H latrung diém cia AB va AD.
. 1
Taco: Soae =ZS ABCD (2.1)
Goi M 1a trung diém caa AC , ta ciing c6
1
Swiae = ZSABCD (2.2)
Tur (1) va (2) suy ra
SOHAE = SMHAE = SOHE = SMHE
Do d6: OM || HE = OM || BD. (2.3)
Tuong tu, goi N 14 trung diém cua BD thi: ON || AC.

(2.4)
Hai diéu kién (3) va (4) xac dinh dugc diém O.
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Chuong

CHUYEN DE

TiM TAP HO'P PIEM

Bai toan tim tap hop diém (con goi 1a quy tich) dugc chinh thic gisi thiéu ¢ 16p 9 . Tuy nhién, hoc
sinh khé va gioi c6 thé 1am quen véi dang toan nay ngay tir I6p 8 vai céc kién thie thude chuong
trinh Hinh hoc I6p 7 va lop 8 .

Q Tém tat ly thuyét

A. HAI TAP HOP BANG NHAU

Pinh nghia 1. Tap hop cac diém cach mot duong thang xy c¢b dinh mot khoang bang h khéng doi
(goi latap hop A) 14 hai duong thang song song véi xy va cach xy mot khoang bang h (goi la tap
hop

B). Hai tap hop A va B ndi trén duoc goi 12 hai tap hop bang nhau. Nghia la:

Vxe A= xeB

A=B<
VXxeB=xe A

Do d6 mudn chtng to hai tap hop diém A va B bang nhau, ta phai ching minh hai diéu:
-Néu M 1a mot diém bat ki thuoc A thi M ciing thudc B.

-Néu M 1a mot diém bat ki thuoc B thi M ciing thudc A.

Diéu (1) chung to rang tap hop B chira tap hop A, diéu (2) chung to rang tap hop A chira tap hop B.
Phai chizng minh ca hhai diéu trén mai két luan dugc A va B 1a hai tap hop bang nhau.

Do d6 bai toan "Tim tap hop cac diém c6 chung mét tinh chit o nao d6" duoc trinh bay theo ba phan:
Phan 1. Chimg minh rang néu diém M c6 tinh chat o thi diém M thudc hinh H nao do.

Phan 2. Chang minh rang néu diém M thuoc hinh H thi diém M cd tinh chit o .

Phan 3. Két luan rang tap hop cac diém M co tinh chat  1a hinh .

+ Chay.

- Phan 2 1a phan d@do cua phan 1, do dé néu goi phan 1 1a phan thugn thi phan 2 1& phan ddo.
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- Theo phan thugn, hinh H chiza moi diém c6 tinh chat « , khong chiza thiéu diém nao. Theo phan
dao, hinh H chi chita nhiing diém c6 tinh chat o , khdng chiza thia nhiing diém nao khdc. Nhu vy,
hinh H gom va chi gom tat ca nhitng diém c6 tinh chat o .

B. CAC TAP HQP PIEM PA HQC

Khi giai bai toan vé tap hop diém, can nho lai ba tap hop diém da hoc ¢ 16p 7 va mot tap hop diém da
hoc & 16p 8.

- Tap hop céac diém cach mot diém O cb dinh mot khoang R khong déi 1a duong tron tm O, béan
kinh R.

- Tap hop cac diém cach déu hai dau cia mot doan thang ¢é dinh 1a duong trung truc caa doan thing
ay.

- Tap hop cac diém thudc mién trong mot gc ¢ dinh va cach déu hai canh caand 1a tia phan giac cua
goc ay.

- Tap hop céac diém cach mot duong thang xy ¢ dinh mot khoang bang h khéng dbi 14 hai duong
thang song song véi xy va cach xy mot khoang bang h.

Q M6t sé vi du
N4

£ Vidu 1.
Cho duong tron tim O ¢6 dinh, ban kinh 4 cm, diém A ¢ dinh trén duong tron, diém B chuyén dong
trén duong tron. Tim tap hop cac trung diém M cua AB.
w Loi giai
Phan thuan. (h.31a) Goi | 1a trung diém AO thi I 1a diém cb dinh. IM 1a dudng trung binh cua

$9696> BAITAP MAU  $OGOGO

tam gi4c AOB nén IM =%=2 cm. Diém M 1uén cach diém | ¢ dinh 2 cm nén M thudc

duong tron tdm | ban kinh 2 cm .

B
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b)
Hinh 31

a)

Phan dao. (h.31b)
Ly diém M bat ki thudc duong tron (1,2 cm),M khac A.

Ta s& chirng minh rang M 1a trung diém cua mot doan thing nao d6 c6 mot dau la A va mot dau
thugc duong tron (O).

That vay, goi B la giao diém cia AM va (O), tam giac IAM can nén IAM = IMA,AOAB c&n nén

OAB =B, suyra IMA=B, dods IM ||OB. Tam gidc OAB c6 Ol = IA, IM ||OB nén AM = MB
Két luan. Khi diém B chuyén dong trén (O), tap hop cac trung diém M cia AB 1a dudng tron
(1,2

cm ), trir diém A.

1 Vidu 2.

Cho goc vubng xOy co dinh, diém A co6 dinh trén tia Oy, diém B chuyén dong trén tia Ox. Tim tap

hop céc trung diém M cua AB.

» Loi gidi

Cach 1. (h.32)
Phan thuan. OM 1a dudng trung tuyén @ng voi canh huyén cua tam giac vudng OAB nén

OM =% ma MAzg, suy ra MA=MO . Piém M cach déu hai diém O va A c¢b dinh nén M
thudc duong trung truc caa OA

y

O B
Hinh 32
Gidi han. Vi doan thang AB chi thuoc mién trong géc vudng xOy nén diém M nim trén tia Hm
thudc dudng trung truc caa OA va thugc mién trong goc xOy .

Phan dao. LAy diém M bat ki thudc tia Hm thi: MO = MA (1)
— MAO = MOA 2)
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Goi B 1a giao diém cua AM va Ox. Taco
MBO + MAO = 90°, MOB + MOA = 90° 3)
nén tir (2) va (3) suy ra MBO = MOB . Do dé
MO = MB (4)
Tur (1),(4) suy ra MA=MB, dodé M la trung diém cia AB.

Két luan. Khi diém B chuyén dong trén tia Ox thi tap hop cac trung diém M cua AB latia Hm

thugc duong trung truc ciia OA va thudc mién trong goc xOy .

Cach 2. (h.33)

Phan thuan. Dat OA =h (khong d6i). V& MK L Ox. Tam gidc AOB c¢6 AM = MB, MK || AO nén
AO h

MK = =5 Piém M céch Ox c6 dinh mot khoang khong doi g nén M thudc duong thing

song song vai Ox, cach Ox mot khoang 2

y
A
H M
m
O K B X
Hinh 33

Gidi han. Vi M chi thudc mién trong goc vuéng xOy nén M nam trén tia Hm thudc duong thing
song song noi trén.
Phan dao. Liy diém M bat ki thudc tia Hm . Goi B 1a giao diém cia AM va Ox. Tam giac AOB

c6 AH = HO=2,HM |OB nén M la trung diém AB.

Két luan. Khi diém B chuyén dong trén tia Ox , tap hop céc trung diém M cua AB latia Hm
thudc duong thang song song véi tia Ox , cach tia Ox mot khoang % va thuoc mién trong goc

xQy
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Q Thir ty nghién civu va trinh bay 131 giai bai todn tim tap hop diém

1. Tim hiéu d& bai

Phan biét cac yéu té cb dinh yéu té khong doi, quan hé khong d6i, yéu té chuyén dong (bao gdm diém
chuyén dong da biét vj tri va diém chuyén dong phai xac dinh vi trf).

Chiéng han trong vi du 24 thi:

- Yéu t6 ¢b dinh: goc vudng xOy, diém A.

- Yéu t6 khong doi: do dai AO =h.
- Quan hé khong d6: MA = MB
- Yéu t6 chuyén déng: Diém B chuyén dong trén tia Ox, diém M dang can xéac dinh vj tri.

Tr 10.2

2. Dy doan tap hop diém

Dé du doan tap hop diém phai tim, ta thudng vé chinh xéac vai vi tri cua diém dé (it nhat 13 ba vi

trf) rdi bang truc giac doan nhan diém d6 chuyén dong trén hinh nao.

Khi dy doan tap hop diém, nén cht y d&én:

- Piém ddc biét: Trong vi du 23, khi B & Vi tri déi ximg véi A qua O thi M & vitri O vdy O 1a mét
diém cua tdp hop phdi tim.

- Trong vi du 24, khi B ¢vitri O thi M ¢ vitri H,trung diém cia AO, diém H 1a mét diém cua
tdap hop phai tim.

- Vj tri gidi han: Trong vi du 23, khi B tién dén A thi M tién dén A, diém A lavj tri gidi han cua
tap hop phai tim.

- Piém vo tan: Trong vi du 24, khi B chuyén dong xa diém O vO tan trén tia Ox thi M ciing chuyén
aéng xa vo tan. Nhuw vy, M khdng thé chuyén déng trén dwong tron.

- Tinh d@oi xumg: Trong vi du 23, chuyén déng cua diém M ¢6 tinh doi xing qua dwong thang cé dinh
AO nén tdp hop diém phdi tim nhgn AO 1am truc déi xdng.

3. Phan thuan
- Phét hién quan hé gitra diém M can xac dinh vi tri vé6i cac diém cé dinh, cac duong thing ¢ dinh.

- Néu du doan diém can xac dinh vi trf thudc dudng tron. ta ching té né cach mot diém cd dinh mot

khoang khong dbi.
- Néu du doan diém can xac dinh vi tri thuoc duong thang, ta ching to no cach déu hai diém cd
dinh, hoic cach mot duong thang cb dinh mot khoang khong dbi.

/A Dé phat hién ra cac quan hé dy, c6 thé phdi vé thém dwong phu (diém 1 trong vi du 23,
doan MK trong cach 2 cua vi du 24).

- Dwa vao cac tdp hop diém co bdn da hoc, chi ra diém M can xdc dinh vi tri thugc mét hinh nao
dé, chang han hinh H .
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- Gidi han hinh H néu diém M khong thugc toan bg hinh H ma chi thugc hinh H', mét bg phdn
cua hinh H (tia Hm trong vi du 24).
4. Phan dao
1 LAy diém M bat ki trén hinh H', bang v& hinh, tao ra cac diém chuyén dong khac dugc néu
trong bai toan (diém B trong vi du 23 va vi du 24).
2 Ching t6 rang diém M c6 tinh chat ma dé bai néu 1én ( M 1a trung diém cua AB trong vi
du23vavidu24)
5. Két luan
Tap hop cac diém M phai tim 1a hinh H'.
/™ Hau hét cac bai toan trong cudn sdach nay dwoc héi dudi dang:
Néu diém M c6 tinh chdt o thi diém M nam trén dwong nao?
Do @6 trong loi ciia bai chi trinh bay néi dung cia phan thugn. Chi tiét hon vé phan dao va céch
chitng minh phan dao trong bai toan tim tap hop diém, xem Nang cao va phat trién Toan 9 tap hai.
E. PHAN CHIA CAC TRUONG HQP TRONG BAI TOAN TIM TAP HQP PIEM
Trong mot s6 bai toan, ta can phan chia cac tredng hop khi két luan "Tap hop cac diém M c6 tinh
chit  lahinh H ™.
1. Xét diém M thudc tirng mién
Néu mot khang dinh 13 ding khi diém M & vi tri ndy nhung lai khong ding khi M & vi tri khéc thi
ta can xét diém M thudc tirng mién rdi 1y hop céc tap hop diém tim duoc.

3 Vidu 3. 25(12)

Cho tam gidc ABC c6 dinh. Cac diém M sao cho cac tam gidc MAB va MAC cé dién tich bang
nhau nam trén dudng nao?

& LOI GIAL

Syas = Swac = BB'=CC’ (BB’,CC’la c4c dudng vudng goc ké tir B vatir C dén MA).
Xét hai truong hop:

@ Truong hop 1: Diém M thudc mién trong goc BAC hoic goc ddi dinh véi né (h. 34).
Khi d6 B va C nam khac phia ddi véi AM .

Khi d6 duong thing AM cét doan thang BC ¢ I .

Do BB'=CC’,BB'//CC’ nén BB'CC’ Ia hinh binh hanh, I 1a trung diém cua BC.
DPiém M thudc duong thing Al .

® Truong hop 2: Biem M thudc mién trong goc ké bu véi goc BAC (h.35).

Tuc 12 B va C nam cung phia ddi voi AM .

Do BB'=CC’,BB'//CC’ nén BB'CC’ la hinh binh hanh, AM//BC .

DPiém M thudc duong thang qua A va song song véi BC.
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&t luan chung: Cac diém M phai tim gdm duong thang chira duong trung tuyén Al cua tam giéc
ABC va duong thang qua A song song véi BC, trir diém A.

A
B A M o
] ]
Bf
B I !
¢ B C
M
Hinh 34 Hinh 35

2. Xét tirng vi tri cia hinh da cho
Néu cac hinh di cho ¢6 nhitng vi tri khac nhau 1am cho hinh dang caa hinh H thay d6i thi ta can
Xét tirng vi tri cua hinh da cho.

[0 Vi du 4. 26(8)

Cac diém M cach déu hai dudng thang c8 dinh xy,x'y’ ndm trén dudng nao?

& LOI GIAL
Truong hop 1:xy cat x'y’ & O, diém M nam trén bén tia phan giac cua bn goc tao bai hai duong
thang (bén tia nay lam thanh hai dudng thang vudng goc voi nhau tai O, xem hinh 36).

T y’ 1 Yy
M M

! Yy ! yf
Hinh 36 Hinh 37

Truong hop 2: xy//X'y', diém M nam trén duong thang song song cach déu xy va x'y'(h.37).
3. Xét tirng trwdng hop cia tinh chat o da cho
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Néu tinh chat o c6 nhimg truong hop khac nhau 1am cho hinh dang ciia hinh H thay dbi thi ta can
xét riéng timg truong hop cua tinh chat « .

A Vidu 5. 27(8)

Cho géc vudng xOy c6 dinh, diém A c6 dinh trén tia Ay, diém B chuyén dong trén tia Ox . Dinh C
cac tam gidc ABC vuodng can tai B nam trén duwdong nao?

Phan tich: Dy doan tap hop diém (khi C va O nam khac phia d&i véi AB).

Khi B trung O thi C trung D (D thudctia Ox sao cho OD = 0A4), d6 la diém c6 dinh.

Chuy rang khi B chay xa vo tan trén tia Ox thi C ciling chay xa vo tan.

Tl cac nhan xét trén, ta dy doan cac dinh C nam trén mot tia géc D . /
& LOI GIAL
® Truong hop C va O nam khac phia d6i véi Y

AB (h.38) A

Trén tia Ox lay diém D sao cho OD =OA, D la diém
cb dinh. Ké CH 1 Ox.

Dé dang ching minh duoc AAOB = ABHC (canh
huyén - géc nhon) suy ra.

OB=CH (1)

OA=BH (2)
Talai c6 OA=0D néntu (2) suy ra BH =0D,
do d6 OB =DH (3) Hinh 38

Shs

Tir (1) va (3)suy ra CH = DH. Vay CDH =45
Piém C chuyén dong trén tia Dm tao véi Dx goc 45°
va thuc mién trong goc xOy .

® Truong hop C va O nam cung phia ddi voi AB ( y
h.39).

Ban doc tu giai dwoc C chuyén dong trén tia D'm’,
chinh latia Dm quay quanh A géc 90° cling chiéu quay m
ctia kim dong hd.

Hinh 39

Q Bai tap tuw luyén
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=~ Bail.
Tam giac ABC c6 BC c¢b dinh, | 1a trung diém cta duong cao BH . Cac diém | nam trén
duong nao ?

& LOI GIAL A

(h.182). Goi M 1a trung diém cua BC.

Tacd MI la duwong trung binh cia ABCH suy ra MI//CH ma

CH L BH nén MI L BI suyra BIM =90°
Céc diém | nam trén duong kinh BM |, trir diém B (M la trung b

diém cua BC). \_ / M c

Hinh 182
r~ Bai 2.
Cho gbc xOy cb dinh, duong thang d cd dinh vudng goc véi OX tai A, diém B chuyén dong trén
doan thang OA. Trén tia Oy lay diém C sao cho OC = OB . Puong vudng goc véi BC tai C cit

duong thing d ¢ D. Céac trung diém M cua BD nim trén dudng nao?

& LOI GIAL
(h.183). Dé ching minh duoc AOCM = AOBM (c.c.c)

— MOC = MOB suy ra OM Ila tia phan giac cia BOC
nén diém M thudc tia phan giac Om cua goc xOy .

Gigi han: Khi B trung véi A thi M trung véi Q (Q la
giao diém ciaa Om va d ).

Khi B tién dén O thi D tiéndén Q,M . tién dén P (P
1a trung diém ciia OQ). M nam trén doan thang PQ thudc tia phan giac Om, trir diém P .

Hinh 183
~ Bai 3.
Cho hinh vuéng ABCD c¢b dinh. Piém E chuyén dong trén tia ddi ctia tia AD, diém F chuyén dong
trén tia d6i cta tia BA sao cho BF = DE . Cac trung diém M cia EF nam trén dudng nao?

& LOI GIAL.
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(h.184). Vé MN L DA;vé MH L DC. E x

Tacd MN la duong trung binh cia AAEF g I

Suy ra MN =%AF = 2MN = AF (1) A

Ap dung tinh chat duong trung binh cua hinh thang DEFK

|
.
Taco MH :%(FK+ DE):>2MH =FK +DE (2) D C H K

Suy ra AF* = AB+BF =BC +BF = FK + DE (3)
Tu (1), (2)va (3) suyra MN =MH .
Vay tap hop cac diém M nam trén tia Bx, tia d6i cua tia BD. Hinh 184
r~ Bai 4.
Cho goc xOy cb dinh c6 s6 do bang a <180°. Mot tam giac ABC can tai A c¢6 canh bén bang a

khong ddi, goc day bang %, tam giac d6 thay ddi vi tri sao cho B thudc tia Ox , C thudc tia Oy,

A va O khac phia dbi v6i BC . Cac diém A nim trén dudng nao?

& LOI GIAL

(h.185). V& AH 1 Ox, AK L Oy

Taco BAC = HAK (ciing bu véi xOy) nén KAC = HAB

Do d6 AKAC = AHAB (canh huyén - goc nhon)

= AK = AH . Do d6 A thudc tia phén gidc cua géc xOy .

Giagi han: Khi C trang véi O hoac B trung O thi A trung P (OP = a)
Khi AB 1 Ox, (lac d6 AC L Oy) thi A trung Q (Q céch Ox va Oy
mot khoang bang a ).

Hinh 185
~ Bai 5.
Cho tam giac vudng can ABC c¢6 dinh. Piém M chuyén dong trén canh huyén BC . Pudng thiang qua
M va vudng goc vdi BC cit cac duong thang BA,CA theo thirtu & D,E . Goi | 14 trung diém cia

CE,K latrung diém cta BD. Cac trung diém O cta IK nam trén dudng nao?
& LOIGIAL
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(h.186). Xét ABMD c6 BMD = 90", MBD = 45° D

suy ra MDB = 45" nén ABMD la tam gi&c vubdng can tai M .
Chtng minh tuong tu, suy ra ACME vubdng can 6 M

Nén MK, MI 1a duong trung tuyén dong thoi 1a duong cao _
cua hai tam gidc trénsuy ra MK L AB,MI LAC. A== 1
Xét tit gisc AKMI ¢6 MKA = KAI = MIA = 90°
suy ra tr giac AKMI la hinh chix nhat.

Goi O 1a trung diém cua KI

nén O ciing 1a trung diém cua AM

Goi P,Q lan luot 13 trung diém cia AB va AC . Hinh 186
Suy ra PQ la duong trung binh cia AABC suy ra diém O thudc doan thang PQ.

Vay cac diém O nam trén dudng trung binh PQ cua AABC (PQ//BC)

7 Bai 6.
©® Cho doan thang AB cd dinh, diém M chuyén déng trén doan thang dé. V& trén cing mdt nira mat phang
bd AB cac tam gidc déu AMC, BMD . Cac trung diém | cia CD nam trén duwdng nao?

@ Ciing ciu hoi nhu ciu a). trong d6 cic tam gidc déu v& trén hai nira mit phane d6i nhau by AB .

& LOI GIAL
® (h. 187 a). Goi ACNBD =K.

Xét AABK c6 A=B=AKB =60 = AABK la tam gidc déu.
Tu gidc CMDK c¢d MC//KD, MD//KC nén ti giac CMDK la hinh binh hanh.
Khi d6 1 1a trung diém cia CD nén | ciing la trung diém ciia KM
Tirdétasuyra | cach AB mot khoang khong doi.
Nén | nam trén dudng trung binh PQ ciia AKAB, trir P va Q (AKAB 1a tam giac déu ).

K

Hinh 187
® (h.187 b). Cac duong thang AC va BD cb dinh, | niam trén doan thang PQ va cach déu hai
duong thang do, trir P va Q.
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r—~ Bai7.
Cho doan théng AB c¢b dinh, diém M chuyén dong trén doan théng d6. Céc trung diém doan ndi tAm
cac hinh vudng c6 canh theo thi tr 1a MA va MB nam trén dudng nao?

& LOI GIAL

@ Truong hop 1: (h. 188a). Hai hinh vudng tao boi MA, MB cling thudc nira mit phang bo AB . Goi

hinh vuéng tao bai canh MA la AMDC cotamla O.

Hinh vuéng tao bai canh MB la MBFE cotamla O'.

Goi K 1a giao diém cia BE va AC.

Xét ti gisc MOKO' ¢6 MOK =OMO’ = MO'K = 90° suy ra tt gisc MOKO' 1a hinh chit nhat.

Goi | 1a trung diém cua doan thang OO’ . Khi d6 | ciing la trung diém cta doan thang KM .

Suy ra | nam trén duong trung binh PQ ciia AKAB vudng can, trir P va Q (PQ//AB).

D C D C
Q)
Iy O o
0 E F A
I L |
= SN - () M
o’ A
// O’
A M B Poommmnoes b3 F
a) b)
Hinh 188

® Truong hop 2: (h. 188 b). Hai hinh vudng tao bai MA, MB thudc hai nira mat phang by AB . Ta
ching minh dugc | nim trén doan thiang PQ song song cach déu AC va BE, trir P va Q.
[~ Bai 8.
Cho g6c vudng XOy c6 dinh, diém A c8 dinh trén tia Oy, diém B chuyén dong trén tia OX . V& tam giac
déu ABC(C va O khéc phia déivéi AB).
© Cic diém C nam trén duong nao?
@® Cac trung diém H cla AC nam trén duong nao?

R N
A rArtriina AiAm WK ~ia RO n3mm trAn Aivvna ndA2D

= LOI GIAL.
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® (h.189). V& AAOD déu (D nam trong goc xOy)
khi 46 OA = OD khong dbi, ma AOB =60" khong
d6i nén D 1a diém cb dinh thuoc tap hop diém

phai tim.

Xét AAOB va AADC co

AO=AD
OAB = DAC = 60" -~ BAD
AB=AC
Suy ra AAOB = AADC ( ¢.g.C ) = AOB = ADC = 90° X
=CD L AD Hinh 189

Céc diém C nam trén tia Dm L AD tai D va thugc mién trong géc xOy .

® Goi M la trung diém cua AD. Vi A va D la hai diém ¢ dinh nén M 1a diém cé dinh.
Xét AACD c6 MA=MD,HA=HC,nén MH la duong trung binh cia AACD = MH//CD
Vay cac diém H nam trén tia Mn//Dm .

© Ta s& ching minh ring KOXx = 30°.

Goi N la trung diém cua AB thi NK = NA = NB = NO, cé4c tam gidc BBO, KNO, KNA can.

Goi Nt I ta dSi cia tia NO, ta 66 KOx = BON — KON = (BNt — KNt = BNK 30
Céc diém K nam trén tia ED (E la trung diém cua OD).
~ Bai 9.
Cho gbc xOy ¢d dinh, cac diém A, B cb dinh thudc tia Ox , diém C chuyén dong trén tia Oy . Puong
vudng goc voi CA tai A va dudng vudng goc v6i CB tai B cit nhau & M . Cac diém M nim trén
duong nao? m
& LOI GIAL

(h.190). Goi K 1a trung diém ciia CM .
V& KI,MH 1 Ox thi Ol = IH. y K

M

Ta lai c6 KA =KB (cung bang % ) =I1A=1IB

= | 1a trung diém cua AB va la diém c dinh.
Do d6 H 1a diém cé dinh (OH = 20I).

Cn
=
s
s>
=

Céac diém M nam trén tia Hm L Ox tai H va thudc mién trong
g6c xOy, trir diém H.

Hinh 190
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I~ Bai 10.
Cho géc xOy cb dinh khéc gdc bet va mot do dai h .

@ Cac diém M thudc mién trong ciia ctia céc goc c6 tong cac khoang cach tir M dén Ox va dén Oy bang h
nam trén dudng nao?

® Ciing hoi nhu cdu a) trong d6 thay tong bang hiéu.

& LOI GIAL

© (h.191). Goi MH, MK tht ty la khoang cach tir M dén Ox,Oy . Pé lam xuét hién tong

MH + MK , trén tia d6i cia tia MH 1ay N sao cho MN = MK thi HN = HM + MN =

MH + MK =h

Qua N V& duong thang song song véi Ox, cit Oy & B. Nhu vay, BN 14 dudng thang cé dinh. M
cach déu hai canh ciia goc OBN ¢ dinh nén M thudc tia phan giac caa goc do. Gigi han. M nam
trén doan thang BC.

KA1
M
, \
H C
Hinh 191 Hinh 192

® (h.192) V& Mh L Ox, MK L Oy. Xét MH > MK .

Tréntia MH ldy N sao cho MN = MK thi NH =h.

Qua N V& duong thang song song vaéi Ox, cit Oy & B.

Ta c6 duong thang BN ¢ dinh. M thugc tia BM , tia phan giac ciia géc NBy .
Tuong tu, voi MK > MH, M thugc tia Cn (céc tia Bm,Cn vudng goc véi BC ).

~ Bai 11.
Cho tam giac can ABC cb dinh (AB=AC). Hai diém D, E theo tht tu chuyén dong trén cac canh
bén AB, AC sao cho AD =CE . Cac trung diém M ciia DE nam trén dudng nao?

& LOI GIAL.
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(h.193) Qua M ké duong thang song song véi BC, cit AB va AC & |
va K. Ké DF//BC.

Dé dang ching minh duoc AF = AD =CE, FK = KE

nén K 1a trung diém canh AC .

Tuong tu, | 14 trung diém canh AB.

Piém M nam trén doan thang 1K ndi cac trung diém cia AB va AC.

HHinh

193
~ Bai 12.
Cho tam gidc ABC cb dinh. Goi Bx,Cy theo thir ty 14 tia d6i clia cac tia BA va CA. Cac diém D, E
theo thtr tyr chuyén dong trén céc tia Bx,Cy sao cho BD = CE . Céc trung diém M cta DE nim trén

dudng nao?

& LOI GIAL

(h.194) Du doan.

Trung diém | cia BC la mot diém cua dudng phai tim, duong phai tim ¢6 diém vo tan.
Ta duy doan duong phai tim la tia Im vé hinh binh hanh ECBK .

Goi N 1a trung diém KD.

Trudc hét, ta thay cac diém K nam trén tia BK /Ay .

Tam gi4c BDK cantai B, c6 BN latrung tuyén nén BN la tia phan gi4c cua goc KBX.
Piém N nam trén tia phan giac ciia géc KBx nén diém M nam trén tia Im//BN .

Hinh 194

I~ Bai 13.
©® Cho géc XOy khac goc bet. Diém C chuyén déng trén OX, diém D chuyén ddng trén Oy sao cho
OC +0D =a. Cac trung diém M cta CD nam trén dudng nao?

A (Ciino hai nhir can a). trone d6 thay OC+0D =a hai OC-0D=a.
& LOI GIAL
® (h.195) Khi D trung véi O thi C tring A ( OA=a ), khid6 M tring véi E, trung diém cua
OA. Khi C triing véi O thi D tring B(OB =a), khi d6 M tring véi F , trung diém cua OB.
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Nhu vady AOAB cén ¢ dinh va OC = BD. Giai nhu bai 151, cac diém M nam trén doan EF .
y y

c FE A x
Hinh 195 Hinh 196
® (h.196) Khi D triing véi O thi C tring B(OB=a),M & Vvitri A, trung diém cua OB .
Khi D chay xa vo tan trén Oy thi C chay xa v0 tan trén Ox,M ciing chay xa vo tan.
Tady doan M chay trén mot tia géc A.
Tacd OC-0OD=a,0C-0B=a suyra OD =BC.
Trén tia d6i cua tia Ox ldy diém E sao cho A 1a trung diém cia CE thi AM 1a duong trung binh
cua ACDE, do d6 AM//DE.
Chuy ring AODE can tai O nén néu vé Oz la tia phan giac cia goc xOy thi DE//Oz, do d6
AM //Oz

Cac diém M ndm trén tia At song song véi tia phan giac cua goc xOy, (Athudc Ox,OAzg)

I~ Bai 14.
Cho tam giac ABC cb dinh (AB < AC). Hai diém D, E theo tht tu chuyén dong trén cac canh
BA,CA sao cho BD +CE =a < AB. Céc trung diém M ciia DE nam trén duong nao?

& LOI GIAL

(h.197) Khi E tring C thi D tring G(BG =a), M ¢ vitri I,
trung diém cua CG .

Khi D trung B thi E tring H(CH =a), M ¢vitri K, trung
diém ctia BH .

Ta s& chitng minh rang K, M, 1 thang hang.

That vay, goi O 1a trung diém cia BC, N Ia trung diém cua

CD.
Tacod O,N, 1 thang hang.
Taco 20K =CH, 20l =BG,CH =BG =a nén AIOK can. Hinh 197

Tacd 2NM =CE,2NI = DG,CE = DG nén AINM can.
Céc tam giac can 10K, INM c6 goc & dinh bang nhau
nén NIM =OIK , dodé 1,M,K thing hang.

Cac diém M nim trén doan thang Kl .
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r~ Bai 15.
Cho hai doan thang AB va CD c6 dinh c6 d6 dai bang nhau. Cac diém M sao cho c4c tam giac MAB
va MCD c¢6 dién tich bang nhau ndm trén dudng nao?

& LOI GIAL

Xét ba truong hop:

® Cic duong thang AB va CD cat nhau & O (h. 198)
Céac diém M nam trén hai dudng thang chira c4c tia phan giac A
clia CAc gOc tao boi hai duong thang, trir giao diém O cua chung.

® AB//CD m

Céac diém M nam trén duong thing song song cach déu AB va
CD.

Hinh 198
3. AB,CD thudc ciing mot duong thanga.

Céc diém M nam trén toan mat phang, trir duong thanga.

I/~ Bai 16: Cho tir giac ABCD, E 1a giao diém cua AB vaCD, F la giao diém caa AD vaBC,
I va K theo thu ty 1a trung diém cua BD va AC .

1. Cac diém M thudc mién trong cua tir giac va cd tinh chat:
1 M A \ Y 0
Savas + Sameo = 2 Sascp Nam trén duong nao*

2. Goi N 1a trung diém cua EF . Chitng minh rang cac diém 1, K, N thing hang.

w Loi giai
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Hinh 199

1. Cac diém I,K thugc dwong phai tim vi: S, .5 +Suco =%SAABD +%SABCD = %SABCD ciing vy doi

VoI K.

2
A

Ta s& chirng minh raing M thudc doan thing IK . “Dén” cac doan thang AB,CD VE E . Trén tia EA
liay EG = AB, trén tia ED liy EH =CD.

Ta co:

1
SAIHG + SAEHG = SIHEG = SAIHE + SAIGE = SAICD + SAIAB = ESABCD (1)
SAKHG + SAEHG = SKHEG = SAKHE + SAKGE = SAKCD + SAKAB = ESABCD (2)

SAMHG + SAEHG = SMHEG = SAMHE + SAMGE = SAMCD + SAMAB = ESABCD (3)

Tur (1),(2) va (3)suy ra: S,y = Suen = Saven - Do @6 khoang cach tir 1,K, M dén HG nhu nhau
nén I, K, M thudc cing mét duong thiang song song véi HG . Cac diém M nam trén phan duong
thang IK thudc mién tir gidc ABCD.

2. Bé chang minh rang N thang hang véi IK , ta s& chang minh: S, +S.ere =%SABCD

1 1

That vay, SANHG + SAEHG = SANHE - SANGE = SANCD - SANAB = E(SAFCD - SAFAB ) = E SABCD (4)

Chu y: Céch khéc giai cau a) (h.200)

Hinh 200

Ta thiy, trung diém | cta BD ciing 1a mot diém thuge duong phai tim.

, 1
Taco: SAAMB + SACMD = E SABCD

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC



Website: tailieumontoan.com

R 1
Ma SAAIB + SACID ZESABCD

Nén Saame T Sacmp = Saaie T Sacio

Trirdi S, +S,, ta dugC: S,pay +Sacom = Sart + Ssoan

(P 1a giao diém cia AM vaBD, Q la giao diém caa DM vacCl ).

Cong thém S, +S,, ta duoc: S +Sact = Suam + Saom

Talai cO: S,gy = Saom NEN Sy = Saan - S ra duong cao CC’ bang duong cao AA'.

Nhu vay, AA'CC’ 13 hinh binh hanh. Do 6 A'C" di qua trung diém cia AC , tc 12 IM di qua
trung diém cua AC .

Vay M nam trén duong thing di qua trung diém cua hai dudng chéo tr gidc ABCD (phan thudc
mién t giac).

I/~ Bai 17 : Cho hinh chit nhat ABCD c¢é dinh. Tim tap hop cac diém M sao cho:

a/ MA? + MC? = MB? + MD? b/ MA+MC = MB +MD.
= Loi giai
A B
N M
D C
Hinh 201

1. bang thuc: MA? + MC? = MB? +MD? (1) luén luén ding. Tap hop phai tim Ia toan mét
phang,

2. MA+MC =MB +MD (2)
= (MA+MC)’ =(MB+MD)’

= MA? + MC? + 2.MAMC = MB? + MD? + 2.MB.MD
= 2.MAMC =2.MB.MD

= MAMC = MB.MD (3)
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Tir (1), (3) suy ra: (MA-MC)’ =(MB—MD)’

Do d6: MA—MC = MB —MD (4)

Hogc: MA—MC = MD - MB (5)

Tir (4) va (2) suy ra: MA=MB, dod6 M thudc dudng trung tryc cia AB .
Tir (5) va (2) suy ra: MA=MD, do d6 M thugc dudng trung truc cua AD .

Vay tap hop cac diém M phai tim 12 hai truc d6i xing cua hinh chit nhat.
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SU’ DUNG CONG THU'C TiNH DIEN TiCH
PE THIET LAP QUAN HE VE DO DAI CUA CAC POAN THANG

o Tém tat ly thuyét

Céc cong thirc dién tich cho ta cac quan hé vé do dai cia cac doan thang, ching rat c¢6 ich dé giai
nhiéu bai toén.

e M6t sd vi du
AN

LD Vi du 1. Cho tam gidc déu ABC.

1. Chitng minh rang néu diém M thudc mién trong ctia tam gidc ABC thi téng cac khodng cach tur
M dén ba canh cta tam gidc bang chiéu cao cla tam giac.

= Loi giai
Goi a va h lan luot I canh va chiéu cao cua tam giac ABC, MA’, MB’,MC' la c4c khoang cach tir
M dén BC,AC,AB.

B
1. Néu M thugc mién trong tam giac thi: S,,s + Sy + Syas = Sasc

= % BC.MA’+%AC.MB'+%AB.MC’ =%BC.AH
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= %(MA’+ MB'+MC') =2 h

N | o

= MA'+MB'+ MC'=h
2. Néu M thudc mién ngoai tam giac ABC va thuoc mién trong goc A (mién 2) thi:
SMAc + SMAB - SMBC = SABC
S aAwe+Eme-2ma=2h
2 2 2 2

= MB'+MC'-MA'=h

Tuong ty:

-Néu M thudc mién ngoai tam giac ABC va thugc mién trong goc B (mién 3) thi:
MA'+ MC'-MB'=h.

-Néu M thudc mién ngoai tam giac ABC va thugc mién trong goc C (mién 4) thi:
MA'+ MB'-~MC' =h.

-Néu M thudc mién trong goc ddi dinh véi goc A (mién 5) thi: MA'—=MB'—=MC'=h
-Néu M thudc mién trong goc ddi dinh véi goc B (mién 6) thi: MB'—MA'—MC'=h
-Néu M thudc mién trong goc ddi dinh véi géc C (mién 7) thi: MC'— MA'—MB’ = h

L Vidy 2. Cac diém E, F nam trén cac canh AB, BC cua hinh binh hanh ABCD sao cho AF =CE'.

Goi / 13 giao diém clla AF va CE.Ching minh rang /D |a tia phan giac cla E‘

L"‘ I.A 112 122 i d UL CIOYT X 1. NNO NFTH ANNO T
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w Loi giai

A E B,

D C

Ké DH L IA tai H, DK L IC tai K

1

Ta co: SAFD = SCED =ESABCD

:>1 DH.AF =£DK.CE
2 2

= DH = DK (doAF =CE).

= d thudc tia phan giéc cua AIC .

Vay ID la tia phan giac cua AIC .

B Vi du 3. Cho tam gidgc ABC c¢6 A>90°, D 1a diém nim gitta 4 va C. Chitng minh rang téng cac
khodng céchtlr 4 vatlr C dén BD I&n hon dudng cao ké tir 4 va nhd hon dudng cao ké tir C cua
tam gidc ABC.

w Loi giai

Goi AH,CK 1a cac duong cao cua tam giac ABC.
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Ké AE va CF vuéng gbc voiBD.

Dét SABC =S.
Taco: AE =28&,CF _ 2Scgp
BD BD
Nén AE +CF = 2>
BD
Talai c6: AH =§,CK =§_
BC AB

Do A>90°nén AB <BD < BC, do d6: AH < AE +CF <CK.

Q Bai tap tu luyén

I/~ Bai 1: C6 tam giac nao ma do dai ba dudng cao bang 3 cm, 4 cm, 7 cm khdng?
w. Loi giai

Gia sir ton tai tam giac co d6 dai ba canh lan luot 12 a,b,c théa man yéu cau bai toan.

Khi dé, ta c6 3a=4b=7c (cung bang hai lan dién tich tam giéc).

o Al a b c a+b+c 84P
Ta co: 3a—4b—7c<:>T_T_T_1 T 1° 61
3 4 7 3 47
28P 21P 12P
Suyra: a= b= C= )
61 61 61

Do do, taco a+b>c,b+c>a,c+a>b hay a,b,c 1a d dai ba canh cia mot tam giac.
Vay ton tai tam giac ma do dai ba dudng cao bang 3 cm, 4 cm, 7 cm.
I/~ Bai 2: o dai hai canh cua mot tam giac bang 6cm va 4cm, nira téng céc chiéu cao tng véi hai
canh 4y bang chiéu cao (ng véi canh tht ba. Tinh d6 dai canh thi ba.

= Loi giai
Gia sir tam gidc c6 do dai ba canh lan lugc Ia a,b=6cm,c =4cm va h,h,h, lan luot 1a do dai ba
duong cao twong tng cua tam giac. Khi do, ta co:

a(h,+h,) h, +h

=6h, =4h, = ¢ =

ah, =bh, =ch, =

Theo tinh chat day ti s6 bang nhau, ta co: 2_ %+% = a=4,8cm
a
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ay d6 dai canh thtr ba caa tam giac bang 4,8cm.

7~ Bai 3: Chting minh rang mot tam giéc la tam giac vudng néu céc chiéu cao h,,h,,h_cta né thoa

2 2
man diéu kién: h—a + & =1.
hb hc

w Loi giai
Goi S la dién tich cua tam giéac, ta co:
; ; 2sY (2sY
h h a2l |l a by (cY
e R L E I e Ty g g =1:>(—J +(—j =1=b*+c* =a’.
hb hc § § a a
b c

Suy ra tam giac da cho la tam giac vudng.
™~ Bai 4: Tinh c4c canh cua mot tam giac c6 ba dudng cao bang 12 cm, 15 cm va 20 cm.
» Loi giai
Gia str tam giac ABC c6 d¢ dai ba duong cao la h, =12cm, h, =15cm, h, = 20cm tuong Gng vai ba
canh a,b,c. Khi dd, taco:

HRORORR R

=b?+c’=1

= tam gidc ABC vubng tai A.

Do d6, ta c6: AB =15cm, AC = 20cm, BC =+ AB2 + AC? = /15? + 20% = 25cm.

[~ Bai 5: Goi h,,h,,h, 1a ba duong cao cua mot tam giac, chung minh rang L < hi+hi
b

a C

w Loi giai
Goi a,b,c laba canh tuong ung voi cac duong cao h,,h,h.va S ladién tich tam giac.

.. 2S5 2S5 2S 1 1 1
Taco: a<b+cD—<—4+—o> —<—+—,
h, h h, h, h

a C a C

7~ Bai 6: Tam gidc ABC c6 d¢ dai cac canh Ia a,b,c céc chiéu cao twong ung la h,,h, ,h, .
Biétrang a+h, =b+h =c+h_. Ching minh rang tam giac ABC 1a tam giac déu.

w Loi giai
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Xét a+h, =b+h ,taco: a-b=h —h, =—-—=2S.

:(a—b)(l—%jzo

a

= a=Db hoic S:%ab.

Suy ra tam giac ABC can tai C hoic vudng tai C. (1)
Tuong tu, tam giac ABC céan tai B hoic vudng tai B . (2)
tam gidc ABC cantai A hoic vudng tai A. (3)

Xay raca (1),(2) va (3)khi va chi khi tam giac ABC déu.

I/~ Bai 7: Cho diém O thudc mién trong tam gi4c ABC . Cac tia AO,BO,CO cit cc canh cua tam
giac ABC theo thatuw & A',B’,C’. Chirng minh rang :

1 OA’ OB’ oC'

: + =1;
AA BB’ ccC’
. OA + o8 + oc _ 2 (bai toan cua Giec-gon, nha Toan hoc Phép) ;
AA" BB' CC’
3 MR, 0B L OC . 6 Tim vi tri cia O détong M c6 gid tri nho nht ;
OA’ OB’ ocC’
4, _OA OB OC —~ >8. Timvi tri cia O détich N c0 gia tri nho nhat.
~OA" 0B’ 'OC’

» Loi giai
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Goi S la di¢n tich tam giac ABC, ki hi¢u S,,S,, S, nhu hinh vé.

Ta co: OA,: S5 _ 5 :SZ+S3, (1)
OA SOA’C SOA'B S1
OA' _ Sonc _ Sone _ Sonc + Sone _ i (2)
AA’ SAA’C SAA’B SAA’C + SAA'B S
OA S,+8,

Tur (1) va (2 : =
U (1) va (2) suyra VY S

OA" OB’ OC' S, S, S,
+ =—4+—=+==]1,
AA" BB’ CC’ S § S
OA OB OC S5, + S, +S3+81+Sl+82=2l

1. Ta co:

AA’ BB’ CC’ S S S
3.Taco: M=2A, 0B, 0OC
OA’ OB’ oC’

=SZ+S3+SS+Sl+Sl+S2

S, S, S,
— i_l_i + i.}.i + i_l_i
SZ Sl S3 SZ S1 S3
>2+2+2=6.

Ding thire xay ra khi va chi khi O 1a trong tam cua tam giac ABC .

OA OB OC
OA' OB’ OC’

_ (S,+S;)(S;+8,)(S,+S,)
55,55

4. Taco: N =

(S,+5,) (S, +5,)° (S, +S,)°
(8.8,8;)’

= N?=

_ 45,5,48,5,45;8,
(55,5, )

=64

Suyra: N>8.
bing thirc xay ra khi va chi khi O 14 trong tam ciia tam giac ABC .

7~ Bai 8: 1. Chting minh rang tong cac khoang cach tir diém M nam trén day mot tam giéc can
dén hai canh bén khong phu thudc vao vi tri ciia diém M trén canh day.

TAI LIEU TOAN HOC
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2. Két qua trén c6 gi thay ddi néu diém M thudc duodng thang chira canh day nhung khong phu
thugc canh day ?

= Loi giai

B M C T, ¢

Goi a 1a do dai canh bén va h 1a d6 dai duong cao (ing vai canh bén cia tam giac ABC cén tai A,
Ké: MH L AB taiH, MK L AC tai K.
1. Khi M nam trong doan BC, ta co:

Save +Same = Sasce @%&.MH +%a.MK =%a.h < MH + MK =h.

Vay téng cac khoang céch tir M dén hai canh bén lun bang chiéu cao (ng véi canh bén.
2. Khi M nim ngoai doan BC, ta co:

Savc —Savs = Spac @%a.MK —%a.MH =%a.h < MK -MH =h.

Vay hiéu cac khoang céch tir M dén hai canh bén ludn bang chiéu cao &ng vai canh bén.

I/~ Bai 9: Cho tam giac ABC can tai A . Tim tap hop cac diém M thudc mién trong tam giac hoic
nam trén canh cua tam giéc, sao cho khoang céch tir diém M dén BC bang tong cac khoang cach
tir diém M dén hai canh kia.

w Loi gidi
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Goi MD, ME, MF 1a khoang céch tir diém M dén AB, AC,BC.

Theo d2 bai, ta c6 : A e
MD + ME = MF (1) ! v X
Qua M V& IK //BC.V& IH L AC,Il" L BC. 5 r : :
Taco: MD + ME = IH (2)
MF =11’ (3)

Tir (1),(2) va (3)suyra: IH=11"

= CI la duong phén giac cua tam giac ABC.

Tuong tu dbi voi BK .

Vay tap hop cac diém M 1a doan thiang IK ndi chan hai duong phan giac BK,CI .

I/~ Bai 10: Cho tam giac déu ABC cb dinh c6 chiéu caoh . Tim tap hop cac diém M c6 tong cac
khoang cach dén ba canh ctia tam giac bang do dai m khong doi (m > h).

w Loi gidi

Xét diém M thudc ting mién nhu & vi du 1, tap hop phai tim 1a cac canh ciia mét luc giac
(nhu hinh v§).

Ching han véi M thugc mién 2, k¢ MA' L. BC,MB" L AB,MC’ L AC, tacé:
MA'+ MB'+ MC'=m
= MB’+MC'-MA'+2MA' =m

= h+2MA = m(doMB" +MC'—MA' = h)
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_ma=m=h
2

7~ Bai 11: C Ia mot diém thugc tia phan giéc caa xOy 6 sé do bing 60°, M 1a diém bét ky nim

trén dudng vudng goc véi OC tai C va C thudc midn ngoai caa xOy . Goi MA, MB theo thir tu 12
khoang cach tir M dén Ox,Oy . Tinh d dai OD theo MA, MB.

= Loi giai

Goi E,F lan luot 1a giao diém cua duong thang MC vdicac tia
Ox,0y (hinh vg).

Khi d6, tam giac OEF déu.

Goi a la d6 dai cc canh cua tam giac OEF .

Taco: SOEF = SOME - SOMF ©

= 1a.OC = 1a.MA—la.MB
2 2 2

= 0C=MA-MB
Vay: OC =|MA-MB|
7 Bai 12: Cho tam giac déu ABC, cac duong cao AD,BE,CF . Goi A',B’,C'la hinh chiéu cua

diém M (nam bén trong tam giac ABC ) trén AD, BE,CF . Chting minh rang khi diém M thay doi
vi tri trong tam giac ABC thi:

a/ Tong A'D + B'E +C'F khéng doi b/ Tong AA + BB’ +CC’ khong doi.

w Loi gidi

1. K¢ MH L BC,MI L AC,MK L AB. Khi do, ta c6 :
MH = A'D,MI =B’E,MK =C'F.

Goi h 1a d6 dai duong cao cia tam giac déu ABC . Theo vidu 1, ta co :

MH +MI +MK =h

= AD+B'E+CF=h
Vay tong A'D + B'E + C'F khong doi.
2. Theo két qua cau a, ta co:

AA'+BB'+CC'=AD-AD+BE-BE+CF-CF
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~(AD+BE +CF)—(AD+BE+CF)

=3h-h=2h.

Vay tong A'D + B'E +C'F khéng doi.

I/~ Bai 13: Cho tam giac déu ABC, A, B’,C’theo tht ty Ia hinh chiéu caa diém M (nam bén
trong tam giac ABC ) trén BC, AC, AB . Cac duong thang vudng goc véi AB tai B , vudng goc véi
BC taiC, vudng goc véi CA tai A citnhau & D, E,F . Chitng minh rang:

1. Tam giac DEF 1a tam giac déu;

2. Téng AA'+BC'+CA’ khong phu thudc vao vi tri cia diém M trong tam giac ABC .

w Loi giai

(1) Tacé
Taco
— —— —— E
FAB + BAC + CAE =180°

e A
=> FAB +60°+90° =180 !
= FAB =30° o4 "

e ’TL/ l— H
= AFB =60° ¥
Tuong ty, ta c AEC =CDB = 60", ) Aj g C
= Tam gi4c DEF la tam giac déu. K

(2) Ké MH L DE,MI 1L EF,MK L FD. Khi d9,
tacé MH =CA’,MI = AB',MK = BC' D

Goi h 1a d6 dai dudng cao cua tam giac déu DEF .
Theo vidu 1, taco

MH + Ml + MK =h
= AB'+BC'+CA'=h
Vay téng AB’+BC’+CA’ khong phu thudc vao vi tri cia diém M trong tam giéc ABC .
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\

TAM GIAC PONG DANG

DPINH Li TA LET

Q Tém tat ly thuyét

Chuong III bat dau bang viéc nghién ciu ti s6 cua hai doan thang, d6 1a ti s6 cac do dai cua

chdng theo cung mét don vi do.

Cho doan thing AB va mot ti s6 - > 0, tn tai duy nhit mot didm C thuoc doan thing AB
n

sao cho %=m. Piém C goi 1a diém chia trong doan thing AB theo ti s6 - (khi do diém C
n n

chia doan thang BA theo ti s6 ﬂj.
m

Cho doan thing AB va mat ti s6 m (m oM. 1) , ton tai duy nhat mot diém D thudc duong
n’'\n n

thang AB nhung nim ngoai doan thang AB sao cho % ™M BHiém D goi Ia diém chia ngoai
n

doan thing AB theo ti s6 ™ (khi d6 didém D chia ngoai doan thing BA theo ti s 1}.
n m

Trén hinh 1, diém C chia trong doan thang AB theo ti s6 1:2, diém D chiangoai AB theo

ti 6 1:2.

D A C B

iy 28 _ KB

CD CD’
thang AB va CD ti I& véi cap doan thing A'B’ va C'D".
Dinh Ii Ta-1ét cho ta cac cap doan thing ti 1&: Puong thang
song song vai mot canh caa tam giac thi dinh ra trén hai
duong thang chira hai canh kia céc cip doan thang twong Gng
ti 16 (do d6 tao véi cac duong thang chia hai canh kia mot B c
tam gi4c mai ¢6 ba canh tuong tng ti 1& véi ba canh cua tam giac ban dau).

thi ta c6 cac cap doan thang ti 1&: cip doan A
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AD AE DE

DE//BC = =
AC BC

Q Mot sé vid
-
/

L1 Vi du 1. Cho hinh thoi BEDF néi tiép tam gidc ABC(E thudc AB, D thuéc AC,F thudéc BC)

\

1 Tinh canh hinh thoi biét AB =4 ¢cm, BC =6 ¢m . Tng quat véi AB=c¢,BC =a.

. 2
2. Chirng minh rang BD < ac véi AB=c¢,BC=a.
\ a+c /

(@ Loigiai

1. Goi canh hinh thoi 14 x. Ap dung dinh Ii Ta-lét vao AABC véi ED//BC, ta co:

ED—AEzlzu:x 2,4 cm

BC AB 6 4

Tong quat, x = —— ac
a+c

2. Trén tia d6i cua tia BC ldy diém K sao cho BK = BA. Tacd AABK can, tir d6 BD// KA. Ap
dung dinh i Ta-1ét vao ACAK vai BD // KA ta co:

BD _CB_ BD_ a
AK CK  AK atc

1)
Trong AABK , ta co:

AK <AB+BK =c+c=2c (2)
Tur (1) va (2) suy ra:

BD < 2 .pc— 28
a+C a+C

3. Ap dung dinh i Ta-lét vao AABC véi ED//BC ta co:
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ED AD d m d(m+n)
= = = = -~ 7/
BC AC BC m+n m
d(m+n)
—

Tuong ty AB =

Chu y: Tir két qua cua cau b, ta co:

1 a+c 1(1 1
_> = — —4—
BD 2ac 2\la c

Do d6, néu goi AM,CN 1a cac dudng phan gi4c caa AABC va AC =b thi

1 1 1
+—+
AM  BD CN

1 1 1
U B
a b c¢

3 Vi du 2. Cho tam gi4c ABC(AC > AB). Lay cac diém D, E tly y theo thtr ty ndm trén céc
canh AB, AC sao cho BD =CE. Goi K la giao diém ciia cac duong thang DE, BC . Chitng minh

: . KE " Al s , sk R
rang ti so b khéng phu thugc vao cach chon cac diém D va E .

(¢ Loigiai

Céch 1: D& lam xuét hién mot ti s bang % ta A

vé qua D duong thang DG // AC . Theo dinh Ii
Ta-lét, ta co: D
KE KC KE EC
KD KG KD DG . K
Trong hai ti s trén, ta cht y dén ti s6 sau, vi do
dai EC duoc néu trong gia thiét (EC = BD).

Ta thay EC bang BD Vatisé nay bang BA (vi DG // AC)
DG DG AC

A
Céch 2:
V& EH // AB ta co: b
E
KE EH EH AB )
KD BD EC AC’ B H C
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A
Céach 3: Vé DM // BC . Ta co:
KE CE BD AD AB 5 M
KD CM CM AM AC E
B C K

Nhan xét: Trong céc bai tap van dung dinh If Ta-1ét, nhiéu khi ta can v& thém mot duong thing song
song véi mot dudng thang cho trudc.

Day 1a mot cach vé& dugc phu hay dung, vi nhd d6 ma tao thém duoc cac cip doan thang ti Ié.

~

/IIEQI Vi du 3. Cho hinh thang ABCD ¢é AB//CD,AB < CD . Goi O la giao diém cla hai dudng chéo, K
la giao diém clia AD va BC .Pudong thang KO cat AB,CD theothtty & M, N Chitng minh rang:

ND NC NC ND
(¢ Loigidi K
A M B
D N c

1. Ap dung dinh Ii Ta-lét vao cac tam giac KDN,KNC voi AB//CD, ta co:

MA KM MB KM MA MB
= , = , suyra—=—— (1)
ND KN NC KN ND NC
2. Ap dung dinh Ii Ta-1ét vao cac tam giac ONC,OND véi AB//CD, ta co:
MA OM MB OM MA MB
= , = , suyra—=——(2)
NC ON ND ON NC ND
3. Nhan ting vé (1) véi (2) ta duoc:
MA2 2
, suy ra MA? = MB? tiic 1a MA= MB

ND-NC NC-ND
TAI LIEU TOAN HOC
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Turdd NC=ND.
Nhan xét: Tur vi du trén, ta suy ra:

Trong hinh thang c6 hai canh d4y khéng bang nhau, duong thang di qua giao diém cua cac duong
chéo va di qua giao diém cua cac duong thang chta hai canh bén thi di qua trung diém cua hai canh
day.

Tinh chat nay cé nhiéu ung dung quan trong, dugc goi 1a bd dé hinh thang.

Q Bai tap tw luyén

I~ Bai 1. Trong hinh thang ABCD(AB//CD) c¢6 AB =28 cm,CD =70 cm, AD =35 cm, v& mot
duong thang song song vai hai canh day, cat AD,BC theo thaty & E va F . Tinh d6 dai EF biét
ring DE =10 cm .

(# Loigiai
) A B
Goi | lagiaocia AC va EF . Ap dung dinh
li Ta-1ét cho AACD nén ta c6:
RE_EL A B Bl s E L\ F
AD DC AC 35 70
wAL_5_Ic 2
AC 7 "AC 7 D C

Ap dung dinh Ii Ta-1ét cho tam giac ABC ta co:

IC IF 2 IF
_— e =S =
CA AB 7 28
Vay EF =58 cm

=IF=8

™~ Bai 2. Goi O 1a giao diém cua cac dudng thang chira hai canh bén AD, BC cua hinh thang
ABCD . Puong thang di qua O va song song véi AB cit cac duong thang AC, BD theo thi tu ¢
M, N . Chtng minh ring OM =ON

’t Lé’. "2
Vi MN //CD néntaco N (2 e 0 M

OM _OA ON _OB )
CD AD'CD BC
Ap dung dinh Ii Ta-1ét cho tam A B
gidc OCD taco

OA OB
0 " 5c
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X OM ON
Tu (1 2 —_— = M =ON
U (1)va (2) suyra D CD:>O @)

I/~ Bai 3. Cho hinh thang ABCD c6 céc canh ddy AB =a,CD =b. Qua giao diém O cua hai
duong chéo, ké duong thang song song véi AB, cit AD va BC theo thirty & E va G . Ching
1

s 1 11
minhrang —=——=—+—
OE OG a b

(¢ Loigiai A B

E/\/\G

Ap duyng dinh Ii Ta-lét cho tam giac ACD, ta co

OE_AO_ 1 _AC 1 (, COY 1 (, ,DC) 1 1 1

DC AC OE A0 DC " AO) DC AB ) DC AB CD

OG OC 1 AC 1 AOY 1 ABY 1 1 1
= - = . = 1 1+_ . =

AB AC OG OC AB ( j ( ch

AB AB CD

AB

Cco
1 1 1.1

Vay —=—==4=,
OE OG a b
[~ Bai 4. Cho hinh thang ABCD(AB//CD). Mot dudng thing d song song véi hai canh day cét
hai canh bén AD, BC theo thirtw & M, N va cit hai duong chéo BD, AC theo tha tu & H, K
1. Chtng minh raing MH = KN .
2. Hay néu céach dung duong thiang d sao cho MH = KH = KN .

(¢ Loigiai

A B
1 Vi MN// AB,MN //CD nén ap dung dinh ly Ta-lét ta cd M N
H
MH MD CN KN % KN
AB AD CB AB D I ¢

Suy ra MH =KN
2 Goi | la giao diém cia AH va CD. Khi d6

MH AH HK
DI Al IC

Suyra MH =HK < DI =IC.

Vay ta dung dudng thing d nhu sau: Liy | 14 trung diém cua CD. Goi H la giao cua Al
va BD. Ké duong thang d di qua H vasong song voi AB ta dugc duong thang can tim.
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I~ Bai 5. Tam giac ABC c6 AC > AB, AC =45 cm. Hinh chiéu cia AC A

va AB trén BC theo tha ty la 27 cm va 15 cm. Puong trung truc cua N

BC cit AC & N . Tinh d¢ dai CN @ Loigiai

Goi M 1a trung diém ciia BC, AH L BC . Ta xét hai truong hop sau B H M ¢

—B <90°. Khi d6, H ndm gitra B va C nén BC =42 cm, suyra CM =BM =21cm.
" o ] . . Cl CN
Ap dung dinh Ii Ta-lét cho tam gidc AHC ta co C_H:A_C: CN =35cm

—B >90°. Khi 46, B ndm giita H va C nén BC =12 cm, suy ra A
CM =BM =6 cm.

Ap dung dinh Ii Ta-lét cho tam giac AHC ta cé

Cl —ﬂ:CN =10 cm

CH AC

™~ Bai 6. Cho hinh binh hanh ABCD, diém G chia trong canh DC theo ti s6 N ! c
-2 . ) A . A 1x: 2 H B M
1:2,diém K chiatrong canh BC theo ti s6 3:2. Tinh d6 dai ba doan thang do
AG, AK dinh ratrén BD, biét ring BD =16 cm
(¢ Loigiai
Goi E,F la giao diém cia AG, AK véi BD. Tacd A B
DE DG DG 1
EB AB DC 3 F
. 1 1 K
nén DE=§EB=Z:4cm E
D G c
04

Tuong tu, BF :gBD =6 cm. Vay EF =6 cm

Vé dwdng thang song song trong cac bai tap sau dé tao thanh céc cap doan thang ti I6.

[~ Bai 7. 1) Cho tam gidc ABC c6 A=120°, AB =3 cm, AC =6 cm . Tinh d¢ dai duong phan giac
AD

2) Cho tam gidc ABC véi duong phan giac AD théa man t 1 + L :
AD AB AC
Tinh sb do goc BAC .
(& Loigiai

1. Ké DE// AB,AADE déu. it AD =DE =EA=x.Taco
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— ==
AB CA 3

DE CE x 6-X
6

Tudo x=2.Vay AD=2cm.

A
E
B D C
2. Ké DE// AB. Dbat DE=EA=x.Taco
DE CE X AC —X X
AB CA AB AC AC

=>—+—=1=—
AB AC AB AC

xxllll
X

Theo dé bai 1 + 1 = 1
AB AC AD

.Suy ra AD = x, AADE déu, BAC =120".

I/~ Bai 8. Cho tam gidc ABC . Chirng minh rang néu mot dudng thang cit canh AB & D, cét canh
BC ¢ K va cit tia d6i cua tia CA ¢ E sao cho

BD = CE thitis§ = khong doi. A
KD (# Loigiai

KE CE BD BA

Ké DG//BC. Taco = = =—.
KD CG CG CA

I/~ Bai 9. Cho tam giac ABC, diém D chia trong canh BA theo tisé 1:2, diém E chia trong
canh AC theo ti sé 2:5. Goi F la giao diém cua cac duong thing ED va BC. Tinhtisdé FB:FC.
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(Z Loigiai
A

FB_EG EG EA DB EA
FC EC EA EC DA EC

Ké BG//DE. Tacé

121
25 5

I/~ Bai 10. Cho tam gidc ABC, diém D chia trong canh BC theo ti s6 1: 2, diém O chia trong
AD theo tisé 3:2. Goi K lagiao diém cua BO va AC . Tinhtisé AK :KC.

(& Loigiai
A
K
G
B D 3
Ké DG //BK . Taco 2K _AK KG _AO BD _31_1
KC KG KC OD BC 23 2

7~ Bai 11. Cho tam giac ABC , dudng trung tuyén AM . Goi | 1a diém bét ki trén canh BC . Puong
thang di qua | va song song vdi AC cat AB ¢ K, duong thang di qua | va song song v&i
AB cit AM , AC theo thtr ty & D, E. Ching minh réng DE = BK

(@ Loigiai
Ké MG//IE. Tacdo BK = BA;DE:MG:MG = BA
KI AC AE AG GC AC

Suyra—=%,ma Kl = AE nén BK =DE.
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Bai 12. Tt giac ABCD ¢6 E, F theo thic tu 13 trung diém cia CD, CB, Ola giao diém cua

AE va DF;O0A=40E,OD =§OF . Chimg minh rang ABCD Ia hinh binh hanh.
(& Loigiai

Ké El // DA cit DF, lay K 1a trung diém cua CF . Pat OD =2a,0F =3a.

Ta tinh dugc Ol =0.5a; IF =2.5a; EK =2.5a.

Tur d6 EIKF la hinh binh hanh nén FK //1E// AD. Suy ra BC// AD.

Talai c6 BC = AD (cung bang 4El). Vay ABCD la hinh binh hanh.

A B

D j ¢
E

I~ Bai 13. Puong thing di qua trung diém cac canh d6i AB, CD cua tt giac ABCD cit cac dudng
thang AD va BC theo tha ty ¢ | va K. Chimg minh rang: IA: 1D = KB:KC

(¢ Loigiai

Goi M, N 1a trung diém ciia AB, CD. V& AE,BF//DC. Tacé

IA_ AE BF KB
ID DN NC KC
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7~ Bai 14. a) Qua diém M thudc canh BC ctia tam gidc ABC, vé& cac dudng thang song song voi

. . . ..+ .2 AH AK
hai canh kia, chung cat AB, AC theo thtr tu & H,K . Chirng minh rang tong E-'_ C khong phu

Thudc vao vi tri cia diém M trén canh BC.

b) Xét truong hop tuong tu khi diém M chay trén duong thing BC nhung khong thudc doan thing

BC.
(& Loigiai
A
K
B M C
a)
H
A
M
s C\/
K
b)
a) Do MH // AC, theo dinh 1i Ta-lét, ta co: ﬁ:% Tuong tu ta dugc ﬁ:ﬂ Do d6
AB CB AC CB

AH+AK_CM+BM_BC_1
AB AC CB CB BC

b) Néu M thudc tia ddi cua tia BC thi

AK AH CK AH MC CM
- =1+ - =1+ - =1
AC AB AC AB BC BC

L a2 e . AH AK
- Tuong ty néu diém M thudc tia d6i cuia BC thi ————=
AB AC
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= Bai 15. (1) Cho tam giac ABC, duong trung tuyén AM . Qua diém O cia AM , v& dudng thing
cat cac canh AB, AC theo thu ty & B',C’. Chimg minh ring khi duong thang thay d6i vi
AC

X o . AB 2.
tri ma van di qua O thi tong —+—— khong doi.
AB AC

(2) Tong quat hoa bai toan trén khi O 1a mot diém c6 dinh trén doan thing AM .

@ Loigiai

(1)Ké BI//BC',CK//BC'(I,K € AM).
Khi d6 IBM = MCK (hai g6c so le trong). Xét ABIM va ACKM co:
IBM = MCK;BM =CM(gt); IMB = CMK (déi dinh)

Suy ra ABIM =ACKM (g.c.g) = IM =MK..

Do OB'// IB, theo dinh 1i Ta-1ét co ﬁ = AL . Tuong tu, ta dugc A—C = &
AB AO AC AO

AB AC _ Al AK _Al+AK _(AM-MI)+(AM +MK) _2-AM _

SFa. AP - 4
AB AC' A0 AO  AO AO AO

Suy ra

(2)

Chi can O 1a mot diém ¢ dinh thudc doan thang AM , khong doi héi O 1a trung diém cia AM . Gia
tri khong d6i cia tong bang 2AM : AO.
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C6 thé dién dat bai toan nay dudi dang: Cho hinh binh hanh ABCD, diém C' nim trén duong chéo
AC(AC' <%ACJ. Qua C' v& duong thang d cit cac canh AB,AD & B',D’. Ching minh ring

AB . AD AC
AB" AD AC

I/~ Bai 16. Cho tam giac ABC vudng cén tai A, duong trung tuyén BM . Trén canh BC lay diém
D sao cho BD =2DC . Ching minh ring BM vudng goc véi AD .

@ Loigiai

D

Ké CK // AD(K < AB)

Khi d6 theo dinh 1i Ta-lét ta co AB = Bb =2=> AB=2.AK
AK CD

Laico: AB=AC=2-AM.

Suy ra AK = AM . Xét ACAK va ABAM c0:

AK = AM (cmt);CAK = BAM =90°: AC = AB

Suy ra ACAK = ABAM (c.g.c)

= ACK = ABM

Ma CKA = BAD (hai goc dong vi) Suy ra ACK +CKA = ABM + BAD
Hay ABM +BAD =90

Vay BM L AD.

= Bai 17. Cho tam gidc ABC vuongtai A. Cac diém D, E thudc canh BC saocho BD = DE = EC
. Biét AD =10cm, AE =15cm . Tinh d6 dai BC.
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@ Loigiai

C L

A

Ké DH /I AC;EK // AB(K € AC;H € AB

bat DH =x;EK =y . Do DH // AC, theo hé qua dinh ly Ta-lét ta c6

DH _BD 1 Ac-3.DH=3x.

AC BC 3

Do EK /[ AB, theo dinh 1y Ta-lét ta c &=E=g:> AH =2x
AC CB 3

Tuong tu ta dugc AB=3y;AH =2y.Suyra BH =Y.

Xét AADH vudng tai H, theo dinh Iy Pitago taco AH?+DH? = AD? hay 4y*+x* =100. (1)
Tuong tu ta duoc y* +4x> = 225. (2)

Cong vé theo vé ciia (1) va (2): 5(X2 + y2) =325 x* +y® =65.

Ma BH =y nén x> +y?=DH?+BH?2=BD? hay BD =/65.

Vay BC =34/65.

I~ Bai 18. Cho tam giac AABC vudng tai A. V& ra phia ngoai tam giac d6 cac tam giac ABD vubng
cantai B, ACF vudng can tai C.Goi H la giao diém cua AB va CD, K 14 giao diém cua
AC va BF. Chtig minh rang

(1) AH = AK

(2) AH? =BH -CK .

@ Loigiai
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e

HA AC _AC ¢
HB DB AB b’

(1).bat AB=c,AC=b.Tacé DB// AC suyra

HA HB HA+HB c bc
Suy ra = = = = =
b c b+c b+c b+c
Tuong tu, ta dugc ﬁzﬁ va AK :i.
KC b b+c
Do dé AH = AK..
(2) Taco EZB'EZE
B ¢ K b
Do d6 %:% suy ra HA- AK =BH -CK . Lai ¢c6 AH = AK suy ra HA? =BH -CK .

I/~ Bai 19. Cho tir giac ABCD ¢6 M la trung diém ciia CD, N 1a trung diém ctia CB. Biét rang
AM , AN cit dudng chéo BD thanh ba doan bang nhau. Chimg minh ring ABCD la hinh
binh hanh.

@ Loigiai

Goi E,Fla giao diém cua AM , AN voi BD; goi G, H la giao diém cua cia MN voi AD, AB.

Tacé BEJ/HN = B _BF _ AF
AH HN AN

(1)
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EF/IMN = AF _ EF (2)
AN MN

Mait khac, MN 1la duong trung binh tam giac CBD suy ra MN =%BD, lai c6 EF =%BD

AF EF 2
Th a0 (2),ta & — === 3
ay vao (2), ta dugc AN - MN 3 ( )
AB BF 2
Tir (1) va 3 AB_DBF_2 A
(1) va (3)suy ra e N3 (4)
Chung minh tuong ty, ta duoc AD _DE _2 (5)
AG MG 3

Tir (3),(4) va (5) suy ra HN :gEF,MN :%EF,MG :gDE.

Do d6 HN = MN = MG.
, , GN 2 .. , )
Do d6, tac6 —— =—, két hgp vdi (4) suy ra BC song song AD . Chung minh tuong tu ta dugc AB
song song CDva do d6 ABCD la hinh binh hanh.

= Bai 20. Trén canh BC cua hinh vuéng ABCD canh 6, léy diém E sao cho BE =2. Trén tia d6i
ctia tia CD lay diém F sao cho CF =3.Goi M 14 giao diém cia AE va BF . Tinh AMC

(& Loigidi
A B H
z M
D C F G

Goi H 1a giao diém cia CM va AB, G la giao diém cia AM va DF . Taco

AB//CG suyraﬁ=§:>i:g:>CG:12,FG:CG—CF:9
CG CE CG 4

HB MB AB ,BH CF ., BH 3
= = ,do do = nén
CF MF FG AB FG 6 9

AH // DG suy ra
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Xét ABAE va ABCH , ta c6

AB=BC;

ABE =CBH

BH=BE=2

— ABAE = ABCH => AHM = AEB = MEC

Tacé MEC + ECM = BHC + ECM =90" do d6 AMC =90".o

I/~ Bai 21. Cho tam gidc ABC . Mot dudng thing cit cac canh BC,CA theo thir tw & D,E va cit
duong thang BA ¢ F . V& hinh binh hanh BDEH . Puong thing di qua F va song song

v6i BC cat HA ¢ | . Ching minh ring FI = DC.

(& Loigiai

T

B D C

Goi K 1a giao diém cia AC va FI,M la giao diém cia AB va EH .

Tac6 KI // HE suy ra ——-MH
FK  ME

Taco KI//BC suyra bc _DE
FK  FE

BD _FD_ BD-ME_FD-FE_ MH _DE

Taco ME//BC suy ra
ME

‘ \ FI_DC opi
Tu (1) (2) va (3)suy ra = = E N FI =DC.
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Bai 22. Cho tam giac ABC, duong phan gidc AD, duong trung tuyén AM . Qua diém | thudc
doan thang AD, ké IH vudng goc v6i AB, IK vudng goc voi AC . Goi N 1a giao diém
cia HK va AM . Ching minh rang NI vudng goc véi BC .

@ Loigiai

Qua N ké duong EF //BC,do M latrung diém BC nén NE = NF .Ké EG//HK,do N latrung
diém EF nén GK =KF. (1)

Ta c6 I thudc phan giac AD, IH L AB, IK L AC = AH = AK.
Tam giac AHK céan, EG//HK suy ra AE = AG, nén EH =GK (2)
Tu (1)va (2) suyra EH = KF.
Xét tam giac IHE va IKF cé
IH=1K,
HE = KF
EHI = FKI (=90')
— AIHE = AIKF (c-g-c) = IE=IF
AIEF cantai I,IN 1 dudng trung tuyén nén IN L EF . Do d6 IN L BC.
O

I/~ Bai 23. Cho tam giac ¢ ba goc nhon, truc tim H . Mot dudng thang di qua H cit AB, AC theo
thir tw 6 P,Q sao cho HP = HQ. Goi M 14 trung diém ciia BC . Chirng minh raing HM

vuong goc voi PQ.

(& Loigiai

TAI LIEU TOAN HOC
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=

Qua C ké duong thang song song véi PQ cit ABd N, cit AH ¢ K.

Tacod PQ//NC suyra PH _QH (z AH j
NK KC AK

Do HP =HQ nén KN =KC.

Tacd MB=MC,KN +KC suy ra KM 1a duong trung binh cia ACBN,KM // AB. Ma CH L AB
nén KM LCH.

Laic6 BC L AH,KM L CH suyra M Ia tryc tim cuia ACHK nén HM L NC. Lai c6 PQ //NC
suy ra HM L PQ.

O

[/~ Bai 24. Hinh chir nhat ABCD ¢6 M, N theo thtr tir 14 trung diém cia AD,BC . Goi E 1a mét
diém bat ki thudc tia d6i cua tia DC, K 13 giao diém ctia EM va AC . Chirng minh ring
NM 1a tia phan giac cua goc KNE .

(¢ Loigiai
A B
K
M
E D C H

Goi | 1a giao diém cua AC va MN, H 1a giao diém KN va DC. Xét t& gidc NMCD co
DM //CN(AD//BC,M € AD,N € BC),

DM =CN(DM :%,ADzéBC,AD:BCj
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= TG giac MNCD 1a hinh binh hanh = MN//CD. Xét AADC c¢6 M 1a trung diém
AD,MI //DC(MN //CD, 1 € MN),I € AC = | 1a trung diém MN = IM = IN.

Xét AKEC c0

IM Kl

MI //EC(MN //CD, 1 € MN, E e CD) 2 Ec ke (hé qua cua dinh 1i Talét) (1)
Ching minh tuong tu ta c6 N _ KL . (2)
HC KC
IN _EC IM

IM 2
Tur (1) va (2) suy ra =1=C latrung diém EH .

= < =
EC HC HC IN

Xét AENH c¢6 NC vira 1a dudng cao vira 1a dudng trung tuyén nén AENH cén tai N . (3)

Taco KNE 1 goc ngoai cua ANEH . (4)
Tir (3) va (4) = KNE = 2NHE (5)
Ta lai c6 KNM = NHE(MN // EH , hai goc so le trong) (6)

Tir (5) va (6) = KNE = 2KNM <> NM 14 tia phan gidc cia goc KNE.
O

7~ Bai 25. Cho hinh binh hanh ABCD, diém M thudc canh BC, diém N thudc tia ddi cua tia BC
sao cho BN =CM . Cac duong thang DN,DM cit AB theo thir tw & E,F . Chimg minh

rang AE® =EB-EF

(@ Loigiai

D C
Tac6 MN =BN +BM =CM +BM =BC = AD(BN =CM).

Xét tir gidc AMND c6
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AD/IMN(AD//MN,N € BC)

AD = MN (cmt)

= T gidc AMND 14 hinh binh hanh ( t& gidc c6 mdt cip canh vira song song vira bang nhau)
= AN // DF

Xét ADEF c6 AN // DF = % =E— (hé qua cua dinh li Talét). (1)

Xét AAED c6 AD//BN = % = E— (hé qua cta dinh 1i Talét). (2)

EA EB
Tur (1) va (2 — =— < EA*=EB-EF.
U (1) va (2) suy ra EETEA T

I~ Bai 26. Mot duong thang di qua dinh A cta hinh binh hanh ABCD cit BD, BC, DC theo thir tyr
6 E,K,G. Ching minh rang:

a) AE2 = EK -EG

1_1 1
AE  AK  AG

b)

¢) Khi duong thang thay doi vi tri nhung van di qua A thi tich BK - DG c¢6 gié tri khong doi.

A B
% @ wigi
D o
a) Xét AAEB c6 ABJ/DG(AB//DC,G e DC) = —2 - EB (1)
EG ED
Xét AAED c6 AD//BK (AD//BC,K e BC) = 2 = EX (2)
ED EA
Tir (1) va (2) suy ra EA _EK L EN—EK-EG.
EG EA
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1 1 AE AE

1

b) Taco = +
AE AK AG AK AG
Xét AAEB 6 ABJ/DG(AB//DC,G e DC) = ~E - BE (3)
AG BD
Xét AAED c6 AD//BK(AD//BC,K e BC) = AE _DE (4)
AK DB
Tu (3) va (4) ta dugce AE AE _ DE BE _BD_
AK AG DB BD BD
¢) Xét AABK c6 AB//CG(AB//DC,G < DC) = <& _ AB (5)
KC cG
Xét AAGD c6 AD//KC(AD//BC,K e BC) = <= = € (6)
AD AD
KB AB R £ 4 N
Nhén timg vé (5) va (6) ta duogc ﬁzﬁ < KB-DG=AB-AD, ma AB,AD co dinh nén

BK -DG c6 gia tri khong doi.

= Bai 27. Cho tam giac déu ABC. Cac diém D, E theo tht tu thudc cac canh AB, AC sao cho
AD =CE . Goi M 1a mot diém bét ki thuéc canh BC. V& MH song song v4i CD (H
thuoc AB), vé MK song song v6i BE(K thugc AC). Chung minh rang khi diém M
chuyén dong trén canh BC thi tong MH + MK c¢6 gia tri khong doi.

(£ i giai
Xét AADC va ACEB co:
AD =CE (gia thiét)
A=C =60°(AABC déu )

AC = BC(AABC déu )

= AADC = ACEB(c—g—-c) = DC = BE (2 canh tuong ung )

Xét ABDC c6 MH //DC (gia thiét)

:>w=@ (hé qua cua dinh 17 Talét). (1)
DC BC
Xét ABCE c6 MK //BE (gia thiét) 3%=¥ (hé qua cua dinh 17 Talét).(2)
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MH MK MB MC BC
+ =—+ =

Tir (1) va (2) taco . =
BE BC BC BC

=1, ma DC = BE (chuang minh trén)

:w+%:1:> MH + MK =CD
DC DC

Tacé C,D cb dinh nén MH + MK cd gié tri khong doi.

7~ BAI 28. Cho tam giac déu ABC, trong tim G,M la mot diém bat ki nam bén trong tam giac.
Puong thang MG cit cac duong thang BC, AC, AB theo thirty & A", B, C'. Ching minh rang
AM BM CM
e —— =
AG BG CG

NI

~

D' C A"

) [ Loigiai .
Goi 3 duong trung tuyén ctia AABC lan luot a2 AD, BE,CF , ma AABC déu nén GD =GE =GF .

V& D, E,F’ lan luot 1a hinh chiéu caa M trén BC,CA, AB.

Vi AABC déu, AD la duong trung tuyén nén AD ciing 1a duong cao, suy ra AD L BC, ma
MD' 1 BC (D' lahinh chiéucia M trén BC ). Vay AD//MD'.

e oo AM UMD
Xét AAGD co6 AD//MD (chttng minh trén) :>A,—G=G—D (h¢ qua cua dinh li Talét). Chang

: . BM ME CM MF
minh tuong ty ta cC0—— = ——=
BG GE CG GF

. AM BM CM MD ME MF MD +ME +MF
VY —+——+——= + + =
AG BG CG GD GE GF GD

( Vi GD =GE =GF)
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Mzt KhaC S o =S, aum + S, e + S, anc @%-AD-BC :%-AB-MF' +%-AC-ME' +%BC.MD'

< AD =MF +ME +MD
AM BM CM AD
Yt ot = =3
AG BG CG GD

A

7~ BAI 29. Cho tam gi4c ABC vudng can tai A. Cac diém D, E,F theo thir tu chia trong céc
canh AB, BC,CA theo ciing mét ti so. Ching minh rang:

1. AE=DF
2. AE vudng goc voi DF .

(£ Loigidi
) . x , AD BE
Theo gia thiét, tac6 —=——.(1
g AB BC () A

V& EH L AB,(H < AB).

Taco HE//AC suyra HE _BE (2) D
AC BC

. HE AD .,
T () va(2)suyra—=———,laicod
(1) va (2) suy - ag "

B E C

Mat khac tam giac BHE vubng c6 HBE = 45° suy ra AHBE can = HB=HE.

AB = AC suyra HE=AD.

Vay AD=EH = BH.

Theo gia thiét ta c6 AD _CF suyra AD=CF .
AB AC

Do dotaco AH = AF.

Xét AAHE va AFAD

AH = AF (cmt)

HE = AD(cmt)

AHE = DAE =90’

— AAHE = AFAD(c—g-c¢) = AE = DF, AFD = HAE

Tacé HAE + ADF = AFD + ADF =90° = AE | DF .

TAI LIEU TOAN HOC
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7~ BAI 30. Cho hinh thang ABCD(AB//CD) c6 dién tich S.AB=§CD. Goi E,F theo thtr ty

1a trung diém ciia AB,CD . Goi M 14 giao diém ciia AF va DE.N la giao diém cia BF va CE.
Tinh dién tich tir giac EMFN theo S.

(& Loigiai

bat S,.,, =X

Tacd AB//CD, suyra MF _MD _DF _3 x |
MA ME AE 2

Dods Jme - MF_3_ s _3y)
Sme ME 2 2 ! H

, 3 3 3 9
Tuong tw, ta co S,,p :ESAME :EX’SDMF :ESAMD :ZX

Tir do, ta c6 S,epg = 22X (2)

4
. \ . 6
Tu (1) va (2) taco Sg,e =£S AEFD -
6 6 6
Tuong tu Sy =ESBEFC' Suy ra Sgyey =ESABCD :E

7 BAI 31.

1. Cho hinh binh hanh ABCD, M 14 trung diém caa BC . Biém N trén canh CD sao cho % =2

Goi giao diém cua AM, AN véi BD la P,Q. Ching minh rang S ., :%SAMN

2. Chitng minh rang két luan & cau a van dang néu thay diéu kién " M 1a trung diém cua BC, N

trén canh CD sao cho %=2 " bai diéu kién tong quat hon " M trén canh BC; N trén canh CD

CN BM
saocho —=2——
ND MC
(& Loigiai
, S S . ,
Truée hétta s 222 = e Seen _AQ AP ) o iinh toan ti sé Q. AP
Sum  Swn Saum AN AM AN AM
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AQ 3 AQ 3

AQ+QN 4 ~ AN 4

AP AD AP 2 AP 2
PM BM AP+PM 3 AM 3
Dodo AQ. AP _32_1
AN AM 4 3 2
. 1
Vay Sy =ESAMN

2. Taco SN 2 2M i BM i SN .
ND MC MC ND

Dit MC = x thi BM =kx. Dat ND =y thi CN = 2ky.

AP AD x+kx k+1 AP k+1 AP k+1

Tacé = = = = ()
PM BM kx k AP+PM 2k+1 AM 2k +1

AQ AB y+2ky 2k+1 AQ  2k+1 AQ 2k+1

Mat khac = = = = ( )
DN y 1 AQ+QN 2k+2 AN 2k+2

AP AQ k+1 2k+1 1

Tu (1) va (2) suy ra = = . ==,
(1) va (2) suy AM AN 2k+1 2k+2 2

R 1
Vay SAPQ = ESAMN

7~ BAI 32. Cho goc xOy va diém M cb dinh thuoc mién trong cia goc. Mot dudng thang thay
d6i vi tri nhung luén di qua M cat cac tia Ox,Oy theo tha tw & A, B. Goi S,,S, theo thw ty la dién

tich cac tam giac MOA, MOB . Chirng minh rang tong SiJrSi co giatri khong doi.

1 2
(& Loigiai
Vé MK //OA, taco

OK _ AM _ Syoc _ Suon
OB AB Sy Suo

N Swok _ Sy N S+5, _ 1 .
S, SitS, 5SSy
= i+ 1t 1 (khéng doi )

St S, Swox
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Cha y: Néu vé thém AA" L OM,BB' L OM thi tir Si+i khong déi, ta co
1 S2
1,1
E-OM-AA' E-OM-BB'
2 2

. 1 1 .
khoéng d6i, suy ra —— +— khong dol.
8 Y1 A Tee "

Talai c6 MA> AA,MB > BB nén OM -BB’

1 1 1 1 ... £
+ <——+—— la hang so.
MA MB AA BB

Tir d6 ta c6 bai todn: Cho goc xOy va mot diém M nam trong goc dy. Qua M hdy dung mot
duong thang cét hai canh ciia goc & A va B sao cho ﬁ+% I6n nhét. Buong thang phai dung
la duong vubng goc véi OM tai M .

Dir doan diém cé dinh: Néu lay A thuoc Oy, B’ thugc Ox sao cho OA = OA OB =OB thi
&+% =%. Diém cd dinh néu co phai 1a giao diém cua AB va AB'. Goi giao diém d6 1a C,
rd rang C phai thugc tia phan gidc caa goc xOy .

Ching minh: V& tia phan gi4c ciia goc xOy, cat AB ¢ C. V& CD//Ox thi OD=0C =a.

Taco E=ﬁ:>i+i=1i+i=l. Mt khac, theo gia thiét 1i+i=1. Vay
OA BO OA OB OA OB a OA OB k

DC =k,C 1a diém cb dinh.

7~ BAI 33. Cho gbc xOy . Cac diém A va B theo thir tw chuyén dong trén cac tia Ox va Oy sao
1 1

cho or* 0B =%(k la hang s6). Chirng minh rang dwong thang AB lu6n ludn di qua mot diém c6

dinh.

(& Loigiai

Du doan diém cé dinh: Néu ldy A’ thuoc Oy, B thuoc Ox sao cho
OA =0A,0OB =OB thi i.+i.:i.

OA OB k
Diém cé dinh néu co phai 1a giao diém cua AB va AB'.
Goi giao diém do 1a C, rd rang C phai thudc tia phan gi4c cua
géc xOy. ')

Chuang minh: V& tia phan giac ciia goc xOy, cit AB & C.
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¢ CD//Ox thi OD=0C =a.

. bC BD a OB-a a a 1 1 1
TacO —=—=— =5 F—=1——+—==
OA BO OA OB OA OB OA OB a
Mat khac, theo gia thleti—i-i = 1
OA OB k

Vay DC =k,C 1a diém cd dinh.

7~ BAI 34. Cho hinh thang ABCD(AB//CD).Piém E thudc canh AD, diém F thudc canh BC

sao cho E=£=1 Goi M, N theo thi tw 1a giao diém cua EF voi BD, AC . Chuang minh

DA BC 3
rang EM = NF

(& Loigiai
Ké AA,CC',EE’,FF vudng goc véi BD. Goi O la giao diém cia AC va BD suy ra
EE //CC /] AA/IFF

Vi EE'//AA (cich dung) — EE ~DE _1 - (né qui cia dinh i Taclet).
AA DA

Vi EE //FF ( cach dyung)

. AA

ME EE A
cC “cc

- = - =
MF  FF

A (hé qua cia dinh If Ta-let). (2

Wik Wl

Vi AA //CC’ (cach dung)

:%:ﬂ (hé qua cua dinh I Ta-let).(2)

OC CC

ME _OA
Tu (1) va (2) suyra —=——(3
(L) va (2) suyra - OC()

NF OB
Chu ht ty —=
(rng minh twong tu NE OC( )

Talaicé AB//CD = OA OB( 5) (dinh Ii Talet).
OoC 0D
Tu (3),(4),(5) suyraME NF_,_EM N _ME_NF L ME-wmF
MF NE ME+MF NE+NF EF EF
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~ BAI 35

1. Cho tam gi4c ABC . Trén tia ddi cuatia CB ldy diém A sao cho %=3. Trén canh CA

lay diém B’ sao cho %=% Goi C' 1a giao diém cia AB' va AB. Chuing minhrang C

1a trung diém cua AB.

2. Chang minh bai toan tong quét: Néu mot duong thang khong di qua cac dinh cia tam giac

ABC va cit cac duong thing BC,CA, AB theo thirty & A',B,C’ thi AB CA BC

BC AB CA

(dinh 1i Mé-né-la-uyt).

(&' Loigidi
1. Ké AH,BI,CK vubng goc véi AC’

suyra AH//BI/ICK.
Vi AH //CK (cach dung)

— AH _ ﬂ =3 (h¢ qua cua dinh If Ta-let). (1)
CK BC
Vi BI//CK (céch dung) = 2% = BA _3 (he
CK AC
qua cua dinh I Ta-let). (2)
Tur (1) va (2) suy ra %:1.
Vi AH //BI (cach dung) :%:%:1. Vay C' la trung diém AB.

2. Theo cau a ta co:

AB_AH o
BC CK
CA CK
IR
BC BI
ca

Nhan (3), (4),(5) ta duoc
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AB CA BC' _AH CK BI _
BC AB CA CK Bl AH

r~ BAI 36
1. Chiing minh rang néu trén cac canh dbi dién véi cac dinh A, B,C cua tam giac ABC, ta liy
cac diém twong tng A, B’,C’ sao cho AA,BB’,CC’ dong quy thi AB CA BC 4 (dinh
BC AB CA

li Xé-va).

2. Chting minh rang két luan trén van dang néu cac diém A, B’,C thudc cac dudng thang
chtra céc canh cua tam gidc, trong d6 c6 ding hai diém nam ngoai tam giéc.

@ Loigiai
M A N
. \
B Al C

1. Qua A ké dudng thang song song véi BC cit BB,CC & N,M .

AB AN BC BC CA MA
BC CB'CA AM ' AB AN

Tacd MN //BC suy ra

Nhan cac cac dang thic trén theo timg vé, ta duoc diéu phai chung minh.

2. Chirng minh tuong tu cau a).
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Céc hé thic viét ¢ dinh 1y Mé-né-la-uyt va dinh 1i Xé-va nhu nhau. Chd khéc nhau 12 vi tri cac diém
A,B,C
e O dinh Ii Mé-ne-la-uyt: c6 dung mot diém, hodc ca ba diém nim ngoai tam giéc.

e O dinh li Xé-va: khong co6 diém nao, hoic c6 dung hai diém nam ngoai tam giac.

7~ BAI 37. Cho tam giac ABC. Tam O cua céc hinh chit nhat MNPQ thay d6i nhung luén co
M thudc AB,N thudc AC,P va Q thudc BC, chuyén dong trén dudng nao?

(& Loigiai

Goi R 1a trung diém caa MQ, BR cit AH tai E.

Taco MQ//AH suyraw:E:Q—R A
AE BE EH

Lai cO0 MR =QR suy ra AE = HE.

Viy BR cit AH tai trung diém E caa AH .

Tuong tu goi S 1a trung diém cia NP, M y N

ta ciing c6 CS di qua trung diém E caa AH . / \ N

Tt gidc MRPS 12 hinh binh hanh (do MR/ /NP va P o S
MR = NP) lai c6 O 1a trung diém MP (tinh chat \
hinh chix nhat) nén O 1a trung diém RS . B Q HE P C

Do RS //BC, ching minh tuong ty trén ta c6 EO cit BC tai trung diém F cua BC.

Taco O € EF, mat khac do E, F 1a trung diém cua cac doan thing AH,BC c¢b dinh nén EF ¢6
dinh.

Vay O ludn thuéc EF cé dinh.
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Pinh li Ta Lét dao.

Q Tém tat ly thuyét

Pinh li 1 (Pinh ly Ta-lét d30). Néu mot dwong thang cat hai canh clia tam gidc va dinh ra trén
hai canh 4y nhitng doan thang tuwong &ng ti 1é thi dudng thang d6 song song v&i canh con lai
cla tam giéc.

Dinh ly trén van ddng trong trudng hop dudng thang cat phan kéo dai clia hai canh clia tam
giac.

Q Mot sé vi du

0 viDy 1. Cho tr gidc ABCD, diém M thudc canh AB . Lan luot vé ME song song BD(E e
AD), EG song song AC(G € CD),GH songsong BD(H € BC)

1. Chung minh MEGH Ia hinh binh hanh.
2. Tinh chu vi tir gi&c MEGH , néu ABCD Ia hinh chix nhat c6 duong chéo bang m.

(¢ Loigiai
1. Taco A E

D

ME //BD = ME _ AE
BD AD M

EG//AC = A5 _CCG
AD CD

G
GH//BD = =S _HE
CD BD

B H C
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e Tirbadiéu trén suy ra ME _HC _ ME-HG.
BD BD
ME //HG
Vay ta co = MEGH la hinh binh hanh.
ME = HG
2. Goi | 1a giao diém cua ME, AC va O 1a giao diém .
cua AC va BD, D
\
Taco M _AM _AE _E 12 0B=0D nen Ye
OB AB AD OD
IM =IE
B o C
Khi d6 ta c6 ME =2Al vi AAME vuong tai A. H

Goi K la giao diém cia HG va AC, tuong ty tacd6 HG = 2CK
Mt khac MH = EG = IK , vay chu vi tir giic MEGH bang

ME + HG + MH +EG=2(AI+CK+IK):2m

B3 Vi DY 2: Cho tam giac ABC. Cac diém D, E, F theo th tw chia trong cac canh AB, BC,CA theo ti s6
1:2.Cécdiém |, K theo thir ty chia trong cac doan ED, FE theo ti s6 1: 2.

Chirng minh IK songsong vai BC

(# Loigidi
Ké duong thang di qua F va song song BC cit ED, AB

lan luot tai P,Q . Khi d6 ta co £=£=2,d0dé Qla

A
FC QB
trung diém cua BD, suy ra P 1a trung diém cua DE . D
Taco EI=%ED=§EP=2IP,métkhéC EK =2KF do do6 0 p F
B E

IK//PF,ma PF//BC nén IK//BC

Q Bai tap tu luyén
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I~ Bai 1. Cho hinh thang ABCD(AB//CD), M la trung diém ctia CD. Goi | la giao diém ciia
AM va BD, K 1a giao diém cua BM va AC.

1. Chang minh IK//AB.
2. Puongthing IK cit AD, BC theo thir tu tai E, F . Chitng minh El = IK = KF

(£ Loigiai
1. Vi AB//CD nén theo dinh ly Ta-l1ét ta cd

IM _ MD A B

A AB _ IM_KM i Mmc=mD)
KM MC 1A KB

KB AB F
| K
Do d6 theo dinh Iy Ta-1ét dao taco 1K //AB. \
D / / C

2. Vi IK//AB//CD nén theo dinh ly Ta-lét ta co: 7 M 7

IE Al Bl K
DM AM BD DM

Tuong twtacd FK = IK . Vay El = IK = KF .

= El=IK

I/~ Bai 2. DPiém E thudc canh bén BC cua hinh thang ABCD. V& duong thang di qua C va song
song voi AE, cit AD & K. Chiing minh BK song song véi DE .

(@ Loigiai

Goi M 1a giao diém cua AD va BC . Theo dinh ly Ta-lét ta c6

MA_mB
MD  MC :{MB.MD =MAMC

MA _ME "~ [ME.MK =MAMC
MK MC

Do dé MB.MD = ME.MK — B _ MK E
ME MD

Vay theo dinh Iy Ta-1ét dao ta c6 BK //DE

D

I/~ Bai 3. Chotam giac ABC, diém | thudc canh AB, diém K thuoc canh AC . V& MI song
song véi BK (M e AC), v& KN song song vsi CI (N € AB). Chung minh MN song song véi BC .

(# Loigiai
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Theo dinh ly Ta-lét ta cd
AN  AK

Al AC _ AN.AC = Al-AK = AB- AM
Al AM

A
AL _ AV N/\M
T %
|
AN AM
Suyra —=——.
AB AC B C

Do d6 theo dinh ly Ta-1ét dao tacdé MN //BC..

I/~ Bai 4. Cho tir giac ABCD. Puong thang di qua A song song véi BC cét BD tai E. Puong
thang di qua B song song véi AD ciat AC tai G.

1. Chuang minh EG song song vai DC
2. Giastt ABsongsong véi CD. Chiang minh: AB? = EG.DC .

(£ Loigiai

A E
7 D
1. Goi O la giao diém cua AC va BD.

OE OA A

AE//BC OB OC

Ta co: = OB OC:EZE

BG//AD  |OB OG ~OD OC B

OD OA
G

= CD//EG (Pinh ly Ta-let dao)

2. Taco:

A E
EG//AB
BG//AD:>AB:OA:OD:DC:ABZ:EG.DC
EG OG OB AB
AB//CD I
B
G

I/~ Bai 5. T giadc ABCD c6 AC vudng goc va bang BD. Cac diém E,F,G,H theo tht ty chia
trong cac canh AB, BC,CD, DA theo ti s6 1:2. Chiang minh ring EG = FH va EG vuéng goc
FH .

(£ Loigiai
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Goi M 1a trung diém cia CF, N 1a trung diém cua DG .

Khi d6 ta co ME //AC va MEz%AC.

DPong thoi NF //BD va NF :%BD.

Mat khac AC L BD, AC =BD nén NF L ME va NF = ME.

Tuong tu tacé NH = MG . Khi d6 EMG = KNH =90°.

Vay AEMG = AFNH (c—g—c)

Tudotaco EG=FH va EG LFH.

7 Bai 6. Chotam giac ABC nhon, cac duwong cao AD,BE,CF . Goi I,K,M,N theo tht tu la
chan cac dudng vudng goc ké tir D dén BA, BE,CF,CA. Ching minh bén diém 1,K,M, N thing
hang.

(& Loigidi
Goi H latryc tam cua AABC A
Bl BD
DI //FC 1E_ DC E
Taco = IF DC
DK//EC ~|BD _BK N
DC KE eg
Suyraﬂ=%:>lK//FE
IF KE I
Tuong tuwtacd MN //FE B D [
TaIaicéE:E:E:INHFE
FA HA EA

Vay IK//MN//IN = 1,K,M,N thing hang.

I/~ Bai 7. Chotam giac ABC, diém D thuoc canh BC, diém M nim giira A va D. Goi |,K
theo thir ty 14 trung diém cia MB,MC . Goi E 1a giao diém ciia DI va AB, goi F 1a giao diém
cia DK va AC. Chtrng minh rang: EF song song véi 1K .
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A
(7 Loigiai
Goi N 1a trung diém cia AM N
Ta co: M
IN/IAE _ EI _FK _ AN 7 \ S
KN//AF ID KD ND | K
B 5 C

Vay EF //IK (theo dinh Iy Ta-1ét dao).

I/~ Bai 8. Cho tam giac ABC, c6 duong trung tuyén BD,CE. Goi M 1a diém bt ky thudc canh
BC . V& MG song song BD(G € AC), v& MH song song CE (H € AB).

1. Chtng minh BD va CE chia HG thanh ba phan bang nhau.
2. Chting minh OM di qua trung diém HG (O la trong tim AABC).

(& Loigiai

1. Goi I,K lan luot la giao diém cia HG véi BD,CE.
Goi N 1a giao diém cia HM véi BD,
P la giao diém cia MG véi CE va O latrong thm AABC.

Theo dinh ly Ta-l1ét ta co HI _HN _EO =1.
HG HM EC 3

Tuong tu ta co GK :%

Vay HI = IK =KG

2. Taco ﬂ=E=%:> NP //IK

HM GM
Mat khéc ta thldy ONMP 1 hinh binh hanh nén OM di qua trung diém NP do d6 OM ciing di
qua trung diém cia IK . Ma IH = KG nén OM di qua trung diém cia HG.

7~ Bai 9. Cho hinhthang ABCD(AB//CD). Cac diém M,N thudc canh AD,BC sao cho

%:%' Goi cac giao diém caa MN véi BD, AC theo thirty la E,F. Qua M ké duong thiang

song song AC cit DC & H.
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Chting minh rang HN song song véi BD.
Goi | 1a giao diém cua HO va MN . Chang minh rang IE = IF, ME = NF (O 1a giao diém
hai duong chéo AC va BD).

N

(¢ Loigiai
1. Tacé:
MH//ac |PH _DM
2. INH//BD =) HC MA
pH/RN  |[PM BN
MA NC
Dodo PP _BN _ in//BD.
HC NC

3. Goi G lagiao diém cia HM va BD
Qla giao diém cua HN va AC.

MG AO BO NQ

Ta co: = = =
GH OC OD OQH

= GQ//MN

Ta thdy OGHQ 1a hinh binh hanh nén OH va GQ cit nhau tai trung diém K cia mdi doan thang.
Do dé IE=IF va IM =IN nén ME = NF.

I/~ Bai 10. Cho tam giadc ABC cantai A, dudng trung tuyén BM . Goi O 1a giao diém cac
duong trung truc cua tam gidc ABC, E la trong tam ctia tam gidc ABM .

Chung minh EO vuéng gbc véi BM .
(¢ Loigiai
Goi G latrong tam AABC. A

Goi MN, BF 1a cac duong trung tuyén cia AABM .

. |GO LBC
Taco: =GO 1L MN

BC//MN E

. MO L AC
Ta cling c6 = MO L EG G
EG//AC

Vay O latruc tim AMEG nén EO 1L BM.
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I/~ Bai 11. Chia mdi canh cua tt giac thanh ba phan bang nhau rdi ndi cac diém chia trong
rng trén cac canh di dién, ta duoc bdn doan thang (hai doan thing ndi cac diém chia tuong
&ng trén mot cap canh ddi thi khong cit nhau). Chang minh rang:

1. M&i doan thang trong bn doan thing 4y déu bi chia thanh ba phan bang nhau.

2. Dién tich t giac & giita bang % dién tich tir giac ban dau.

(¢ Loigiai
bit tén cac diém nhu hinh v&.
Tacod ﬂzﬁzlz NE //BD = NE:EBD.
AD AB 3 3

Tuong tutacd KG//BD va KG:%BD.

Do d6 NE//KG va NE=%KG

Dan dén NP =%NG .

Tuong tu ta co QG:%NG.V@y NP = QG = PQ.

Chtng minh twong tu cho cac doan thang con lai.

b) Taco

1
SAEIK 2 SAE|D 1

1 = SEFIK _SEBDI
SAIEF 2 SAIEB

2
SABDI ZESABDC 2

Seop = =S

2 = SesiD 3 ABCD

SABDE =§SADAB

. 1 . 1
Do d6 Sgpy = ESABCD , teong tu ta CO Spyeg =§SEFIK

N 1
Vay SPQRS = 5 SABCD
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Bai3 |
TINH CHAT DPUONG PHAN GIAC CUA TAM GIAC

Q Tém tat ly thuyét

# Pinh Ii 1. Budng phan giac ciia mot tam giac chia canh d6i dién thanh hai doan thang ti 18 véi
hai canh ké hai doan thing ay.

i, , .. DB AB

AD la duong phéan giac trong cua goc A nén ——=—
gp g g g DC _ AC

i, .. , . EB AB

AE 1a duong phén giac ngoai cia géc A nén —=—
gp g g g EC_ AC

Ta c6 thé ndi: Néu tam giac ABC co % =k thi duong phan giac trong caa goc A chia doan

thang BC theo ti s6 k, vanéu k =1 thi dudng phan gidc ngoai ciia goc A ciing chia ngoai doan
thang BC theo ti s k.

o M6t sd vi du

696565 BAITAP MAU 494696

3 Vi du. Cho AABC c¢6 BC =a; AC =b; AB =c, dudng phan gidc AD.

1. Tinh d6 dai BD;DC .
2. Tiaphan giac cia goc B cit AD tai | . Tinhtisé Al:1D.
3. Cho BC bang trung binh cong cia AB va AC, goi G la trong tm cua tam giac ABC .

Chung minh 1G song song véi BC

@ Loigiai

TAI LIEU TOAN HOC
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1. Vi AD la duong phan giac cia AABC nén

DB DC DB+DC a
AB AC AB+AC b+c

Vay DB =—2C va Dc - 0 "
b+c b+c

2. Vi BI la duong phén gidc cia AABD nén

ﬂ_AB_C_ ac _b+c

ID BD b+c a

3. Taco a=2"C khidé %:2. B b ™ c

Matkhic G —2 . dodo IG//BC.
GM

e Bai tap tw luyén
bV

I/~ Bai 219. Cho tam gi4c ABC vuéng tai A, duong phan giac BD. Biét AD =3 cm,DC =5 cm.
Tinh d6 dai AB,BC ?

Ap dung dinh Iy Py- (& Loigiai  ta-gotacd BC?— AB? = AC? =64
B

Vi BD latia phan giac nén CB _AB suy ra
CD AD

CB? AB? CB*-AB? 64

CD? AD? CD?-AD? 16

>

8-5 8-3

Vay CB=—=10cm va AB:T=6cm D

I/~ Bai 220. Cho tam gi4ac ABC, dudng phan giac AD.Diém M thudc canh AB, diém N thuoc
canh AC sao cho BM = BD,CN =CD. Chang minh rang MN song song vai BC .

(£ Loigiai
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Vi AD latia phén giac nén bs_beC A
AB AC
Mit khac BM =BD va CN =DC nén M N
BM _CN = MN//BC
‘AB
B b c

I/~ Bai 221. Cho tam giac ABC c6 AB =4 cm, AC =6 cm, duong phan giac AD. Piém O chia
trong AD theotisd 2:1. Goi K 1a giao diém cua BO va AC. Tinhtisé AK :KC.

(" Lggiai
Ké DE//BK (E e AC). Tacs 2 MR KE

KC KE KC
AK_AO_
mat khac: KE OD
KE_BD BA 4 2
EC DC CA 6 3
Suy ra E 2
KC 5
ay AK_4
KC 5

I/~ Bai 222. Cho tam giac ABC, dudng trung tuyén AM . Céc tia phan giac caa cac goc
AMB, AMC cit AB va AC theothaty ¢ D, E. Goi | 1a giao diém cua AM va DE.

1. Chtng minh rang DE song song véi BC .

Cho BC =a, AM =m. Tinh d6 dai DE .

Piém | chuyén dong trén duong nao néu tam giac ABC c6 BC cé dinh, duong trung
tuyén AM bang m khéng d6i?

. Tam giac ABC co diéu kién gi dé DE la duong trung binh caa tam giac d6?

w N

N

(& Ligiai
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DA MA MA AE
DB MB MC EC

1. Taco = DE//BC.

A
2. Taco AMD+AME:%AMB+%AMC=90‘“.
DPong thoi _AL_E en D= IE.
BM AM MC D | .
Do d6 AMDE vubng tai M nén Ml =%DE.
B
C
Mit khéac DE _AD _ Al
BC AB AM
m—X
Pat DE=x thi X =— 2 — DE = x= 22"
a m a+2m
3. Tacé Ml ==DE =—2™ 4o do | nim trén duong tron tam M bén kinh —om—
2 a+2m a+2m

4. DE la duong trung binh cia AABC << AD = DB < MA=MB < AABC vubng tai A.

I/~ Bai 223. Trong tam giac ABC, dudng phan gidc AD chia canh di dién thanh cac doan thing
BD =2 cm, DC =4 cm. Puong trung trung truc cia AD cit duong thang BC o K.

Tinh d6 dai KD ?

(£ Loigiai

V& duong phan giac ngoai cua goc A ciat BC tai E.

EB AB DB 1 A

Ta co: = = ==
EC AC DC 2

Suyra EB=BC=6cm, ED=8cm.

Vay =E—2D=4cm.

I/~ Bai 224. Cho tam giac ABC c6 AB =8 cm, AC =12 cm,BC =10 cm. Goi | 1a giao diém cua
cac duong phéan giac, G latrong tdm cua tam giac ABC.

1. Chiéing minh rang |G song song voi BC
2. Tinh d6 dai 1G.
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(& Ligiai
.. DB DC DB+DC 10 1
1. Taco: = = ===, A

AB AC AB+AC 20 2
DPong thoi A_AB v BA L,

BD GM

G
Do d6 1G song song vai BC.
B D ™ C

2. Taco BD:%AB=4cm va BM :%BC:Scm

suy ra DM =1cm

R 2
Vay =— cm.
y 3

[/~ Bai 225. Cho hinh binh hanh ABCD . Tia phan giac cua géc BAD cit BD ¢ M , tia phan giac
ciia géc ABC ciat AC & N . Chitng minh rang MN song song véi CD.

(£ Loigiai

Goi O la giao diém cua AC va BD.
Pit AB=a, AD=b

DM b DM b M

Tach: ——=—
MB

= = .
a DM+MB b+a B C

DM b DM 2b
2DO b+a DO b+a

1)

CN_ 2 (2)
CO b+a
CN

. DM
T (1) va(2)suyra —=——= MN//CD
ur (1) va (2) suy 50 - o

Tuong tu ta co:

I/~ Bai 226. Cho tam gidc ABC c6 cac duong phan gidc BE,CF cit nhau & O va ¥%=%

Ching minh rang tam giac ABC vudng tai A.

(& Loigiai
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bat BC=a,AC=b,AB=c.

ab BO a+c BO a+c &

Ta tinh dugc: CE = , = , =
a+c OE b BE a+b+c

Suy ra M=1©a2=b2+c2 B
a+b+c 2

Do @6 AABC vudng tai A.

I/~ Bai 227. Tinh dién tich tam giac ABC, biét ring AB =14 cm, AC =35 cm , duong phan giac
AD bang 12 cm .

Huwéng ddn: V& DE // AB vatinh dién tich tam giac ADE .

Vé DE//AB(E € AC) va H lahinh chiéu cua E trén AD.

EA:BD:AB: EA =E:>EA=1Ocm.
EC DC AC 35-EC 35

@:E_g: ED =10cm. E

Taco

Mat khac
Do d6 AAED cantai E= AH =%AD =6cm.

Theo dinh ly Py-ta-go ta c6 EH =+ AE® — AH? =8cm. B 5
Taco

1 B 2 _AC

n_B_H_ KA
noaB N u

. _BC _ 2
Vay SAABC = ESAADC = 2352 cm

S S

AADE =1

7 Bai 228.
Cho tam giac ABC c6 BC =a, AC =b, AB =c(b > c), cac duong phan gidc BD,CE

1. Tinh cac do dai BD,CE roi suy ra CD > BE.

2. V& hinh binh hanh BEKD . Ching minh ring CE > EK .
3. Ching minh rang CE > BD.
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1. Twong tu vi du dau bai, ta chimg minh duoc

K
A
cp-_® pp__ac
a+c a+b
Ma b >c nén

ab _ac _ a _ ~p.pE
a+Cc a+c a+b E

2. Taco CD >BE va BE =DK nén
CD>DK:@>@.
Ta lai co b>c= ABD > ACE ma ABD = EKD

nén EKD > ACE . B
Vay ta co

@+€@>@+ﬁ:€@>@:EC>E
3. Tacé EC>CK ma EK =BD nén CE > BD.

Lién hé tai lieu word toan SDT va zalo: 039.373.2038
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Bai 4

Cac trwong hop déng dang cua tam giac

Q Tém tat ly thuyét

Pinh Ii 1. Hai tam giac déng dang véi nhau néu

- Ba canh cua tam giac nay twong ung ti 1€ véi ba canh cua tam giac kia (truong hop canh — canh — canh)
- Hai canh cta tam giac nay tuong @ng ti I¢ vai hai canh cta tam giac kia va cac goc xen gitia hai

canh dy bang nhau (truong hop canh - goc — canh).

- Hai g6c cua tam giac nay lan luot bang hai goc cua tam giac kia (truong hop géc - goc).

Q M6t sé vi du
A4

=7 Dang 1. Trueong hop canh — canh — canh

Phwong phdp gidi:

EQ Vi du 1. Hai tam giac sau c6 dong dang khdng néu do dai cac canh cia chiing bang 8cm,12 cm,18cm
va 27cm,18cm,12cm?

(£ Loigiai
Goi hai tam giac c¢6 d6 dai D
cac canh theo yéu ciu dé bai A 18
1A 8 12 p
AABC va ADEF . B s C E - F

Xét AABC va ADEF taco
AB AC BC 2
DE DF EF 3
= AABC ~ ADEF(c—-c—c)

1 Vi du 2. C6 thé khang dinh rang hai tam giéc c6 hai cap canh bang nhau va ba cip g6c bang nhau thi
hai tam giac 4y bang nhau hay khong?
w Loi giai
Khéng thé khing dinh nhu vay. Hai tam giac ¢ Vi du 1 ¢6 hai cip canh bang nhau va ba cip goc
bang nhau (vi hai tam giac ddng dang) nhung khong phai 1a hai tam giac bang nhau.

e Bai tap tw luyén

= Bai 1. Tu giac ABCD cé AB =4cm,BC =20cm,CD =25cm, AD =8cm, BD =10cm. Hay xac
dinh dang cua tr giac.
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(@ Loigiai

Xét AABD va ABDC tacé A 4 B
AB AD BD 2
BD BC CD 5 o 20
— AABD [J ABDC(c—c—c) 10
. ABD - BDC .
Ma hai goc nay & vi tri so le trong nén AB//CD D 25
= ABCD la hinh thang.
I~ Bai 2. Tam giac ABC c6 BC =a, AC =b, AB =c va a? = bc. Chimg minh rang tam giac ABC
ddng dang voi tam giac ¢ d6 dai cac canh bing d6 dai ba dudng cao cua tam giac ABC.
(& Loigiai
Goi dg dai ba duong cao ké tr A, B, C cua A
AABC lan luot 1a h_,h ,h. . D
Goi tar‘n giac ADEF 1a tam giac c6 do dai cac c b
canh bang d¢ dai ba duong cao cuia AABC. hy h,
Taco l-a-ha zl-b-hb :l-c-hc (cung la di¢n
2 2 2
B a C E n F
a

tich AABC).

=a-h, =b-h =c-h

a-h, b-h c-h
- = =

bc bc bc
Ma bc = a? (gia thiét) nén a'?ﬁ _%:%.
h _h_h
a ¢ b
Xét AABC va ADEF taco
AB AC BC, .h h

|
=
~—

= = | & —=_Db
DE DF EF ( a ¢ b
= AABC [ ]ADEF(c-c-c)
Vay tam giac ABC ddng dang v6i tam gidc c6 d6 dai cac canh bang d6 dai ba dudng cao cia tam

giac ABC

=7 Dang 2. Trued'ng hop canh — géc — canh

Phwong phdp gidi:

1 Vi du 3. Tam gi4c ABC c¢6 AB =12cm, AC =18cm,BC =27cm, diém D thudc canh BC sao cho
CD =12cm. Tinh d6 dai AD.

(& Loigiai

TAI LIEU TOAN HOC
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Xét ACAD va ACBA taco

C Ia goc chung,

CA CD 2

CB CA 3 12
= ACAD [ JACBA(c—g—c) B c
AD CD

BA CA 27
= AD=8cm

18

I/~ Bai 3. Tam giac ABC c6 AB =4cm, AC =6cm,BC =8cm,M 1a trung diém ciia BC,D la
trung diém ctia BM . Tinh d6 dai AD.

(& Loigiai
M la trung diém cua BC nén BM =—=14 6

D 1a trung diém cua BM nén BD =%= 2.

Xét ABAD va ABCA taco B M C
B lagéocchung, ~ TTTTTTOTTmTmomoTomomomooomoooes
= ABAD [ ] ABCA(c—g—c¢)
AD BA
=>——=—
CA BC
= AD =3(cm)
7~ Bai 4. Tam giac ABC c6 AB =4cm, AC =5cm, BC = 6¢m . Chitng minh ring A= 2C.
(¢ Loigiai
Taco BE = BA+ AE =9(cm) E
Xét ABAC va ABCE tacd
B 1a gdc chung,
BA_BC 2 5
BC BE 3
= ABAC [JABCE(c—g-c)
—ACB=E (1)
Tacd AE = AC =5cm = AACE céantai A 4
— ACE=E
Tir (1) va (2) tacd6 ACB+ACE=E+E = BCE=2-E
Mit khic ACB = E,BAC = BCE (vi ABAC []ABCE) nén B 6 C
BAC =2-ACB.
I/~ Bai 5. Cho doan thing AB =a. Goi C 1a diém ddi xang véi A qua B. V& diém D sao cho
DA=a, DC=2a.Goi M latrung diém cua

(& Loigiai

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC




Website: tailieumontoan.com

Vi C dbi xtmg véi A qua Bnén AC =2AB=2a D
Vi M 1a trung diém cia ABnén AM = AB _a

2
Xét AMAD va ADAC taco

2a
A 1a géc chung, a
AM AD 1
AD AC 2

— AMAD [ [JADAC(c—g—c)
MD AD
> —=—
CD AC
= MD=a
I/~ Bai 6. Chi bang compa, hiy dung trung diém M cua doan thing AB cho trude, cho biét tia
Bx la tia d6i cua tia BA.
(¢ Loigiai
Duyng dudng tron (B; BA) cit tia Bx ¢ C. D
Dung hai duong tron (A; AB) va (C;CA) cit nhau tai D.
Dung dudng tron (D; DA) cit ABo M .
Vay ta d3 dyng dugc M 1a trung diém cua AB

/ = Dang 3. Trwdng hop géc - géc

Phwong phdp gidi:

[ Vi du 4. Cho tam gidc ABC duong phéan giac AD . Gia st AC=b,AB=c,DB=m, DC =n. Ké tia

Cx sao cho DCx = BAD (tia Cx khac phia véi A dbi véi BC).
1. Chung minh ring AD-DIl =mn.
2. Chimg minh rang AD? =bc—mn.

(& Loigiai

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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1. Chimg minh rang AD-DI =mn.
Xét AABD va ACID taco

BAD = ICD (gi4 thiét)

BDA= IDC (déi dinh)

= AABD []ACID(g-09)

~ ~ _AD CD
SB=1va——=—
BD ID
— AD.ID = DB.DC =mn (1) B D

2. Ching minh raing AD? =bc—mn .

Xét AABD va AAIC ta co
BAD = IAC (gia thiét)
B=1 (ching minh trén). X I
= AABD ] AAIC(g—9)
_ AB_AD

Al AC
= AD-Al =AC-AB =bc (2)
Tu (1) va (2) suyra

AD-Al — AD-DI =bc—mn

= AD(AI —DI)=bc—mn= AD? =bc—mn

I/~ Bai 7. Cho tam gidc ABC(AB < AC) dudng phan gidc AD . Pudng trung truc caa AD cit BC
6 K
1. Chimg minh rang AKAB [ ]AKCA.
2. Tinh d6 dai KD biét rang BD = 2cm, DC = 4cm.
(£ Loigiai
1. Ching minh ring AKAB []AKCA.
Do K thudc duong trung truc caa AD nén
KA=KD.
= AKAD cantai K
= KDA = KAD
— DAC + DCA = KAB + BAD (K/D\A 14 goc ngoai
tai dinh D cua ADAC )

Ma DAC = BAD (AD la phan gidc cia AABC K B D
) nén DCA = KAB

Xét AKAB va AKCA ta co

AKC 1a goc chung,

KAB = KCA (chémg minh trén)

— AKAB []AKCA.
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2. Tinh do dai KD biét rang
BD =2cm,DC =4cm.

Taco
KB _AB (Vi AKABIAKCA),
KA AC
AB _BD (AD 1 phan gic ciia AABC).
AC CD
Suy ra KB = i.
KA 2

Ma KA =KD (chirng minh trén) nén KD = 2KB.
= KD =2BD =4(cm)

7~ Bai 8. Cho tam gidc ABC(AB < AC) co dudng phan gidc AD. V& tia Dx sao cho CDx = BAC
(tia Dxva A cung phia d6i véi BC) , tia Dx cat AC ¢ E . Chimg minh rang
1. AABC [JADEC
2. DE=DB
(& Loigiai
1. Chimg minh AABC [ ]ADEC. A
Xét AABC va ADEC tacdé
ACB la goc chung,
CAB = CDE (gia thiét) =
= AABC []ADEC(g-g9)
2. Chung minh DE = DB
Taco AB _ £(V‘l AABC [ ] ADEC) B
DE DC
_ AB_DE
AC DC
AB _ E(V‘I AD 1a phan giac cia AABC
AC DC
) nén DE = BD
7~ Bai 9. Trén canh huyén CB cua tam giac vudng ABC , liy diém D sao cho CD =CA. Goi E
1a diém d6i xtng v6i D qua C
1. Chimg minh rang cac tam giac ABD va EBA dong dang.
2. Goi BC =a,AC =b, AB=c. So sanh a® véi b® +c* ma khong dung dinh li Py -ta-go.

(& Loigiai
1.Chémg minh rang cac tam giac ABD va EBA
ddng dang.

AADE ¢6 AC la dudng trung tuyén (E dbi

xtmg véi D quaC)va AC =%DE( clng bang

CD). B D C E
= AADE vuong tai A.

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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— DAC +CAE =90°
Ma = DAC + BAD =90° (AABC vudng tai A)
nén CAE = BAD

AACE ¢6 AC =CE (cung bang CD) = ACE can tai C
= CAE =CEA
Xét AABD va AEBA tacé
ABE 1a goc chung,
BAD = BEA (cung bang (SA\E)
— AABD [] AEBA(g—g)
2.Goi BC =a, AC =b, AB=c. So sanh a’® véi b® +c* ma khong dung dinh li Py-ta-go.
Tacd AABD [ ] AEBA (ching minh trén).
N AB_BD L c _ a-b
BE BA a+b C
I~ Bai 10. Cho tam gi4c ABC , dwdng phéan giac AD . Chirng minh rang AD? < AB-AC .
(& Loigiai
Ly E trén AC saocho ADE =B
Xét AADE va AABD taco
ADE = ABD (gia thiét)
DAE = BAD(AD 14 phan gi4c ciia AABC)
— AADE [] AABD(g - g)
AD AE

= =""— AD?*=AB-AE < AB-AC.
AB AD

= a’=b’+c%

B D C
7~ Bai 11. Tam gi4c ABC c6 B =2C, AB =4cm,BC =5c¢m. Tinh do dai AC .

(& Loigidi

Trén tia dbi cua tia BA 1y BD =BC. A
= ABCD cantai B

— ABC = ZB/[E(ATB\C la goc ngoai tai dinh B)
Xét AACD va AABC taco

BAC Ia goc chung,

ADC = ACB( cling bing %KB\C)

— AACD [ ] AABC(g-g) D

C
_ AC_AD _ Ac?_AB.AD=4.9-36= AC =6(cm)
AB  AC

TAI LIEU TOAN HOC
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I~ Bai 12. Tinh d6 dai cac canh cta tam gidc ABC c6 B =2C biét rang sb do cac canh 14 ba sd ty
nhién lién tiép.
@ Loigiai

Pat BC =a, AC =b, AB =c 14 ba s6 tu nhién A

lién tiép.
Trén tia dbi cua tia BA 1y BD =BC.
= ABCD cantai B B
— ABC = 2BDC(ABC 14 gbc ngoii tai dinh B)
Xét AACD va AABC taco
BAC Ia goc chung,

ADC = ACB (cing bing %,@E) D *c

= AACD [[]AABC(g—Q)
:A—C:E: AC? = AB-AD = AB(AB +BD) = b’ =c’ +ac
AB AC

Tacd b>c nén chi co hai kha nang la b=c+1 hodac b=c+2.

-Néu b=c+1thitr(l)suyra (c+1)°=c®*+ac=2c+l=ac=c(a—2)=1, loai vi c=1,
a=3,b =2 khong la cac canh cua mdt tam giac.

-Néu b=c+2 thitr(1)suyra (c+2)>=c’+ac=4c+4=ac=c(a—4)=4.Xét ¢ lan luot
bang 1, 2, 4 thichi co c=4,a=>5b=6 thoa man bai toan.
I/~ Bai 13. Cho tam gi4c ABC can tai A, duong phan giac BD. Tinh d6 dai BD biét riang
BC =5cm, AC =20cm.

(¢ Loigiai
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Tacd BD la phan giac cia AABC nén
DA BA A
—=—=4=DA=4DC.
DC BC

Ma DA+ DC =20 nén 5DC =20 = DC =4(cm)

Céch 1. Lam tiép nhu Bai 9

Céach 2. Tinh BD theo cong thirc tong quat
BD*=AB-BC—-AD-DC néu¢ Vidu4.

Céch 3. V& duong phan giac CE cua ACBD (E € BD).

Tacé A/BT)=CTBT):%A73\C (BD la phan gidc ciia ABC)
20

sc\E:E/c\B:%@ ( CE 1a phan gidc cia ACB)

ABC = ACB (AABC cén tai A)
= ABD =CBD = DCE = ECB
= AEBC céantai E D
bit DE=x,EB=y,tac6 CE=y
Xét ACED va ABCD taco
BDC Ia goc chung,
DCE = DBC (chémg minh trén) B 5 C
— ACED [ ] ABCD(g-09)
N ChD _ED_EC
BD CD BC
4 x y x+y BD
BD 4 5 9 9
= BD? =36 = BD =6(cm)
I/~ Bai 14. Cac duong phan giac cic goc ngoai tai cac dinh B va C ciia AABC cit nhau ¢ K.
Puong thang vudng goc véi AK tai K cit cac duong thang AB, AC theo thir ty & D, E . Chiing

(tinh chat diy ti s6 bang nhau).

minh rang.
1. Céc tam giac DBK va EKC dong dang.
2. DE? =4BD-CE

@ Loigiai

TAI LIEU TOAN HOC
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1. Chtng minh cac tam gidc DBK va EKC dong dang. A
Vi cac duong phan giac cac goc ngoai tai cac dinh B va C

cua AABC

citnhau & K nén K cach déu AB, AC va BC.Suyra AK Ia

phan gidc ctua BAC . % )
AADE c6 AK vira la phan giac vira la duong cao nén AADE

cantai A

Pt ADE = AED = a,CBK = KBD = 8,BCK = KCE = »

Tt gisc BCED c¢6 DBC + BCE + CED + EDB =360".

= a+ f+y=180° K

D

Mat khac CKE + B+ 7 =180° (tong ba goc trong ACKE ) nén CKE = yij
Xét ADBK va AEKC taco

DBK = ECK = j
BDK =CEK =«

= ADBK []AEKC (g -g9)

2. Chung minh DE* =4BD-CE.

AADE cantai A c6 AK 14 dudng cao nén AK ciing la trung tuyén.
BD

Vi ADBK [ ] AEKC (chirng minh trén) nén DK =——
CE KE

— DK.KE =BD.CE.

:>%DE2 =BD-CE( vi K 1a trung diém cua DE)

= DE®=4BD-CE

I/~ Bai 15. Cho tam gidc ABC cantai A, goc diy « . Cac diém D, M, E theo thi tir thudc cac
canh AB,BC,CA sao cho DME =« . Chimg minh rang cic tam giac BDM va CME dong dang.
@ Loigiai
Taco B+BMD +BDM =180° (tdng ba goc trong ABDM ), A
DME + BMD + CME =180° (B, M,C thing hang),
B=DME =«
— DBM =CME
Xét ABDM va ACME taco D E
B=C=a,
BDM = CME (chtmg minh trén).
= ABDM [JACME (g-09)
I/~ Bai 16. Cho tam giac ABC, duong trung tuyén AM . Qua diém D thudc canh BC, v& duong
thang song song véi AM , cat AB va AC theo thttw ¢ E va F .

BS C
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1. Chimg minh rang khi diém D chuyén dong trén canh BC thi tong DE + DF c¢6 gia tri khong
doi.
2. Qua A v& duong thang song song véi BC, cit EF ¢ K. Chung minh rang K 13 trung diém

cua EF
y ) s & Lo giai
1.Chtirng minh rang khi diém D chuyén dong tgh cgil ! E
BC thi tong DE + DF c¢6 gia trj khong dbi.
DE BD A
Taco — =—— (hé qua dinh Iy Ta-lét, DE//AM ), K
AM  BM
DF CD

T = Gy (6 qua dinh 1y Ta-1ét, AM//DF )

DE DF BD CD BC

= + = + = =2 B °
AM AM BM CM BM

Vay DE + DF =2AM khéng d6i khi D chuyén dong

trén canh BC

2.Chimg minh rang K 14 trung diém cua EF

Xét AFAK va AACM taco

FAK = ACM (ddng vi, AK//BC)

AFK =CAM (ddng vi, AM //DF)
= AFAK [JAACM (g—g)

Xét AAEK va ABAM taco

AEK = BAM (so le trong, DF//AM)

O
<

EAK = ABM (so le trong, AK//BC)
= AAEK ] ABAM (g —09)

= EK = AK = AK (M 12 trung diém cua BC).
AM BM CM

Mit khac Ak (Vi AFAK [JAACM ) nén
AM CM
EK=FK.

Suy ra K 1a trung diém cua EF .
7~ Bai 17. Cho céc tam gidc ABC va ABC ¢6 A+A =180",B=B . Goi
BC=a,AC=b,AB=c, BC =a,AC =b,AB =c". Ching minh ring aa =bb +cc .

(# Loigidi
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V& AADE biang AAB'C” C' nhu hinh bén. Ké D
EF//BC.

Do EF//BC nén AE _AF (dinh 1y Ta-lét).
AB AC

:b—:ﬁzbb' =c-AF (1)
c b
Xeét AABC va AEDF tacd
ACB = EFD (déng vi EF//BC)
B=D (cung béng /B\’) B ° °C
= AABCH#AEDF (g-g9)
BC A, & =% —aa=cAF +cc'(2)
DF ED AF+c a
Tu (1) va (2) suy ra aa =bb" +cc
I/~ Bai 18. Cho tam giac ABC, | la giao diém cta ba dudng phan giac. Puong thiang vudng goc
v6i Cl tai | cat AC,BC theo thir tw & M, N . Chirng minh rang
1. AAIM [ AABI

, AM _(AIY
" BN BI

1.Chirng minh AAIM [] AABI

(@ Loigiai

Tacé CMI =90° — MCI (ACMI vuéng tai l ).
=CMI =90’ —%A,C\B (CI 1a phan gidc cia ACB).

—CMI =180 - ACB

=CMI = waéng ba goc trong AABC).

—CMI = MAI + ABI ('Al, Bl 1a phan giac cia AABC).

Ma CMI = MAI + MIA (goc ngoai tai dinh M ctia AAIM) nén ABI = MIA.
Xét AAIM va AABI tacé MIA= ABI (chimg minh trén),

MAI = IAB (Al la phan giac cua BAC ).

—AAIM o AABI (g —g).

2
2. Chtrng minh: m= Al .
BN Bl

AB
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Ching minh tuong tu & trén, ta c6: BlI? = BN.AB.

. Al AM.AB AM
Vay: — = = .
BI BN.AB BN

I~ Bai 19. Tam giac ABC c6 AB < AC, cac duong phan giac BD vaCE. Ké tia Bx sao cho
DBx= DCE (tia Bxva A nim cung phia d6i véi BD), Bx cit DA & F,cit CE & G. Chimg
minh rang:

1. CG<CE

2. BD<CE.

(Z Loigiai

1. Chirng minh CG <CE.

AABC c6 AB < AC (gia thiét) nén ABC > ACB (quan
hé canh va goc ddi dién).

—DBE > DCE (BD va CE la phan giac cua AABC).
Ma DCE = DBG (gia thiét) nén DBE > DBG .

Goi | 1a giao diém cia BD va CE thi G nim giita |
va E,suyra CG<CE

2. Chung minh : BD <CE.

Tacoé ABC > ACB (chung minh trén).

—DBC > ECB (BD, CE la phan gic cia AABC)

Ma DBF = FCE (gi4 thiét)

nén DBC + DBF > ECB + FCE.
—FBC > FCB
=CF > BF . (quan hé canh va géc d6i dién trong AFBC).
Xét AFBD va AFCG , taco:
BFD I3 goc chung,
FBD = FCG (gia thiét)
=AFBD «» AFCG(g —Q)

BD BF
= =—
CG CF

Ma CF > BF (ching minh trén) nén CG > BD.
Mat khac CG < CE (ching minh cau a) nén BD <CE.
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Dang 4. Phdi hop céc cac trwdng ho'p canh — géc — canh va géc - géc

Phwong phdp gidi:

L Vi du 5. M6t hinh thang c6 bdn dinh thudc bdén canh cia mot hinh binh hanh. Chirng minh
rang ton tai mot duong chéo cua hinh binh hanh di qua giao diém hai dudng chéo cta hinh
thang.

(@ Loigiai

Goi O 1a giao diém cua cac dudong chéo EG va
FH cua hinh thang EFGH ndi tiép hinh binh hanh
ABCD.

Goi M 1a giao diém cua GH vaAD.
Xét AOEF va AOGH tacot:

OEF =OGH (so le trong, EF//GH)

OFE = OHG (so le trong, EF//GH)
=AOEF ©» AOGH (g—g).

:}EZE (1)
OG GH

Xét AAEF va ACGH , ta co:
A=C (ABCD Ia hinh binh hanh),

AEF =CGH (cing bang M)

—AAEF  ACGH (g-g)

AE_EF @
CG GH

AE OE
Te(l)va(2)suyra: —=——.
(1) va (2) suy G 0G
Xét AAOE va ACOG taco:
AE OE

—— =—— (chirng minh trén
cG ~og \chung )

AEO =CGO (so le trong, AD//BC)
=AAOE «» ACOG(c—g—c).

—AOE =COG .

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC




Website: tailieumontoan.com

Ma AOE + AOG =180" nén COG + AOG =180" .
Suy ra A,0,C thing hang.

Vay duong chéo AC cua hinh binh hanh ABCD di qua giao diém hai dudng chéo cua hinh thang
EFGH .

7~ Bai 20. Cho diém M nim trong hinh binh hanh ABCD sao cho MAB =MCB.Qua M v&
duong thang song song véi BC, cit AB va CD theo thtrty & G v H.Qua M v& dudng thing
song song voi AB, cit BC & F . Chimg minh rang:

1. Tam giac AGM  ddng dang véi tam giac CFM .

2. MBC = MDC.

(& Loigiai

1. Chirmg minh tam gidc AGM ddng dang v6i tam
gidc CFM . A G B

Tacé AGM = ABC (ddng vi, GM //BC),
CEM = ABC (ddng vi, MF//AB).

—AGM =CFM F
Xét AAGM va ACFM , ta c6:

AGM =CFM (chting minh trén),

MAG = MCF (gié thiét). D H C
—AAGM © ACFM (g —g)

2. Chirng minh MBC = MDC .

Tu giac ADHG co:

AD//GB (cung song song véi BC),

AG//DH (ABDC la hinh binh hanh).

=ADHG Ia hinh binh hanh.

Ching minh twong tu ta ciing c6 MFBG , MHCF 1a hinh binh hanh.

Taco Ezm—g (vi AAGM C/DACFM),

AG = DH (ADHG la hinh binh hanh)
CF = MH (MHCF la hinh binh hanh)
MG = BF(MFBG la hinh binh hanh).

DH BF
> =—
MH MF

Lién hé tai liéu word toan SPT va zalo: 039.373.2038 TAI LIEU TOAN HOC




Website: tailieumontoan.com

DH MH

=>—=—.
BF MF

Tac6: DHM = BCD (dong vi, HM//BC),

BFM =BCD (ddng vi, MF//AB//CD)

—DHM = BFM

Xét ADHM va ABFM , taco:

DH = MH (chtng minh trén),

BF MF
DHM =BFM (ching minh trén)
—=ADHM o ABFM (c—g—c)

=MDC =MBC

7~ Bai 21. Cho hinh thoi ABCD canh a c6 A=60". Mot duong thang bat ki di qua C ct tia déi
cua cac tia BA va DA theothtrtutai M va N .
1. Ching minh rang: tich BM.DN c¢6 gia tri khong doi.

2. Goi K la giao diém caa BN va DM . Tinh BKD.
(& Loigiai

1. Chirng minh rang: tich BM.DN c¢6 gia tri khong doi.
Xét AMBC va ACDN taco: M
BMC = DCN (ddng vi, AM //CD)

— — \ B C
BCM = DNC (dong vi, BC//AN)
=AMBC «» ACDN(g—Qg). ﬂ :E
CD DN
=BM.DN =a’ 60°
A D N

2. Goi K la giao diém caa BN vaDM . Tinh BKD.
AABD ¢6 AB=AD=a va A=60

nén AABD déu =BD=a.

Ma BM.DN =a?* (ciu a)

nén BM.DN =BD’.

Vi DBM ké bu véi DBA nén DBM =120".

Vi BDN k& bii véi BDA nén BDN =120 .

Xét ABDM va ADNB, taco:

DBM =BDN =120,
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BM _BD i BM DN =BD?)
BD DN

= ABDM [ JADNB (c-g-c¢)
Xét ADBM va ADKB ta co:
BDK Ia goc chung

BMD = DBK (chtmg minh trén).
= ADBM [JADKB (g-g)

— DBM = BKD
— BKD =120°

I~ Bai 22. Cho tam gid&c ABC cantai A c6 BC =2a, M latrung diém cua BC. Léy cc diém
D,E theo thir tu thudc cac canh AB,AC sao cho DME =B .

1. Chirng minh rang: tich BC.CE khong doi.

2. Chimg minh ring: DM la tia phan giac cia goc BDE .

3. Tinh chu vi AAED néu tam giac ABC 1a tam giac déu.

(@ Ligiai

1. Tac6: DMC = Iﬁ/l\E+C/I\/I\E,matkhéc
DMC =B +BDM ma CME =B nén CME = BDM
Do d6 ABDM va ACME dong dang (g-0)

BD BM
>—=—

CM CE
= BDCE=CM.BM =a’

2. ABDM va ACME ddng dang con suy ra

DM _ BD N DM _ BD

ME CM ME BM

(vi CM =BM ). Dodd ADME va ADBM dong dang (c.g.c).

— MDE = BDM

3. Tur cau b) suy ra DM 1a tia phan giac cua goc BDE, EM 1a tia phan giac cua goc CED . Ké
MH 1 DE, MI L AB, MK L AC.

Taco DH =DI,EH =EK, do d6 chu vi AADE = Al + AK =2AK .

Talai c6 CK :MTC:%,AC:Za nén AK =1,5a.

Vay chu vi tam giac ADE bing 3a.
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7~ Bai 23. Cho hinh vuéng ABCD,O la giao diém cua hai dudng chéo. Lay diém G thuoc canh
BC, GOH =45". Goi M 14 trung diém cua AB. Chang minh ring:

1. Tam giac HOD ddng dang vai tam giac OGB .

2. MG song song voi AH .

@ Loigiai
1. Taco
HOD +0, =135°,0GB + 0, =135° nén HOD = OGB A M B
AHOD va AOGB dbng dang (9.9 ).
2. Tirclu a)suyra £=£.
OB BG

Pit BM =a thi AD =2a,0B =0D =a+/2.
Taco HD-BG =0B-OD =av2-av2 =2a-a= AD-BM O/ 1
_, HD_BM 45° e

AD ~ BG
AAHD va AGMB ddng dang (c.g.c) suy ra
AHD = GMB.
Do d6 HAB =GMB. —2
Viay MG//AH . D H

= Bai 24. Luc gidc ABCDEF c¢6 B=D=F, AB =BC,CD = DE, EF = FA. Goi K la diém dbi
xung voi F qua AE . Chiing minh raing BCDK Ia hinh binh hanh.

(& Loigidi
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AABC va AAKE dong dang (g.g),

= AC = ﬁ, do d6 ABAK va ACAE déng dang
AE AK
(c.g.c).

Tuong tu: ADKE va ACAE ddng dang. Suy ra
ABAK va ADKE dong dang.

Ti s6 dong dang bang % =1 nén ABAK = ADKE

= BC =DK
Tuong ty CD = BK..
Vay BCDK Ia hinh binh hanh.

Dang 5. Dwng hinh

Phuong phdp gidi:

7~ Bai 25. Dyng tam giac ABC, biét do dai ba dudng cao cua no bang h,,h, ,h, cho truéc.
(@ Loigiai

Phan tich. Goi a,b,c 1a do6 dai cac canh cia AABC

A
phai dyng. Taco ah, =bh, =ch, .
Chia cho h,h, dugc a_b_c¢ : E 2
a b . hb ha hahb
hC
B' c’
H' \

Do d6 ba canh a,b,c tilé véi ha,hb,%.

C

Biét h,,h,,h, ta dung duoc k = % (dungdoanti B H C

s
I& thir tu).

Do d6 ta dung dugc mot tam giac ddng dang véi tam giac phai dung.

Cach dung. Dung AB'C’ c6 AB'=k,AC'=h,,B'C'=h,.

Dung dudng cao AH'. Tréntia AH' dat AH =h.. Qua H dung duong thang song song B'C’, cat
AB',AC’ & B,C, ta duoc AABC can dung.

Chitng minh. Goi BD,CE la cac dudng cao caa AABC Ta sé chitng minh rang BD =h,, CE =h,

Ti s6 hai duong cao bang ti sé nghich dao caa hai canh trong ang nén
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AH AC __h AC

a

= - =
BD BC BD BC

Ta lai co
AC AC' h,
BC BC h
Tir (1),(2) suyra D _hy nén BD =h,.
BD h
Tuong tu ta co
AH _AB_ b, AB
CE BC CE BC
Ta lai co

AB AB' hh:h h

BC BC' h

h h
Tu (3), (4)suyra —2=-2nén CE=h_.
Bién luan. Bai toan c6 mot nghiém hinh < dung dugc AAB'C’
_hb| < hahb l_i
h h, h

a

1 1 1
<—<—+—
h h h

C

<|h

<h,+h <

a a

c a

Cha y: Sé& khong chinh xéac néu dung AA'B'C’ nhu sau:

- Dung tam giac c6 d6 dai ba canh bang h_,h ,h, .

- Dung AA'B'C’ c6 do dai ba canh 14 chiéu cao cua tam giac trén.

- AA'B'C’ dong dang véi tam giac phai dung.

Sai 1am cua cach dung nay la ngay trong budc dung thir nhat da doi hoi trong ba doan thang h,,h, ,
h, , mdi doan phai nhé hon t6ng cua hai doan kia, trong khi diéu kién d6 khong nhét thiét phai co.
Chang han, mét tam giac can c6 canh day a, canh bén b trong 6 a:b=1:5 thi h, :h =5:1 do
do6 h,:h :h =5:1:1, tam giac nay c6 h, >h +h,.

[~ Bai 26. Cho tam giac ABC . Dyng hinh binh hanh AEMD c6 D, M, E theo tht tu thudc cac
canh AB,BC,CA sao cho c4c tam giac MDE va ABC dong dang.

(& Loigiai
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Chiay ring AMDE = AAED nén can dyng AAED
ddng dang voi AABC.

Dung E’ bat ki thugc AC .

Dung D' thuoc AB sao cho AED' =B

Goi | 1a trung diém cua D'E’, giao diém cua Al va

BC cho ta diém M

 Bai 27. Cho tam giac ABC . Dung diém M thudc canh AB, diém N thudc canh AC sao cho

BM = CN :%MN

(& Loigiai

Lay N’ bat ki thuoc BN , ké N'M'//NM,N'C'// NC .

Ta co:

BM' MN’' BN’ NTC’

BM MN BN NC
=BM":MN':NC'=BM:MN:NC=1:2:

Tir d6 suy ra cach dung: trudc hét dung ta gidc BMN'C’
biét ba canh va hai goc ké véi canh thit tw: BM'=a,
MN'=2a,N'C’'=a (ala mot do dai tuy y),

MBC' = ABC, N'C'B = ACB, céch dung duoc thé hién trén
hinh 146. BN’ cit AC ¢ N .Dung NM //N'M’

Hinh 146
I/~ Bai 28. Cho bon diém A,C’,D’, B thang hang theo thi tu dy. V& vé mot phia caa AB cac hinh
vudng ABCD va A'B'C'D’. Chirng minh ring cac dudng thing AA’, BB/,CC’, DD’ dong quy.

@ Loigiai
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B' A'

A C D'

Goi O 1a giao diém cua AA’ va BB'. Ta s& chiing minh rang cac duong thang CC’, DD’ ciing di

qua O. That vay:

OB’ OA' AB' BTC'

OB OA AB BC
Do d6 AOB'C’ va AOBC déng dang (c.g.c )

— B'OC’=BOC

Tu dé C,0,C’ thang hang. Tuwong tuw D,0, D’ thang hang.
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Cac trwong hop déng dang cua

tam giac vuong

Q Tém tat ly thuyét

Dang 1. Hai tam gidc vuéng déng dang

Phuong phdp gidi: Hai tam gidc vuéng déng dang véi nhau néu:

[l Hai canh g6c vudng clia tam gidc nay ti |1& véi hai canh géc vudng cla tam gidc kia (trwdng hop canh
— goc — canh).

Xl M6t géc nhon clia tam gidc nay bang mot géc nhon clia tam gidc kia (truweng hop géc — goc)

Canh huyén va mét canh géc vudng clia tam gidc nay ti 18 véi canh huyén va canh géc vudng cla
tam gidc kia (trudng hop canh huy@n — canh géc vuéng).

Q Mot sd vi du
AN

£3 Vi du 1. Tinh chu vi cua tam giac ABC vudng tai A, biét rang duong cao AH chia tam
giac d6 thanh hai tam giac AHB va AHC c6 chu vi theo tht ty bang 18 cm va 24 cm.

(& Loigiai
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Xét AAHB va ACHA, taco C

—AHB =CAB =90’

—ABH =CAH (cung phu véi géc HAB)

. H
Do d6 AAHB va ACHA dong dang (g-g), suy ra
AH AB HB AH+AB+HB 18 3 O
CH CA HA CH+CA+HA 24 4 A B

Xét AAHB va ACAB, co:

—AHB =CAB =90’

B la goc chung.

Do d6 AAHB va ACAB dong dang (g-g), suy ra

AH AB HB AH+AB+HB 18

SIS = = 2
CA CB AB CH+CB+AB CH+CB+AB @)

Tu (1), ta dat AB =3k,CA=4k . Xét AABC vudngtai A :

CB? = AB2 + CA? = (3k)? + (4k)? = (5k)?

nén CB =5k . Dodo 22 -3
CB 5
Tu (2) suyra §=L
5 chuviAABC

Vay chu vi AABC bing 18-%:30 (cm).

£3 Vidu 2. Tam giac ABH vudng tai H c6 AB =20 cm; BH =12cm. Trén tia d6i HB lay

diém C saocho AC =§AH .

1. Chang minh céc tam giac ABH va CAH dong dang.
2. Tinh BAC
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AB 20 5 AC

1.Tach ——=—=-=—
BH 12 3 AH A
Xét AABH va ACAH co:
- 2
—AHB =CHA=90° 0
_AB_BH (chtng minh trén) 2 C
AC  AH B 12 H

Do d6 AABH va ACAH ddng dang (canh huyén - canh géc vuong).
2. Turcau asuy ra CAH = ABH .
Talai c6 BAH + ABH =90° nén BAH +CAH =90°.

Do d6 BAC = 90°.

Q Bai tap tu luyén
w7/

I/~ Bai 257. Cho tam giac ABC vudng tai A, hinh vudng EFGH néi tiép tam giac sao cho E
thuoc AB, F thuoc AC,H va G thuoc BC. Tinh d6 dai cua canh hinh vuéng biét rang
BH=2cm,GC =8 cm

(@ Loigiai
B
H
G
E
A = ~C

AEHB va ACGF dong dang (9.9)

suyra =0 =B el _BH.CG=16= EH =4( cm)
CG FG

Vay canh cua hinh vudbng EFGH bang 4 cm.
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7~ Bai 258. Cho hinh binh hanh ABCD, cac duong cao CE,CF . Ké DH, BK vubdng goc véi AC
. Chitng minh ring AC? = AD-DF + AB- AE.

(Z Loigiai

(¢ Loigiai

Tir AADH va AACF dong dang (g.g) suy ra

duoc I
AD-AF =AC-AH (1)

Tir AACE va AABK dong dang (g-g) suy ra

duoc

K

AB-AE = AC-AK  (2)
Tu (1) va (2) suy ra: b C
AD-AF + AB- AE = AC‘(AH +AK)= AC?

I/~ Bai 259. Cho tam gi4c nhon ABC, cac duong cao BD va CE cat nhau tai H . Chitng minh
rang BC* =BH -BD +CH -CE

(& Loigiai
Ké HK L BC . Tir cac tam giac ddng dang, ta A
chtirng minh duoc D
BH-BD=BK-BC (1) B
CH-CE=CK-CB  (2)
Cong (1) va (2) ta dugc dang thirc can phai
chung minh.

B P c

I~ Bai 260. Cho tam gi4dc ABC(AB = AC).Goi E va F theo thu tu la cac hinh chiéu cua B va

C trén tia phan giac cia goc A. Goi K 1a giao diém cia cac duong thang FB va CE. Chuang
minh ring AK 14 tia phan giac cia goc ngoai tai dinh A cua tam gi4c ABC .

@ Loigiai
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AABE va AACF dong dang, AKBE va
AKFC d6ng dang, ta co:

KB BE AE

KF CF AF K
= AK /BE = AK L AE B
Vay AK latia phan giac cua goc ngoai tai
dinh A cua AABC

A

7~ Bai 261. Tinh ti s hai canh géc vudng caa mot tam giac vudng biét rang dudng cao va duong

trung tuyén ang véi canh huyén cia tam giéc ti I¢ 12 :13.

(& Loigiai

Pit AH =12k, AM =13k thi HM =5k,CH =18k (gia st
AB < AC).

Tacd AAHB va ACHA dong dang nén
AB HA 12k 2
CA HC 18k 3

A

M

=

I/~ Bai 262. Cho tam giac ABC vudng tai A, AC =3AB. Liy cac diém D, E thuéc AC sao cho

AD = DE = EC . Chiing minh ring AEB + ACB = 45°

@ Loigiai

M

Cach1.Vé M dbi xang voi B qua D,AEAB va ABMC dong dang (c.g.c)

. E —MBC
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Do d6 E, +C =MBC+C =D, =45°

Cach 2. bat AB = AD =DE = EC =a thi
BD?*=a’+a*=2a*=2a-a=CD-ED
ACDB va ABDE ddng dang (c.g.c)
— C = DBE

—~

Dod6 E,+C =E, + DBE = D, = 45'.

Ch BD
=>—_—=—
BD ED

= Bai 263. Hinh thang vudng ABCD c6 A= D =90°, AB =4 ¢cm,DC =9 ¢cm,BC =13 cm. Tinh

khoang céch tir trung diém M cua AD dén BC.

(& Loigiai
V& BH L CD,MK L BC
AMKN va ABHC ddng dang (g.9)

MK=MN :>MK=MN'BH
BH BC BC
Taco

MN = DH +H—ZC=AB+H—2C=4+2,5:6,5(cm) M

BH = v/BC? — HC? =13* —5% =12(cm)

=6(cm)
Vé BH L CD,MK 1 BC

D H C

= Bai 264. Hinh thang vudng ABCD c6 A= D =90°, AB = 7 cm, DC =13 ¢cm, BC =10 cm.

Puong trung truc cia BC cit duong thing AD & N . Tinh do

(& Loigiai

M

1 FAX

dai MN(M 1a trung diém BC).
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Vé BH 1L CD,MK L AD,AMKN va ABHC dong dang (g.g) nén tinh duoc

_ BC-MK _10-10
BH

MN

=12,5( cm)

I/~ Bai 265. Cho hinh binh hanh ABCD . Hai duong thing di qua tAm cua hinh binh hanh chia n6
ra bén tir gi4c c6 dién tich bang nhau. Puong thang thir nhat cit BC ¢ E, duong thang thi hai cit
CD ¢ F . Chiing minh rang diém E chia canh BC va diém F chia canh CD theo cling mot ti so.

(& Loigiai

Goi M 1a giao diém cia FO va AB (O la tdm cua hinh binh hanh).
Taco SOMBE = SOFCE ma SMOE = SFOE nén SMBE = SFCE
Do d6 EB-MI = EC-FK(MI,FK 1 BC).

.. EB FK FC FC
EC MI MB FD

I/~ Bai 266. Cho hai diém A,M . Dung hinh vuéng ABCD sao cho diém M chia canh BC theo ti

$61:2
@ Loigiai

Qua M V& dudng vudng goc véi AM |, cat AB tai N . n c
AABM va AMBN ddng dang nén MN _MB _ 1, do d6 ta

AM AB 3
dung duogc diém N .
C6 hai cach lay diém N vé hai phia cua AM nén bai toan c6
hai nghiém hinh. f{f

A B N
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=7 Bai 267. Cho tam gidc ABC . Hinh chir nhat DEGH c¢6 D thuoc AB,E thuoc AC,G va H
thuéc BC

1. V& Ax song song véi BC, v& CK vudng goc véi Ax (K thudc AX). Goi | 1a giao diém cua
BK va DE . Chuang minh rang GC = DI .

2. Suy ra cach dung hinh chir nhat néi trén biét tam gidc ABC va do dai dudng chéo cua hinh chit
nhat.

(& Loigiai
1. AEGC va ACKA déng dang (g.9) A K
GC EC DB DI
AK AC AB AK
2. Suy ra DICG la hinh binh hanh = CI = DG =m. D E
Dung K rdi vé& duong tron (C;m), cat BK & |

= GC = DI

(S} 7SS

Tuy theo sb giao diém cua duong tron véi BK ma bai toan B H G
c6 0,1,2 nghiém hinh.

B Ti SO CAC BUONG CAO, Ti SO DIEN TiCH CUA HAI TAM GIAC PONG DANG

Néu hai tam giac dong dang thi:
— Ti s cac dudng cao twong ung bang ti s ddng dang.
— Ti sb céc dién tich bang binh phuong cua ti s6 déng dang.

£ Vi du 3. Cho tam gidc ABC c6 cac géc B va C nhon, BC =a, dudng cao AH =h. Tinh
canh cua hinh vuéng MNPQ c6 M thuoc AB,N thuéc AC,P,Q thuoc BC.

(2 Loigiai

M ml N

B Q H p C

Goi giao diém caa AH va MN 1a K. Do MN /# BC nén AK L MN..
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Tacod MN /7 BC nén AAMN va AABC dong dang, do d6 ti s6 hai dudng cao twong ng bang ti s6
dong dang:

AK_ N
AH BC
Pit MN = KH = x, tacé
M:§:>xh=ah—ax
a

= x(h+a)=ah

ah

Canh cua hinh vuéng MNPQ bing ——
a+h

L3 Vi du 4. Cho tam gidc ABC va hinh binh hanh AEDF véi E thuoc AB, D thuoc BC,F
thugc AC . Tinh dién tich hinh binh hanh, biét rang S, =3 cm?,S.,. =12 cm?.

(& Loigiai

B D C
AEBD va AFDC déng dang (g-g) nén

Sceo _(EJZ_(@T
Sroc \DF FC
Tacod S.gp @ Sepe =3:12=1:4:%

Do do E=E=£ Suy ra AE = DF = 2BE; AF =ED:£FC.
DF FC 2 2

Vay

Suoe = 2Sgep = 2-3=6(cm?)
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1 1
Spor = EsFDC = 5-12 =6(cm?)

Saeor = Sape + S = 6+6=12(cm’)

ChU y: Tong quat, Néu Sggp =M-Sepe =N thi S,o- = 2/mn

Q Ti s8 cac dudng cao

I/~ Bai 268. Hinh thang ABCD c6 canh day AB dai 8 cm, canh day CD dai 12 cm . Biém M
nam trén dudng thang AB sao cho duong thang DM chia hinh thang thanh hai phan c6 dién tich
bang nhau. Tinh d dai BM .

@ Loigiai

A B H M
-

i—l
D K
Cha y rang

8 1
SABD :SABCD :2_0<§

nén M thudc tia ddi cua tia BA. Goi E 1a giao diém cia DM va BC, dat EH =h ,EK =h,,
HK =h (EH la duong cao cuia ABEM,HK 1a dwong cao cua hinh thang).

1 12h 1 h, 5

Soee ==Sppep > —2=—"=-2==

DEC 2 ABCD 20h 2 h 6
ABEM «» ACED

BM EH BM h
= = =
CD EK 12 h,

Vay BM =2,4 cm

7~ Bai 269. Piém M chuyén dong trén day nhé AB cua hinh thang ABCD. Goi O 1a giao diém
cuia cac duong thang chira cac canh bén cua hinh thang, G 1a giao diém cua OA va CM,H la giao
diém ciia OB va DM . Chitng minh rang khi diém M chuyén dong trén canh AB thi tong

OG OH

~—— + = khong dbi.
GD HC
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(¢ Loigiai

hy

h«-z

D c

Qua O V& dudng thang song song véi AB, cat CM, DM thir tu tai |, K. CI cit OD tai G,DK cit
OC tai H.Taco

OG (OH _Ol OK_IK
GD HC CD CD CD
Tong khong doi bang h, :h, (h, la khoang cach tir O dén AB,h, la chiéu cao hinh thang).

I/~ Bai 270. Cho ba dudng thang song song a,b,c theo thir ty dy, diém A thuoc a, diém B thuoc
b.Goi M la mot diém bat ki thuoc c. MA cit b tai B’,MB cit a tai A’. Chitng minh rang khi
diém M chuyén dong trén ¢ thi duong thang A'B’ ludn di qua mot diém cd dinh.

(2 Loigiai

Iy

a

Goi giao diém cua A'B’ v6i AB la O. Hay ching minh rang O 1a diém ¢ dinh (O chia trong
doan thang AB theo ti s6 (OA _AA hl]

OB BB’ h,
Q Ti s8 dién tich tich

I/~ Bai 271. Cho tam gi4c ABC c6 dién tich S, cac duong trung tuyén AD, BE,CF . Goi S’ 1

dién tich tam gidc ¢ do dai ba canh bing AD, BE,CF . Chimg minh ring S’ = > |

(@ Loigiai
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G

B D C
Goi G latrong tdm cua tam giac ABC,H la trung diém cua CG . Lay Sy, lam trung gian: S’ =

9S.p, VA S =125,

7~ Bai 272. Puong cao ciia mot tam giac dai 16 cm, nd chia canh day thanh hai doan thang ti Ié
1:8. Tinh d6 dai doan thang song song voi duong cao 4y va chia tam gic di cho ra hai phan c6
dién tich bang nhau.

(& Loigiai

B H M C

Ki hiéu nhu hinh 163, S, =%SABC,SAHC =§SABC .Suy ra

2
Suve. :(—NMJ -9 NM=12¢m
S, V(AH) 16

I/~ Bai 273. Hinh thang ABCD c6 cac ddy AB =b,CD =a (a > b). Poan thang MN song song
Vé6i day, co hai dau thudc hai canh bén chia hinh thang ra hai phan cé dién tich bang nhau. Chung
a’+b’

minh rang MN? =

@ Loigiai
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Goi O la giao diém ciia AD va BC. Pt S,z = Synep =S VA MN = x.

Soe (DY
AOAB » AOMN = =2 =| —

OMN X

2
AODC » AOMN = Sooc _ (ij

OMN X
Do do
a’ +b’ _ SOCD +SOAB _ (SOMN +S)+(SOMN _S) -2
x? Somn Somn
Viy MN? = & *D°
) 2

I/~ Bai 274. Cho hinh vudng ABCD c6 d6 dai canh bang 2 cm. Goi E,F theo thir tu 14 trung
diém cia AD,DC. Goi |,H theo tht ty 1a giao diém cua AF véi BE,BD. Tinh dién tich tu giac
EIHD.

@ Loigiai
A B
T \T
E

H
<+ I

]
D H F C

Trudéc hét ta tinh dién tich cac tam giac AIE, DHF .

Dé dang ching minh duoc AF L BE.AAIE « AADF nén
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Swe _ AE® 1
S,or AF? 5
7 2 A 1 2
Taco S,,- =1cm” nén S, =z cm
ADHF va ABHA dong dang theo ti sb % nén ta tinh dugc duong cao HH' cia ADHF bang

é cm. Do d6 S, :% cm?®. Tur d6 ta tinh dugc S, g :% cm?.

I/~ Bai 275. Cho hai tam giac ddng dang c6 ti s6 dong dang 1a mot sb tu nhién. Mot canh cua tam
giac nho bang 3 cm, dién tich cua tam giac nho nay ciing 1a mot s6 tu nhién (don vi cm? ). Tinh
dién tich caa mdi tam giac, biét hiéu dién tich caa ching bang 18 cm?.

@ Loigiai

Goi dién tich cia tam gidc nho 1 x,, ti sé ddng dang cua hai tam giac 1a k,(x,k € IV

Taco X+18=k2 nén §=k2—1 va k? —1 1a wdc caa 18. Tur d6 tim duoc k =2,x =6.
X X

Dién tich cua hai tam giac 12 6 cm® va 24 cm”.

I/~ Bai 276. Tam giac ABC c6 B =60°,C =20°,BC =4 cm. Goi D la trung diém caa AC . Trén
canh CB liy diém E sao cho CE =CD . Tinh tong dién tich cac tam giac ECD va ABD.

@ Loigiai

V& tam gidc déu BCF (F va A cung phia dbi véi BC). Trén canh FB lay diém G sao cho
FG = AB. Tacd AACG can c6 goc o dinh bang 20°, AABC = AGFC (c.g.c).
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Dit Scp =S,,S,p =S,. Tacd AECD va AACG dong dang (g.9)

1
S, = ESACG
1 1
Sz = ESABC = Z(SABC + SGFC )

Tur (1) va (2) suy ra

1
Sl + Sz = Z(SACG + SABC + SGFC )

: —E-A'z\/g—\fcm2

ESBFO 2 4 3

™~ Bai 277. Cho tam gi4c ABC cantai A, tructdm H chia duong cao AE theotisd 7:1. Giao
diém | cac dudng phan gi4c cua tam giac chia AE theo ti s6 nao?

(@ Loigiai
A
I
H
!
B E C

Theo tinh chat dudng phan giac

Al AB ( Al JZ AB2  AE? + BE? (AE jz
IE BE IE BE2 BE? BE

AAEB va ABEH ddng dang (g.g) suy ra

AEY' _Sus _ AE g
BE HE

SBEH

Tur (1) va (2) suy ra
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Bai 278. Cho tam giac ABC .Trén canh AB lay diém | va K sao cho Al = IK = KB, trén
canh BC ly cac diém D va E sao cho BD = DE = EC, trén canh AC l4y cac diém F va G sao
cho AF =FG=GC.Goi M 1la giao diém caa AD va BF,N la giao diém ciia BG va CK,P la
giao diém cua AE va Cl .

a) Chizng minh ring cac canh caa tam giac MNP song song véi cac canh caa tam giac ABC .

b) Tinh dién tich tam gidc MNP theo dién tich tam giac ABC.

(& Loigiai

a) Tacd AR _AG_2 nén KG / BC va KG:EBC. Do do NKngC,suyra CN :§CK.
AB AC 3 3 3 5

Chung minh tuong ty, CPngI .Suyra NP/ IK va NP:%IK.

Chtng minh tuwong ty, MP 7/ BC,MN // AC .

3 3

b) NP=2 1K =2 L :
5 5

%AB =§AB' Do do6 S, =ESABC

L1 Bai 279. Cho tam gidc ABC vudng can tai A, duong cao AH va dudng phan giac BE. buong
vubng goc voi BE tai E cat canh BC tai G, cat tia d6i ciatia AB tai D. Ké EF vudng goc véi
BC . Cho biét AD =15 cm, HF =20 cm, tinh dién tich tam giac ABC .

(& Loigiai

Ké EN // BC, cat AH tai M, cat AB tai N . Tathdy aABC va AANE dong dang.
Truéc héttatinh S, .
ABDG cantai B. Do NE / BG nén ANDE cén tai N . Ta dé dang tinh dugc

EN = 2EM =2-20=40( cm)
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Suyra NE=40cm,NA=25cm.

Tacd AM? = AN —NM? =252 —20° =225 nén AM =15cm.

1 1 )
Sae =+ NE-AM :540-15=300( cm?) D

I=

Bay gio ta tinh ti s6 déng dang % cua AABC vaAANE .

ABDG ¢6 DE = EG,EN /# BC nén BN = ND =40 ¢cm, do y fa S
6
AB =251 40=65( cm), 0 _ 03 _13
AN 25 5 B F G C

T

2
Saac =Sae (%j = 300-% =2028( cm?)
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