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TUYEN TAP PE THI TOAN
VAO LOP 10 CHUYEN THANH PHO HO CHI MINH

LOI NOI PAU

Nham ddp teng nhu ciu vé cia gido vién todn THCS va hoc sinh luyén thi vao 16p 10 mon
todn, website tailieumontoan.com gioi thiéu dén thdy cé va cdc em by dé thi vao lop 10 chuyén
thanh phd’ H6 Chi Minh. Ddy la by dé thi mang tinh chét thiec tién cao, gitip cdc thidy cd va cic em
hoc sinh luyén thi vao 16p 10 c6 mt tai lidu bam sdat dé thi dé dat dwoc thanh tich cao, mang lai
vinh dw cho ban thin, gia dinh va nha trieong. B¢ dé gom nhiéu Cau todn hay dwoc cic thiy co trén
cd nwéc swu tim va sang tic, on luyén qua sé givip cdic em phit trién tw duy mon todn tiv do thém
yéu thich va hoc giéi moén hoc nay, tao dwgc nén ting dé’ cé nhirng kién thirc nén tot ddp itng cho
viéc tiép nhan kién thirc ¢ cdc 10p, cdp hoc trén dwoc nhe nhang va higu qua hon.

Cdc vi phu huynh va cdc thiy c6 day todn cé thé dung co thé ding tuyén tdp dé todn nay dé
gitip con em minh hoc tdp. Hy vong Tuyén tdp dé thi toan vao l6p 10 chuyén thanh phd H6 Chi
Minh nay sé ¢d thé’ Qitip ich nhiéu cho hoc sinh phit huy ndi lyc gidi todn néi riéng va hoc todn ndi
chung.

Mc dii da c6 sw diu tw 16m vé thoi gian, tri tué song khong thé’tranh khoi nhitng han ché
sai s6t. Mong dwgc sw gop y cua cdc thiy, ¢d gido va cdc em hoc!

Chiic cdc thiy, ¢d gido va cdc em hoc sinh thu dwoc két qua cao nhat tir by dé nay!
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SO GIAO DUC VA PAO TAO KY THI VAO LOP 10 CHUYEN TP HO CHi MINH
TP. HO CHI MINH NAM HOC 2019 - 2020

Mén: TOAN (chuyén)

| PE CHINH THUC | Thoi gian lam bai: 150 phit

Cau1:

Cau 2:

Cau 3:

Cau 4:

Cau 5:

Cau 6:

(Khong ké'thoi gian giao dé)

Pé so 1

(1,0 diéim). Cho a,b,c laba sd thuc thoa diéu kién a+b+c=1. Tinh gid tri ctia bi€u
thiec: A=a’+b’+c¢*—-3(ab+c)(c-1).

@,5 diéin).

a) Giai phuong trinh: 5yx—1—+/x+7 =3x—4.

2(x+y)-xy=4
b) Giai hé phuong trinh: .
Xy(x+y—4)=-2

(1,5 diém). Puong tron ndi tiép tam giac ABC ti€p xtic véi cac canh BC, CA, AB lan
lwgttai M, N, P.Goi K la hinh chiéu vuong goc caia M 1én NP .
Chting minh: KM 1a tia phan gidac BKC.

2,0 diéin).
Cho X,Y,z la cac s0 thye thudc doan [0; 2] thoa man diéu kién x+y+2z=3.

a) Chtng minh rang: X° +y*+2° <6.
b) Tim gid tri 16n nhat cta biéu thic: P =X +y® +2° —3xyz.

(2,0 diém). Cho tam giac déu ABC.Goi M, N la hai diém nam trén canh BC sao cho
MAN =30° (M nam gitta B va N ). Goi K la giao diém ctia hai duong tron (ABN )
va (ACM). Chting minh réng;

a) Haidiém K va C d6i xtiing véi nhau qua AN .
b) Duong thing AK di qua tim duong tron (AMN).

(1,0 diéin).
Cho m, n 1a hai s8 nguyén. Chting minh rang: néu 7(m+ n)2 +2mn chia hét cho 225
thi mn cting chia hét cho 225.

Heét
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DAI HOC QUOC GIA TP HCM DE THI TUYEN SINH LOP 10
TRUONG PHO THONG NANG KHIEU Nam hoc : 2018 -2019
HOI DPONG TUYEN SINH LOP 10 Mon thi: TOAN (khéng chuyén)

Thoi gian lam bai: 120 phuit
bé s6 2

Bai 1 (1 diém) Biét 0<x<y va
y X 5

(&+W)2+<\/§_\/§)2 + + ~2 Tinh X
(x/;+\ﬁ)+2(x+2y)) \/;(\/;-i-\/y) W(«/;+\N) 3 y

Bai 2: (2 diém)

252.(7-
2) Giai phuong trinh 22U =%) _yx_7)

J3—x
(x+3)(x-1)=(y-2)(x+3)

(x-1)\/y?~5y+8= (y—2)2
Bai 3: (2 di€m ) Cho phwong trinh x* —x+3m-11=0(1)
a) Voi gid tri nao cua m thi phurong trinh (1) c6 nghiém kép ? Tim nghiém do
b) Tim m d€ phwong trinh (1) ¢6 hai nghiém phéan biét x;; X, sao cho
2017x, +2018x, = 2019
Bai 4: (2 di€m)
a) Dau thang 5 nam 2018, khi dang vao vu thu hoach, gia dwa hau bat ngo giam
manh. Nong dan A cho biét vi sg dwa hdng nén phai ban 30%s6 dwa hdu thu hoach
dwoc véi gia 1500 dong moi kilogam (1500d / kg ), sau &6 nho phong trao “giai ctru

b) Giai hé phuong trinh {

dua hdu” nén da may man ban hét s& dura con lai véi gia 3500d/1 kg; néu trir tien
dau tw thi lai dwoc 9 triéu dong (khong ké cong cham sdc hon 2 thang ctia ca nha).
Ciing theo dng A, mdi sao dau tu (hat giong, phan boén....) hét 4 triéu dong va thu
hoach dwgc 2 tan dua hau. Hoi 6ng A da trong bao nhiéu sao dwa hau
b) Mot khu dat hinh chir nhat ABCD (AB < CD) c6 chu vi 240 mét duoc chia thanh hai
phan khu dat hinh ch nhat ABMN lam chudng trai va phan con lai lam vuon tha
dé nudi ga (M, N lan luot thudc cac canh AD, BC). Theo quy hoach trang trai nudi
duoc 2400 con ga, binh quan mdi con ga can mot mét vudng ctia dién tich vedn tha
va dién tich vuon tha gap 3 [an dién tich chudng trai. Tinh chu vi ctia khu dat lam
vuron tha.
Bai 5: (3 di€m) T gidc ABCD noi ti€p duong tron (T) tdm O, ban kinh R, CAD =45°, AC
vudng géc voi BD va cat BD tai I, AD > BC. Dung CK vudng goc véi AD (K € AD), CK cat
BD tai H va cit (T) tai E (E=C)
a) Tinh s6 do gbéc COD. Chiing minh cac diém C, I, K, D cung thudc mot dwong tron
va AC=BD
b) Chting minh A la tdm duwong tron ngoai ti€p tam giac BHE. Tinh IK theo R
) IK cat AB tai F. Chttng minh O 1a tric tam tam giac AIK va CK.CB=CF.CD
Hét
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SO GIAO DUC - PAO TAO KY THI TUYEN SINH LOP 10 THPT
THANH PHO HO CHI MINH NAM HOC 2018-2019
Moén thi: TOAN CHUYEN
PE THI CHINH THUC Thoi gian: 150 phit

Ngay thi: 03/06/2018
bé s6 3

Cau 1 (1 diém): Cho a,b,cla ba s6 thuc thoa man diéu kién a+b+c=0va
a= 2(a+c+1)(a+b—1). Tinh gia tri ctia biéu thitc A=a’+b?+c?

Cau 2 (2 diém)

a) Giai phuong trinh : 4/x+3 =1+4x+ 2
X

X +y’=1

X2+y5:x3+y2

b) Giai hé phuong trinh: {
Ciu 3 (2 diém): Cho tam gidc ABC (AB < AC) vudng tai A c6 dudng cao AH. Goi E, F Ian
luwot 1a hinh chiéu cia H 1én AB, AC

a) Chiing minh rang; BE/CH +CF+/BH = AHBC

b) Goi D la diém ddi xting ctia B qua H va goi O 1a trung diém ctia BC. Puong thang

di qua D va vuong géc véi BC cat AC tai K. Chitng minh rang BK 1 AO
Cau 4 (1,5 diém):

’ . M 1 & . A
a) Chung minh rang x* —x+ 2 >0 v6i moi sO thuee X

b) Cho X, yla cac sd thire thoa man diéu kién x* —xy + y* =3. Tim gid tri I6n nhat va

nho nhat ctia biéu thitc P = x* + y?

Cau 5 (1,5 diém)

Cho tam gidc ABC vudng tai A. Goi M la trung diém ctia BC va O 1a tam duong
tron ngoai ti€p tam gidc AMB. Puong thang AC cat (O) tai diém thit hai 1a K. Duong
thang BK cat duwong tron ngoai tiép tam giac ABC tai L.C4c duong thang CL va KM cat
nhau tai E. Chting minh rang E nam trén duong tron ngoai tiép tam gidc ACM
Céu 6 (2 diém)

Céc 58 nguyén duong tir 1 dén 2018 dugc t6 mau theo quy tac sau: Cac sd ma khi chia cho
24 du 17 duwoc to mau xanh; cac s6 ma khi chia cho 40 du 7 dwoc t6 mau do6. Céc so con lai
dwoc t6 mau vang
a) Chung to rdng khong c6 s8 mau duoc td ca hai mau xanh va doé. Héi c6 bao nhiéu
s0 dugc t6 mau vang
b) Cé bao nhiéu cdp s6 (a; b) sao cho adwoc td mau xanh; b dwoc t6 mau doé va

la—b|=2

Tai liéu swu tAm va téng hop bin word day du lién hé 0393732038 TAI LIEU TOAN HQC



Website:tailieumontoan.com

O GIAODUC VAPAOTAO KY THI VAO LOP 10 CHUYEN PTNK HO CHi MINH

TP. HO CHi MINH NAM HOC 2017 - 2018
Mén: TOAN (Véng 1)
| PE CHINH THUC | Thoi gian lam bai: 150 phit

(Khong ké'thoi gian giao dé)

Pé s6 4

Cau 1 (1.0 di€m).
Biét a va b 1a cac s0 duwong, a = bva

a+2b - b+2 a«/;—l—b\/lj a\/g_b‘jg

: —3ab|=3
a+b a—>b

14 2ab

Tinh S =
a® + b

Céu 2 (2.0 diém).
a) Giai phuong trinh 2> — 62 +5 Vo —2—2+4 =0.

Jo Jo+2y -3 =0

b) Giai hé phuong trinh
2’ —6xy—1y =6

Céu 3 (1.5 diém). Cho phuong trinh z + m "5 u+m +6=01.

a) Chting minh rang phwong trinh 1 c6 hai nghiém phan biét z;z, véi moi s6
thiee m. Tinh gidc tri ctia biéu thitec S = z, +m ’ + z,+m ’ +5 x, +x, +2m

b) Biét z, < z,, immsao cho z, <lva z’ +2z, =2 m—1 .
Cau 4 (2.0 di€m).

a) Nam k& véi Binh rdng dng Nam c6 mdt manh dat hinh vuong ABCD dwoc chia
thanh bon phan; hai phan (gém cac hinh vuéng AMIQ va INCP véi M, N, P, Q lan luot
thudc cac canh AB, BC, CD, DA) dé trong cac loai rau sach, cac phan con lai dung dé trong
hoa. Dién tich phan trong rau sach la 1200cm” va phan dé trong hoa 1a 1300cm’ . Binh ndi:
“Chéc ban bi nham r6i!”. Nam ndi: “Ban nhanh that! Minh d3 ndi nham phan dién tich.
Chinh xac 1a phan trong rau sach 1a 1300cm?, con lai 1200cm” trong hoa”. Hay tinh canh
hinh vuéng AMIO (biét AM < BM ) va giai thich vi sao Binh biét Nam bi nham?
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b) Lép 9T 6 30 ban, mdi ban dw dinh déng gép mdi thang 70000 dong va sau ba
thdng sé du tién mua cho mdi em ¢ “M4i 4m tinh thuong X” ba géi qua (Gia tién cac mén
qua nhu nhau). Khi cdc ban déng da s6 tién nhe duw dinh thi “Mai dm tinh thwong X”
nhan thém 9 em va gid tién mdi moén qua sé lai ting thém 5% nén chi ting duoc mdi em
hai go6i qua. Hoi ¢ bao nhiéu em ¢ “Mai dm tinh thwong X” dwoc nhan qua?

Bai 5 (3.0 di€ém). Cho tam gidc ABC ndi tiép duong tron T tdm O va ban kinh R ¢

BAC =120"; ABC = 45" va H 1a triec tam. AH, BH, CH Ian luot cat BC, CA, AB tai M, N,
P.

a) Tinh AC theo R. Tinh s6 do géc HPN va % .

b) Dung duong kinh AD ctia duong tron 7', HD cit duong tron T tai E khac D

va cat BC tai F. Chitng minh rang céc diém A, N, H, P, E cing thuoc moét duong tron va F
la trung diém cuia HD.

¢) Chitng minh AD vudng géc véi NP. Tia OF cat duong tron T tai I. Ching

minh I 1a tdm duong tron ngoai tiép tam giac HBC va Al di qua trung diém ctia MP.
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O GIAODUC VAPAOTAO KY THI VAO LOP 10 CHUYEN PTNK HO CHi MINH

TP. HO CHi MINH NAM HOC 2017 - 2018
Mén: TOAN (Véng 2)
| PE CHINH THUC | Thoi gian lam bai: 150 phit

(Khong ké'thoi gian giao dé)

bé so 5
Cau 1 (2.0 di€m).
Cho phuwong trinh 2> —2 m+1 z+2m* +4m+1=0 1, véi m la tham s6.
a) Tim m d€ phuong trinh 1 ¢4 hai nghiém phan biét z,;z,. Chitng minh rang
T, +x

1 2

<1.

b) Gia st hai nghiém z ;z, khac 0, chttng minh réng: L + L >2> |x1| + |a;2|
Jal e
Cau 2 (2.0 di€ém). Cho x, y 1a hai s6 nguyén véi z >y > 0.

a) Chttng minh rang néu z* — * chia hét cho 3 thi z° — 3* chia hét cho 9.

b) Chting minh rang néu z* — y° chia hét cho x +y thi = + y khong thé 1a s8 nguyén

c¢) Tim tat ca cac s6 nguyén dwong k sao cho z" — 4" chia hét cho 9 v§i moi x, y ma zy
khong chia hét cho 9.
Cau 3 (1.5 di€m).

a) Cho ba s8 a,b,c > —2 théa man a’ +b* + ¢* + abc = 0. Chting minh rang
a=b=c=0.

b) Trén mat phéng toa do Oxy cho ba diém A, B, C phan biét véi OA = OB =0C =1.

Biét rang 2° + 2} + . + 62,.2,.z, = 0. Chting minh rang Min z;z,;7, < —%(ki hiéu
z,, lahoanh d¢ ctia diém M).
Céu 4 (3.5 diém). Cho tam gidc ABC nhon noi tiép duong tron O véi O la tAm. Goi D la

mot diém thay doi trén canh BC (D khac B, C). Cac duong tron ngoai ti€p tam giac ABD va
ACD Ian luot cit AC, AB tai E va F (E, F khac A). Goi K 1a giao diém cua BE va CF.
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a) Ching minh tt giac AEKF ndi tiép duong tron.

b) Goi H 1a truc tam tam gidc ABC. Chitng minh réng néu A, O,D théng hang thi
HK song song voi BC.
) Ky hiéu S la dién tich tam giac KBC. Chttng minh réng khi D thay déi trén canh

BCthitaludnco S <

B(J]2 BAC
—_— .tanT.

d) Goi I 1a tAm duong tron ngoai ti€p tam giac AEF. Chiing minh rang:
BF.BA—CE —~CA= BD’ —-CD’ va ID | BC

Céu 5 (1.0 di€m). LSp 9A 6 6 hoc sinh tham gia mot ky thi todn va nhan 6 diém s6 khac
nhau la cac s6 nguyén tir 0 dén 20. Goi m 1a trung binh cdng cac diém sd ctia 6 em hoc sinh
trén. Ta noi rgmg hai hoc sinh (trong 6 hoc sinh trén) lap thanh mot cdp hoan hao néu diém
trung binh cong ctia hai em d6 16n hon m.

a) Chttng minh rang khon thé chia 6 em hoc sinh trén thanh 3 c&p ma mdi cap déu
hoan hao.

b) C6 thé c6 duoc nhiéu nhat 1a bao nhiéu cap hoan hao
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O GIAO DUC VA PAO TAO KY THI VAO LOP 10 CHUYEN TP HO CHi MINH

TP. HO CHi MINH NAM HOC 2017 - 2018
Mon: TOAN
| PE CHINH THUC | Thoi gian lam bai: 150 phit

(Khong ké'thoi gian giao dé)

Pé s6 6

Cau 1. (2.0 diém).

a) Cho cac s0 thuc a, b, csao cho a+b+c=3, a®> +b° +c =29 va abc = 11. Tinh
gidtricua o’ +0° +¢’.

b) Cho biéu thtec A= m+n "4+ 3m+n véim, nla cac s8 nguyén dwong. Ching

minh rang néu A 1a mot s8 chinh phuong thi n° 41 chia hét cho m.
Cau 2. (2.0 diém).

a) Giai phuong trinh 2 z +2 3z —1= 32" — 72— 3

1 10
b) Giai hé phuong trinh v ; T -
20" —ay —y =1
Cau 3. (1.5 diém).

Cho tam giac nhon ABC c6 AB < AC < BC. Trén cac canh BC, AC Ian luot 1ay cac
diém M, N sao cho AN = AB = BM. Cac duong thang AM va BN cat nhau tai K. Goi H 1a
hinh chiéu ctia K 1én AB. Chting minh rang:

a) TAam duong tron noi tiép tam giac ABC nam trén KH.
b) Cac duong tron ndi tiép cac tam giac ACH va BCH tiép xuc v6i nhau.
Cau 4. (1.5 di€ém)
164/zy n 2+ .

Cho x, y 1a 2 s6 thuc duwong. Tim gia tri nhé nhat cua biéu thiec P = "
rTy Y

Cau 5. (2.0 di€m)
Cho tam giac ABC c¢6 goc B tu. Puong tron O ndi ti€p tam gidc ABC ti€p xtic voi cac
canh AB, CA, BClan luottaiL, H, J.
a) Cac tia BO, CO cit LH Tan lwot tai M, N. Chiing minh réng bén diém B, C, M, N

cung thuéc mot duong tron.
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O GIAO DUC VA PAO TAO KY THI VAO LOP 10 CHUYEN TP HO CHi MINH

TP. HO CHi MINH NAM HOC 2016 - 2017
Mon: TOAN
| PE CHINH THUC | Thoi gian lam bai: 150 phit

(Khong ké'thoi gian giao dé)

Péso 7
Caul.

a) Cho hai s6 thuc a, b sao cho |a| = |b| va ab = 0 thoa man

a—>b a+b  3a-—0

a’ +ab aQ—ab_aQ—bQ'

a® 4 2a°b + 3b*
2a° + ab® +b>

Tinh gia tri cua biéu thirc P =

b) Cho m, n 1a cac s6 thuc dwong thda man 5m + nim + 5n . Chitng minh rang m:n.
Cau 2.
a) Giai phuwong trinh 2° — 6z + 4+ 2y2z—1 = 0.

-y’ =9 z+
b) Giai hé phuong trinh | , . ; Y
-y =

Cau 3. Cho tam giac ABC c6 cac duwong cao AA , BB,,CC,. Goi K la hinh chiéu ctia A lén
A B, Llahinh chiéu ctia B lén B,C,. Chting minhrang AK = B /L

x\/;+y\/;_x+y<1

Tty 2 4

Cau 4. Cho x, y 1a cac s6 thuc duong. Chiing minh rang

Cau 5. Cho t giac noi tiép ABCD c6 AC cat BD tai EE. Tia AD cat tia BC tai F. Dung hinh
binh hanh AEBG.

a) Chting minh rang FD.FG = FBFE

b) Goi H 1a diém d3i xting ctia E qua AD. Chiing minh rang diém F, H, A,

G cung thuoc mot duong tron

Cau 6. Nam cat mot to gidy ra 1am 4 miéng hoéc 8 miéng roi 1dy mot s8 miéng nho d6 cat
ra lam 4 hodc 8 miéng nho hon va Nam c& ti€p tuc thuc hién viéc cit nhu thé nhiéu Tan.
Hoi Nam ¢ thé cat dwoc 2016 miéng 16n va nho hay khong?Vi sao?

Hét
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O GIAODUC VAPAOTAO KY THI VAO LOP 10 CHUYEN PTNK HO CHi MINH

TP. HO CHf MINH NAM HOQC 2016 - 2017
Mbn: TOAN (vong 1)
| PE CHINH THUC | Thoi gian lam bai: 150 phit

(Khong ké'thoi gian giao dé)

Pé s6 8

Bai 1. Biét a va b la cdc s6 thuc duong véi a = bva

sl o

aa—4b +b b+2a
a+b

= 2016

Tinh tong S =a +b.
Bai 2.
a) Giai phwong trinh oz + 5 = 22° — 5z

\;@—l—x—i% y+\j; =0

b) Giai hé phuong trinh
©+y=5

z+1 2* +mz+2m+14
Bai 3. Cho phuong trinh =0.

N

a) Gidi phwong trinh trén khi m = —8.

b) Tim cac gia tri m dé phuong trinh da cho c6 hai nghiém phan biét z ;z,théa man

\/ws + m+1z,+2m+14 :3—\/Z
Bai 4.

a) Ong An cai tao mot manh vuon hinh chit nhét c6 chiéu dai bang 2,5 Ian chiéu rong.
Ong théy ring néu dao mot cai ho c6 mit ho hinh chit nhat thi sé chiém 3% dién tich manh
vuon, con néu giam chiéu dai 5m va tang chiéu rong 2m thi mat ho c6 hinh vudng va dién
tich mat ho giam dwgc 20 m*. Hay tinh cac canh ctia manh vuon.

b) Lop 9A b 27 hoc sinh nam va 18 hoc sinh nit. Nhan dip sinh nhat ban X(la mot
thanh vién cta 16p), cac ban trong 16p cs nhiéu mén qua ting X. Ngoai ra mdi ban nam
trong 16p 1am 3 tdm thiép va mdi ban nit trong 16p 1am 2 hodc 5 con hac dé ting X. Biét

rang sO tam thiép va sd con hac bang nhau, hoi ban X 1a nam hay n?
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Bai 5. Cho tam giac déu ABC c6 tam O va AB = 6a, cac diém M va N Ian luot trén canh

AB, ACsao cho AM = AN =2a.Goil, ], Klan luot la trung diém cua BC, CA va MN.

a) Chttng minh r?ang cac diem M, N, B, C cung thu¢c mot dwong tron T. Tinh dién
tich cta ti gidc BMNC theo a.

b) Tinh ban kinh dwong tron ngoai ti€p tam giac IJK. Ching minh duong tron
duwong kinh NC tiép xac voi Al

c) Gia sit AE tiép xtc véi duong tron T tai E(E va B cung phia d6i voi Al). Goi F la

trung diém ctia OE. Tinh s6 do géc AF.J .

Tai liéu swu tAm va téng hop bin word day du lién hé 0393732038 TAI LIEU TOAN HOC




Website:tailieumontoan.com

O GIAODUC VAPAOTAO KY THI VAO LOP 10 CHUYEN PTNK HO CHi MINH

TP. HO CHI MINH NAM HOQC 2016 - 2017
Mon: TOAN (vong 2)
| PE CHINH THUC | Thoi gian lam bai: 150 phit
(Khong ké'thoi gian giao dé)
Pé s 9
Cau 1(2.5 diém).
r—2y z+my =m’—2m—3
a) Cho h¢ phuong trinh Y Y

y—2r y+mx =m’ —2m—3

Giai phwong trinh khi m = —3 va tim m dé hé phuong trinh ¢6 it nhat mot nghiém

z,;y, thoaman diéu kién z, > 0,y, > 0.

b) Tim a > 1 d€ phwong trinh az’ + 1—2a z +1—a = 0 cé hai nghiém phan biét
z,;z, thoa man diéu kién 27 —ax, =a’ —a —1.
Cau 2(2.0 diém).

Cho x, y 12 hai s6 nguyén duong théa man z° + y* + 10 chia hét cho xy.

a) Chitng minh rang x va y la hai s& 1é va nguyén t& cling nhau.

 +y* +10
Ty

b) Chting minh réng k= chia hétcho4 va k£ >12.

Cau 3(1.5 diém).
Bitt x>y>zz+y+z=0vaa2’+¢y° +2° =6.
a) Tinh S = x—y2+ rT—y y—z + y—zQ.
b) Tim gia tri Ién nhatcta P=|z—y y—2z z—=x|.
Cau 4(3.0 diém).

Cho tam giac ABC nhon c¢6 BAC > 45". Dung cac tam giac vuéng ABMN, ACPQ(M
va C khac phia d8i v6i AB, B va Q khac phia d6i véi AC). AQ cat doan BM tai E va NA cat
CP tai F.

a) Chting minh rang AABE » AACF va t& giac EFQN noi tiép duong tron.
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b) Chttng minh ring trung diém I ca EF 1a tim duong tron ngoai tiép tam giac

ABC.

) MN cat PQ tai D, cdc dudng tron ngoai tiép cac tam giac DMQ va DNQ cat nhau
tai K(khéc D), cac tiép tuyén tai B va C ctia duodng tron ngoai tiép tam gidc ABC cat nhau
tai J. Chttng minh rang cac diém D, A, K, J thing hang.

Cau 5(1.0 diém).
V6i mdi s8 nguyén duong m 16n hon 1, ki hiéu s m 1a wéc nguyén duong 16n nhat
ctia m va khac m. Cho s6 tu nhién n > 1, dat n, = n va lan luot tinh cac s&

n=My =8 My N, =N =8 NN =N =8 N

Chting minh rang ton tai sd nguyén dwong k d& n, =1 va tinh k khi n = 2'°.14"".
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O GIAO DUC VA PAO TAO KY THI VAO LOP 10 CHUYEN TP HO CHi MINH

TP. HO CHf MINH NAM HOQC 2015 - 2016
Mén: TOAN (chuyén)
| PE CHINH THUC | Thoi gian lam bai: 150 phit

(Khong ké'thoi gian giao dé)

Pé s6 10

Cau 1. (1,5 diém)

Cho hai s6 thuc a, b thoa diéu kién ab =1, a +b # 0. Tinh gia tri ctia biéu thiec:

N
(a+b)3 a* b (a+b)4 a b (a+b)5 a b

Ciu 2. (2,5 diém)

a) Giai phwong trinh: 22° + 2 + 3 = 3z\x + 3
b) Chting minh rang: abc (a3 - b3)(63 —c’ ) (03 ~a’ ) :7 véimoisdnguyén a, b, c.

Cau 3. (2 diém) Cho hinh binh hanh ABCD. Duong thang qua C vudng gbc véi CD cat
duong thang qua A vuodng gdéc véi BD tai F. Duong thang qua B vudng goc véi AB
cat dwong trung truc ctia AC tai E.Hai duong thang BC va EF catnhautai K . Tinh ti
~ KE
5O —.
KF
Ciu 4. (1 diém) Cho hai s6 duong a, b thoa man diéu kién: a +b <1.
Chting minh rang: a° — 3_a < - 9
4a b 4

Céu 5. (2 diém) Cho tam gidc ABC' c6 ba goc nhon ndi ti€p duong tron (0). Goi M la
trung diém ctia canh BC'va N la diém d6i xting ctia M qua O. Puong thang qua A
vudng goc voi AN cat duong thang qua B vuong goc véi BC tai D . Ké duong kinh AE
. Chting minh rang;

a) Chung minh BABC =2BD.BE

b) CD diqua trung diém cua dwong cao AH ctia tam giac ABC'.

Ciu 6. (1 diéim) Muoi van dong vién tham gia cudc thi ddu quan vot. C hai nguoi trong
ho choi v6i nhau dung mot tran. Nguoi tht nhat th:fmg r, tran va thua y, tran, nguoi thi
hai th:fmg z, tran va thua y,tran, ..., nguoi thit muoi th:fmg z,, tran va thua y, tran. Biét
rang trong mot tran dau quan vot khong c6 két qua hoa. Chirng minh rang:

2 2 2 2 2 2
T T, AT =Y Y, e Y
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O GIAODUC VAPAOTAO KY THI VAO LOP 10 CHUYEN PTNK HO CHi MINH

TP. HO CHi MINH NAM HOC 2014 - 2015
Mon: TOAN
| PE CHINH THUC | Thoi gian lam bai: 150 phit

(Khong ké'thoi gian giao dé)

Pé so 11

Céu L. Cho phwong trinh (m® +5)x* —2mx—6m=0(1) v6i m la tham sd.
a) Tim m sao cho phuong trinh (1) c6 hai nghiém phan biét. Chting minh rang khi d6
tong cua hai nghiém khong thé la so nguyeén.

b) Tim m sao cho phwong trinh (1) ¢6 hai nghiém xi;x2 théa man diéu kién

(0% =P +x,)* =16
2(1+ xxﬁ)2 =9y/x
2(1+ y/x)? = 9x\/§
2) Cho tam gidc ABC vudng tai A vdi cac duong phan gidc trong BM va CN. Chirng minh

(MC+MAYNBANA) o >
MANA

Cau II. 1) Giai hé phuong trinh {

bat dang thirc
Cau III. Cho cac s6 nguyén duwong a, b, ¢ sao cho §+% = %

a) Chttng minh rang a + b khong thé 1a s6 nguyén t6.

b) Chting minh rang néu c> 1 thi a + ¢ va b + c khong thé dong thoi 1a s8 nguyén t&
Cau IV. Cho diém C thay d6i trén ntta duong tron duwong kinh AB =2R (C# A, C # B). Goi
H 14 hinh chiéu vudng goc cua C 1én AB; I va J lan luot la tdm duong tron ndi tiép cac tam
gidc ACH va BCH. Cac duong thang CI, CJ cat AB lan luot tai M, N.

a) Chiing minh rang AN = AC, BM =BC.

b) Chting minh 4 diém M, N, J, I cting nam trén mdt duong tron va cac duong thang

MyJ, NI, CH déng quy.

c) Tim gia tri 16n nhat cia MN va gid tri 16n nhét cta dién tich tam giac CMN theo R.
Cau V. Cho 5 s0 tu nhién phan biét sao cho tong ctia ba s6 bat ky trong ching 16n hon
tong ctia hai sd con lai.

a) Chting minh rang tt ca 5 s6 da cho déu khong nho hon 5.

b) Tim tat ca cac bd gom 5 s thoa man dé bai ma tong ctia chiing nho hon 40.
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O GIAO DUC VA PAO TAO KY THI VAO LOP 10 CHUYEN TP HO CHi MINH

TP. HO CHi MINH NAM HOC 2014 - 2015
Mon: TOAN
| PE CHINH THUC | Thoi gian lam bai: 150 phit

(Khong ké'thoi gian giao dé)

Peé so 12

Cau 1: (2 diém)
a) Giai phuong trinh: x/2x—3 =3x-4
b) Cho 3 s6 thuc X, y, z thda man diéu kién: x +y +z =0 va xyz # 0.
e X2 y? z
Tinh ¢ia tri biéu thirc P = + +
8 : V22X 22Xy Xry 7P

2

Cau 2: (1,5 diém)

1 9

X+y+—=—

Giai hé phuong trinh: yo X
4 4y
X+y-——=—

X X

Cau 3: (1,5 diém)

Cho tam giac déu ABC va M 1a mot diém bat ki trén canh BC. Goi D, E lan luot 1a hinh
chiéuvudng goc cua M trén AB va AC. Xac dinh vi tri caia M d€ tam giac MDE ctia chu vi
nho nhat

Cau 4: (2 diém).

N

a) Cho x, y 14 2 s8 thuc khac 0. Chting minh rang: L

2 2 =

X
vy
b) Cho a, b la hai s& duwong. Tim gia tri nho nhat ctia biéu thiee: P = a’+3ab+b°

Jab(a+b)

Ciu 5: (2 diém)
Ttt mot diém M nam ngoai duong tron (O), ké céc tiép tuyén MA, MB véi (O) (A, B 1a cac
ti€pdiém). Goi H la giao diém ctia AB voi OM, I 1a trung diém ctia MH. Puong thang Al
cat (O) taidiém K (K khéac A).

a) Chung minh HK vudng goc AL

b) Tinh s6 do goc MKB
Cau 6: (1 diém)
Tim cdp s6 nguyén (x;y) thoa man phuong trinh: 2015(x* + y*) — 2014(2xy +1) = 25
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O GIAO DUC VA PAO TAO KY THI VAO LOP 10 CHUYEN TP HO CHi MINH

TP. HO CHI MINH NAM HOQC 2013 - 2014
Mon: TOAN
| PE CHINH THUC | Thoi gian lam bai: 150 phit
(Khong ké'thoi gian giao dé)
Pé s6 13
(Khong c6 10i giai)

Cau 1. (2 diém)
a) Giai phuong trinh: x+/2x—2+5x=9.

b) Cho ba s6 thuc x, y, z d6i mot khac nhau théa man diéu kién 1 + i + 1 =0 . Tinh gia tri
X y z

bi€u thire: A=— Yo — 2% Y
X“+2yz Yy +2zX 27 +2xy
Cau 2. (1,5 diém)

Cho phuong trinh: x* —5mx—-4m=0 (x 1a n s0).

a) Binh m d€ phuong trinh ¢6 hai nghiém phan biét.
b) Goi x1, x2 1a hai nghiém cua phuwong trinh. Tim m d€ biéu thuc:

m? X2 +5mx, +12m

" X2 +5mx, +12m m?
Cau 3. (1,5 diém)
Cho AABC c¢6 BC la canh dai nhat. Trén canh BC 14y cac diém D, E sao cho BD=BA, CE=CA.
DPuong thang qua D va song song AB cat AC tai M. Duong thang qua E va song
song AC cat AB tai N. Chtzng minh AM=AN.
Cau 4. (1,5 diém)

dat gid tri nho nhat.

Cho x, y 1a hai s§ duong thda man x + y = 1. Chting minh rang: 3(3x —2)° +87X >7

Cau 5. (2 diém) T di€ém A 6 ngoai duong tron (O) vé cac ti€p tuyén AB, AC va cat
tuyén AEF dén duong tron (EF khong qua O va B, C 1a cac ti€p diém). Goi D la diém d6i
xtng ctia B qua O. DE, DF cat AO theo thtt tu & M va N. Chitng minh:

a) ACEF~ADNM. b) OM=ON.

Céu 6. (1,5 di€m) Chit sd hang don vi trong hé thap phan ctia s6 M =a”+ab+b*(a, b €
N )l 0.

a) Chttng minh rang M chia hét cho 20. b) Tim chit s6 hang chuc ctia M.
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O GIAO DUC VA PAO TAO KY THI VAO LOP 10 CHUYEN TP HO CHi MINH

TP. HO CHi MINH NAM HOC 2013 - 2014
Mon: TOAN
| PE CHINH THUC | Thoi gian lam bai: 150 phit

(Khong ké'thoi gian giao dé)

Dé s6 14
(Khong co 10i giai)

Cau1: (4 diém)

1) Giai hé phwong trinh :

2) Giai phwong trinh: (2x2 - x)> +2x2-x-12=0
Cau 2: (3 diém) Cho phuwong trinh x2-2(2m + 1)x + 4m?+ 4m - 3 = 0 (x 1a an s0)

Tim m d€ phwong trinh ¢ hai nghiém phan biét x1, x2 (x1 < x2) théa Ixil =2Ix|
Cau 3 : (2 diém)

Thu gon biéu thic: A= 1+ +\1-6 _\-22

J7+2411

Cau 4: (4 diém) Cho tam giac ABC can tai A noi ti€p duong tron (O). Goi P 1a diém chinh
gitta ctia cung nhé AC. Hai duong thang AP va BC cat nhau tai M. Chitng minh rang:

a) ABP = AMB
b) MA. MP =BA. BM
Ciu 5 : (3 diém)
a) Cho phuong trinh: 2x2+ mx +2n + 8 =0 (x la an s6 va m, n la cac s6 nguyén). Gia
stt phuong trinh ¢ cac nghiém déu la s6 nguyén.
Chting minh rang: m2 +n2 1a hop s8.
b) Cho hai s6 dwong a, b thoa man: a'® + b1%0 = g1 + p101 = 102 + H102 |
Tinh P = 22010 + p2010
Cau 6: (2 diém) Cho tam giac OAB vudng can tai O v6i OA = OB = 2a. Goi (O) la duong
tron tdm O ban kinh a. Tim diém M thudc (O) sao cho MA + 2MB dat gia tri nho nhat.

Ciu7: (2 diém) Cho a, b la cac s6 duong thoa a?+2b?< 3c2. Chiing minh §+% 2% .
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O GIAO DUC VA PAO TAO KY THI VAO LOP 10 CHUYEN TP HO CHi MINH

TP. HO CHi MINH NAM HOC 2013 - 2014
Mon: TOAN
| PE CHINH THUC | Thoi gian lam bai: 150 phit

(Khong ké'thoi gian giao dé)

bé s6 15

Cau 1: Giai phwong trinh : /8x+1++/46-10x = —Xx* +5x* +4x +1
Cau 2: Cho da thte f(x) = ax® + bx? + cx + d. v6i a la s6 nguyén duong, biét: £(5) — f(4) = 2012
Chang minh: {(7) — £(2) la hgp s6.

Cau 3: Cho ba sd duong a; b va cthéaa+b+c=1. Tim GTNN cua:

A=14(a% +b’ +c2)+%
Cau 4:Cho t giac ABCD ndi tiép (O; R) c6 AC vudng goc BD tai H. Trén canh AB lay
diém M sao cho: AM =1/3 AB. Trén canh HC 1y trung diém N. chttng minh MH vuong
gbc voi DN.
Cau 5: Cho duong tron tdm O va duong tron tam I cat nhau tai hai di€ém A vaB(O val
khac phia d&i véi A va B). IB cat (O) tai E: OB cit (1) tai F. Qua B vé MN // EF( M thudc (O)
va N thuoc (I).

a) Chting minh :T& giac OAIE ndi tiép ;

b) Chitng minh :AE + AF = MN
Cau 6: Trén mat phang cho 2013 diém tuy y sao cho khi 3 diém bat ky thi ton tai 2 diém
ma khoang céch gifta 2 di€ém d6 ludn bé hon 1. Chiing minh rang ton tai mot dwong tron

c6 ban kinh bang 1 chtta it nhat 1007 diém( k& ca bién).
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O GIAODUC VAPAOTAO KY THI VAO LOP 10 CHUYEN PTNK HO CHi MINH

TP. HO CHi MINH NAM HOC 2008- 2009
Mon: TOAN
| PE CHINH THUC | Thoi gian lam bai: 150 phit

(Khong ké'thoi gian giao dé)

Pé s6 16

Cau 1 (4 diém):
a) Tim m d€ phuwong trinh X2 + (4m + 1)x + 2(m — 4) = 0 ¢6 hai nghiém x1, x2 thoa Ix1—x2| =17.

? A A \ 2 2 - 1 4 A A Y
b) Tim m dé hé bat phuwong trinh { * :il c6 mot nghiém duy nhat.
mx >

Cau 2(4 di€m): Thu gon céc biéu thirc sau:

a)S= a + b + c (a, b, c khac nhau doi mot)
(a-b)a-c) (b-c)b—-a) (c—a)c—b)
b)P= x/x+2«/x—1+\/x—2«/x—l (x>2)

\/X+\/2X—1 —\/x—\/Zx—l
Cau 3(2 diém): Cho a, b, ¢, d 1a cac s6 nguyén thbaa<b<c<dvaa+d=b+c
Chting minh rang:

a) a>+b? + ¢+ d? la tong ctia ba s6 chinh phuong.

b) bc > ad.

Céu 4 (2 diém):

a) Cho a, b 1a hai s0 thuec thoa 5a + b = 22. Biét phuong trinh x? + ax + b = 0 ¢6 hai nghiém la
hai s6 nguyén duong. Hay tim hai nghiém do.

b) Cho hai s6 thuc sao cho x +y, x2+y?, x* + y*la cac s6 nguyén. Chirng minh x® + y® cling
la cac s6 nguyén.

Cau 5 (3 di€ém): Cho duong tron (O) duong kinh AB. Ttr mot di€ém C thudc duong tron (O)
ké CH vudng goc véi AB (C khac A va B; H thudc AB). Duong tron tam C ban kinh CH cat
duong tron (O) tai D va E. Chiing minh DE di qua trung diém cta CH.

Cau 6 (3 diém): Cho tam gidc ABC déu c6 canh bang 1. Trén canh AC 14y cac diém D, E
sao cho Z ABD = £ CBE =20°. Goi M la trung di€ém cta BE va N la diém trén canh BC sao
BN =BM. Tinh tong dién tich hai tam gidc BCE va tam giac BEN.

Cau 7 (2 diém): Cho a, b 1a hai s0 thuc sao cho a3+ b3 =2. Ching minh 0 <a+b<2.
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HUONG DAN GIAI

Peéso1

Caul: (1,0 dicm).
Cho a,b,c 1a ba s thuc théa diéu kién a+b+c=1. Tinh gia tri ctia biéu thic:
A=a’+b’+c’—3(ab+c)(c-1).

Loi giai
Tacé: ab+c=ab+c(a+b+c)=(a+c)(b+c)
va c—1=—(a+b).
Do d6: A=a’+b*+c®+3(a+b)(b+c)(c+a)=(a+b+c) =1.
Cau2: (2,5 diém).
a) Giai phuong trinh: 5VX—1—/X+7 =3x—4.

2(x+y)—xy=4
b) Giai hé phuong trinh: (ry) =9 .
Xy(x+y—4)=-2
Loi giai
a) 5Jx—1—-x+7 =3x—4

Piéu kién: X >1.

25(x—1)—(x+7)

Vi diéu kién trén phuong trinh tro thanh: =3x—4
P 8 5x/x—1+\/x+7
8(3x—-4
o ( ) =3x-4 <:>(3x—4)( 8 —1j:0
SUX—1+/x+7 SYX—1+/X+7
3x-4=0

x=ﬂ(nhan)
= 3

8
~1=0
5dX-1+Xx+7 5Vx—1+x+7 =8 (*)

Giai (*), ta duoc: 25(X—1)+X+7+10VX* +6x—7 =64

S 52 +6x-7 :—13x+41(xsf—;)

N 25(x2 + 6x—7) =169x% —1066x +1681

<> —144%* +1216x-1856 =0
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- x = 2(nhan)
<:>—144(X—2)(X—Ej=0 = 58 .

- >°(loai

X 9(oal)
4

Vay S=<{—;2¢.

3y {3}

b {2(x+ y)-xy=4 <::>{x(y—2)—2(y—2)

Xy(x+y—4)=-2 Xy(x+y—4)=-2

0

et
@{(Y—Z)(X—Z)zo <:>{y=2;x=2 x=1

Xy(x+y—4)=-2 xy(x+y—4):—2<:> {xzz

Vay hé phuong trinh trén cé nghiém: (1;2), (2;1).

Cau3: (1,5 diéin).
Puong tron ndi tiép tam giac ABC tiép xtic véi cac canh BC, CA, AB lan luot tai M,
N, P.Goi K lahinh chiéu vuéng goc cia M 1én NP . Chting minh: KM la tia phan
giac BKC.

Loi giai

B M Cc

Theo tinh chét cta ti€p tuyén cit nhau, ta c6: MB=BP, MC =CN, AN = AP.

Trén doan NP, taldy diém K' sao cho: ﬂ = ﬂ
KP BP

Ta c6 AANP can tai A nén ANP = APN .
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Lai c6: BPK'+ APN =180° va CNK'+ ANP =180° nén BPK'=CNK'.
xét ABPK' va ACNK', cé:

BPK’ = CNK’
KN _CN
KP BP

Vay ABPK'# ACNK'(c—g—c).

Suy ra: BK'P=CKN va KB_BP_ MB.
KC CN MC
o KB =@nén K'M la phéan giac cia BK'C.
KC MC

ma BK'P =CK'N

nén MKP = MK B + BKP :%BK’C +%(BKP+CKN)= 90° .

Suy ra MK’ L NP.
Vay K'=K.
Do d6: KM 1la tia phan giac BKC.

Cau4d: (2,0 diém).

Cho X,Y,z la cac sd thuc thudc doan [0; 2] thoa man diéu kién x+y+2z=3.
a) Chting minh rang: X* +y°+2°<6.

b) Tim gia tri 16n nhat cta biéu thiee: P =x® +y® +2° —3xyz.

Loi giai
a) Theo gia thiét, ta co: (2—X)(2— y)(Z—Z) >0
=8—4(x+y+2)+2(xy+yz+2x)—-xyz>0

Tir do, tacod: Xo+y* +2° <X° +y* + 22 +8—4(X+ Y +2)+2(Xy + Yz + 2X) — Xyz
=(x+y+z)2—4(x+y+z)+8—xyz
=5-xyz<5<6.

b) Ta co: P=(x+y+z)(x2+y2+22—xy—yz—zx)=3(x2+y2+zz—xy—yz—zx)

:g[B(XZ +y?+27)—(x+y+ z)z]:g[S(xz + y2+22)—9}
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theo chting minh trén thi X? + y* + 22 <5. Tir d6, ta suy ra:
& y

P 32(3.5—9)=9.

Déng thtrc xay ra khi va chi khi (X, y,2) 1a mot hoan vi caa (2,1,0).
Vay maxP=9.
Cau5: (2,0 diém).
Cho tam giac déu ABC.Goi M, N 1a hai diém nam trén canh BC sao cho MAN = 30°
(M nam gitta B va N).Goi K la giao diém ctia hai dwong tron (ABN) va (ACM ).
Chting minh rang:

a) Haidiém K va C d6i xting v6i nhau qua AN .
b) Duong thing AK di qua tim dudng tron (AMN ).
Loi giai

N\

a) Bén trong MAN , 1ay di€m K’ sao cho AK'=AC va K'AN = NAC.
xét AK’AN va ACAN , cé:

K'AN = NAC
K'’A=CA
AN : canh chung
Vay AK’AN =ACAN (c—g—c).
= AK'N = ACN =60°= ABN
Do do, tit gidc ABK'N ndi tiép. suy ra K’ thudc duong tron (ABN ). (1)
Ta c6: MAN =30° = K'AN + K’'AM = NAC + K'AM .

va NAC + MAB =30°.
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Nén K'AM = MAB. Tt d6, bang cach chiing minh twong tw nhu trén, ta ciing ¢6 K’
thudc dueong tron (ACM ) (2)

Tir (1) va (2), tasuy ra K’ 1a diém chung thtt hai ctia hai dwong tron (ABN ) va
(ACM), ttic1a K’ tring K.

Bay gio, do AK’AN =ACAN nén NC = NK'=NK.

Suy ra N thudc trung truc cia KC.

Lai c6 AC = AK'= AK

nén A cing thudc trung truc cua KC.

Do d6 AN la trung truc cua KC. Ttcla K va C d6i xtiing véi nhau AN .

b) Trén doan AK 1dy diém O sao cho OMN =60°. Khi d6, do AKN = ABN = 60°
nén AKN =OMN =60°, suy ra tit gidc OMNK néi tiép. Tkt day ta co:

ONM =OKM = ACM =60°.
Ma OMN =60° nén AOMN déu.

Ta c6 MOK = MNK (cting chdn cung MK ctia dudng tron (OMNK))
MNK = BAK  (cling chén cung BK ctia duong tron (ABN))

va BAK =2MAK (dwa trén chtiing minh ¢ cau a)) nén MOK =2MAK .

Mit khéc, ta lai c6: MOK = MAK + OMA nén MAK =OMA. Suy ra AOMA céan tai O
ticlataco OA=0OM =ON.

Vay O la tAm duong tron ngoai tiép AAMN va nhu thé, ta ¢6 AK di qua tdm duong
tron ngoai ti€p AAMN .

Cau6: (1,0 diéin).
Cho m,n la hai s6 nguyén. Chting minh réng: néu 7(m+ n)2 +2mn chia hét cho 225
thi mn ciing chia hét cho 225.

Loi giai
Taco: A=7(m-+n)’ +2mn=7(m’ +n*)+16mn="7(m—n)" +30mn.
Do A:225nén A:15.
Lai c6 30mn :15 nén 7(m—n)’  225.

Suy ra (m—n) :15.
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Tir day, ta c6: 7(m—n)’ chia hét cho 225.

DAn dén 30mn : 225, tiecla mn :15.
Ma mn=(m-n)n+n’ nén n? :15 te n 115. Tl d6, suy ra m :15(do (m—n):15).

Vay mn :15° =225.

Dé s6 2
(54 (-5 TER——
(\/;+\fy).(\/;—\/y)+2(x+2y) \/;(\/;+\/y) ﬁ(&+ﬁ) 3

c}x+y+2\/@+x+y—2\/ﬁ+ y y+x\/§
X—y+2X+4y \/@(\ﬁJ,ﬁ)

oy (B (v )
3(x+y) M(ﬁ+\/§)
oy -y

= \/W =1

<:>x+y—\/ﬁz\/ﬁ

<:>x+y—2\/ﬁ=0

o (V=) =0

& X=Yy

_S
3

_>
3

:1:1
y
X
Vay — =1
y
Bai 2.

2%2,(7—
2) Gidi phuong trinh 20X _y(x_7)

Diéu kién: X< 3
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x<0
x<0 3
2) = 2x=—3-x & <4 Xx=—(ktm
(2) {4x2 =3-X 4 (ktm)
x=-1 (tm)
Vay tap nghiém ctia phuong trinh 1a S = {0;-1}

b)
{(x+3)(x—1)—(y—2)(x+3) )
(x—l)«/y2—5y+8:(y—2)2 (2)
(1)<:>(x+3)[(x—1)—(y—2)]=0<:{X+3:0 o|*=73

X=1l=y-2 Xx=y-1
+) V6i X =-3 thay vao phuong trinh (Z)ta co: —4«/y2 -5y+8= (y — 2)2
(vO6 nghiém vi VT <0;VP >0)
+) V6i X = y —1thay vao phuong trinh (2) ta co:
y-2=0y=2 (3

(y—Z)Jy —-5y+8=(y-2) C{W=Y—2(4)
R =>x=y-1=2-1=1=(xy)=(L2)

-22>20 >2
(4) = y =7 = x=4-1=3=(xy)=(3,4)
y?-5y+8=y’-4y+4 |y=4 (tm)

Vay nghiém ctia hé phuong trinh 1 : (x;y) ={(1,2);(3,4)}
Cau 3:

a) Phuong trinh (1) c6 nghiém kép

<:>A=1—4(3m—11)=0<:>1—12m+44=0<:>mz%

Khi d6 phuong trinh (1) tro thanh x° — X +% =0 cé nghiém kép X, =X, = —23 = %
a

Vay véi m = %thi phuong trinh (1) c6 nghiém kép, va nghiém kép la X = %
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b) Phuwong trinh c6 hai nghiém phan biét < A>0< m< %

Goi hai nghiém phan biét cia phuong trinh 1a X;; X,, theo dinh ly Vi-et ta co:
X +X =1 (2

{xlx2 =3m-11(3)

Theo gia thiét ta lai c6 2017X, + 2018x, = 2019, két hop:

(2):{xl+x2_1 :{xl 1-x, :{xl_l ch}{)ﬁ— 1
2017x, +2018x, = 2019 2017(1-x,)+2018x, = 2019 X, =2 X, =2
Thay vao (3) ta c6: 2=3m-11<m=3 (tm)
Thtr lai : véi m=3 thi ta c6 phuong trinh (1) luén c6 hai nghiém phan biét
Vay m = 3thda man yéu cau bai toan.
Bai 4:
a) Goi s6 sao dua cua nha 6ng A 1a X(sao) (PK: x> 0)
SO tan dwa thu hoach dugc la 2x (tdn) = 2000x (kg)
S6 dua ban véi gia 1500d / kg la 30%.2000x = 600x  (kg)
SO dua ban véi gia 3500d/1kg 1a 2000x —600x =1400x (kg)
Do d6 s tién thu dwoc khi ban hét 2X tan dwa la:
600x.1500 +1400x.3500 = 5800000x (d6ng) = 5,8x (triéu dong)
S6 tien dau tu cho Xsao dwa la 4X (triéu dong)
Do néu trir tién dau tu thi 1ai dwoc 9 triéu dong nén ta cd phwong trinh:
58x-4x=9<18x=9< x=5 (tm)
Vay nha 6ng A da trong 5 sao dua.
b)

A M D

B N C

Dé& nudi duwoc 2400 con ga, mdi con can 1m? dién tich vuon tha thi dién tich vuon
tha MNCD 1a S,cp = 2400m?

. S
Dién tich khu chudng trai ABNM 13 S,z = % =800(m”)

Dién tich ca khu dat ABCD 1a S5, = 2400 +800 = 3200(m?” )
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Goi chiéu rong AB va chiéu dai cua khu dat [an luot 1a x(m) va y(m)
(0<x<y)
Chu vi khu déat 1a 240m nén ta c6 phwong trinh:
2(x+Yy)=240=y=120—x (1)
Dién tich khu ¢4t ABCD1a 3200m*nén ta c6 phuwong trinh Xy =3200  (2)
Thay (1) vao (2) ta dwoc phrong trinh:
x(120 - x) = 3200
< x> =120x+3200=0
< (x—-40)(x—-80)=0

x=40=y=80 (tm)

|:X=80:> y =40 (ktm)

= AB=CD =40m

=MD = 2 _ 220 _ 6o(m)

Chu vi ctia khu veeon tha hinh chir nhat MNCD 1a
Z(MD + CD) = 2(60 + 40) =200 (m)

Vay chu vi ctia khu dat lam vuon tha la 200m
Bai 5

F C
B

D

A E

a) Tac6 COD =2.CAD (gbc 6 tim va gdc ndi tiép cung chan cung CD)
— COD =2.45° =90°
Vi ACLBD  (gt)nén géc CID =90°
Vi CK LAD  (gt)nén géc CKD =90°
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= CID =CKD =90°

=Tt gidc CIKD c6 2 dinh I va K cting nhin canh CD dwdi 1 gbc 90°nén né la t gidc ndi

tiép dwong tron duong kinh CD.

Vi ACLBD (gt)nén AAIDvuéng cantail=1A=ID (1)

Ta c6 gbc CBD =g6c CAD = 45° (hai goc ndi tiép cting chén cung CD)

Tam gidc CIB vudng tai I c6 CBI = CBD = 45°nén tam giac CIB vudng can tai [

=IB=IC (2

T (1) va(2) = IA+1C =1B+ID = AC = BD (Vi I thudc doan AC va I thuéc doan BD)
b) Chitng minh A la tam......

AACK vuong tai K= ICH = ACK =90° — CAK =90° —45° = 45°

Tam giac CIH vudng tai I c6 ICH = 45°(cmt) nén né vuoéng can tai I= IC=1H  (3)

Tir (2) va 3) = IB=IH = | la trung diém BH, ma Al LBH  (AC LBD)

= Al la trung truc BH (4)

ACIH vuéng can tai I= DHE = IHC (d8i dinh)=45"

Mit khac HED = CAD = 45°(2 géc ndi tiép cting chan cung CD)

= DHE = HED = 45° = AHDE vuong can o D.

Ma DK la duong cao ha tix dinh D caa AHDE = DK ciing la trung truc ctia HE

= AK 1a duong trung truc caa HE (5)

Tt (4) va (5) = Ala giao di€ém ctia trung truc BH va trung trec HE

= Ala tam duong tron ngoai ti€p ABHE

+) Tinh IK theo R

Ta cé: IK la duong trung binh cia ABHE nén IK = B—2E

Ta c6 BCH =BCI + ICH = 45° +45° =90° (do ABCI va ACHI vuéng can)
= BOE = 2.BCE = 2.90° =180° (g6c & tdm va gdc noi tiép cting chan cung BE cua (T))
= B,O, E thang hang va BE la duong kinh caa (T) >BE=2R = IK = B_2E =R

¢) Chtng minh O la truc tam AAIK
Vi IA=1D,0A=0D = Rnén Ol la trung truc cia AD=0Il L AD = 0Ol L AK (6)
Tam gidc CAK vudng & K c6 CAK = 45°nén ACAK vudng can tai K
= KC = KA Mit khdc OC =0OA =R = OKla trung truc cia AC= OK L KA (7)
Tt (6) va (7) = O1la giao diém cua 2 duwong cao ha tir | va K ctia AAIK
= O1la tryc tam AAIK
+) Chitng minh CK.CB=CF.CD
Ta c6: BAC = BEC (hai goc noi tiép cting chan cung BC ctia (T))
ViIK // BE (tinh chat dwong trung binh) = BEC = FKC (d6ng vi)

= BAC =FKC

Tt giac AFCK c6 hai dinh A va K cling nhin FC duéi mot géc bang nhau nén AFCK 1a
gidc noi tiép = CFB =180° — CKA =90° 8)

Vi ABCD la tit gidc noi tié€p nén FBC = CDK (cung bu véi géc ABC) )
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Ttr (8) va (9) = AFBC ~ AKDC(g.g) = = = =2

bé so 3
Cau 1.
Taco: a+b+c=0<b=-a-c
=a’=2(a+c+1)(a+b-1)
< a’=2(a+c+l)(a—a-c-1)
< a’=2(a+c+1)(-c-1)
< a’+2(a+c+1)(c+1)=0

e a’+2a(c+l)+2(c+1)° =0
0

o (a+c+l) +(c+1) =

a+c+1=0 a=0
= & =b=-a-c=1
c+1=0 c=-1

= A=a’+b%+c? :02+12+(—1)2 =2
Vay A=2
Cau?2

Bai a. Giai phwong trinh : AX+3 =1+4x+ E
X

- X+3>0 X>-3
Diéu kién : &

X0 Xx=0

4»\/x+3=1+4x+g
X
S AXIX+3=x+4x* +2
& AX% —4xJX+3+x+3-1=0
& (2x-Vx+3) =1
- 2X—+/x+3=1 - Jx+3=2x-1
2X —Jx+3=-1 JX+3=2x+1
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x>t
2
i ) ) =5+§/5_7(tm)
r X=—
1=l 17 x—S_E(ktm)
X+3=1—4x+4x* 4x* —5x—-2=0 8
= = =
2x+120 ! s L
X+3=1+4x+4x2 |7 2 2
) 4x* +3x-2=0 _
i = 3+m(tm)
8
=_3_Tm(ktm)

5+45_7_—3+JH}

Déi chiéu véi diéu kién ta c6 hé phuong trinh tap nghiém S = { 2 5

o Xy =10

b. Gidi hé phuwong trinh:
X2 +y° =x+y*(2)

Lay phuong trinh (2) trir di phuong trinh (1) ta duoc:
V' oy =x+y?-1
= y3.(y2 —1)—(y2 —1) =x°
& (y2 —1).(y3 —1) =x°
e (1-y7)(1-y*) =%
Matie (1) = x* =1-y°
X =1-y°
x=1-y?

Két hop voi (1) va (*) ta duoc: { .
-y
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Vay hé phuong trinh c6 tap nghiém S = {(—2; -3);(0;1);(%; O)}

Cau 3.

A

B H O D c

Bai a.
Dé thdy AEHF la hinh chit nhat (t giac c6 3 géc vudng) = AF = EH; AE = FH

Ta cod
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BE+/CH +CF+/BH = AH/BC

@(BEH+CFM)Z =(AH\/%)2

< BE?CH +CF2.BH +2.BE.CF.J/CH.BH = AH2.BC(*)

Ap dung hé thikc luong cho tam gidc ABC vuong tai A c6 duong cao AH ta c6
AH? =BH.CH ()

Xét AEBH va AFHC ta c6: BEH = HFC =90°; EBH = FHC (d6ng vi)
= AEBH ~ AFHC(g.9)
BE.FC = FH.EH = AE.AF

EH.HC = FC.BH
BE.HC = FH.BH

BE2.CH = BE.FH.BH = BE.AE.HB = HF2.HB
— {CF2.BH =CF.EH.HC = CF.AF.HC = HF2.HC
2BE.CF+/CH.BH = 2.AE.AF.AH
= (*) < HE2.HB + HF2.HC + 2AE.AF.AH = AH?.BC
& (AH? —HE?).HB +( AH? - AF?).HC + 2AE.AF.AH = AH’ BC(Pitago)

BE EH BH
j— = =
FH FC HC

& AH?(HB+ HC)—(AEZ.HB—ZAE.AF.AH + AFZ.HC) — AH2BC
< AH2.BC —(AEZ.HB—ZAE.AF.AH + AFZ.HC) - AH2BC

& AE®HB-2.AE.AF.AH + AF*.HC =0
& AE?HB + AF?.HC = 2AE.AF.AH

Ta c6: ABEH ~ AHEA(g—g) = =1 = B AEBH —EH.HA
EA  HA
AAHF ~ AHCF(g—g) = 21 _ AP AFHC = AHHF
HC HF

= AE’BH + AF?.HC = AE.EH .HA + AF.AH HF
= AE.AF.HA+ AF.AH.AE = 2.AE.AF.AH (dpcm)

Vay BE+/CH +CF+/BH = AH/BC

Caub

Goi M la giao diém ctia BK va AO

Xét ti gidc ABDK ta c6: BAK +BDK =90° +90° =180°

= ABDK 1a t& giac ndi tiép (dau hiéu nhan biét)
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= DBK = DAK (hai géc ndi tiép cting chan cung DK)

AH 1 BD ,
Xét ABAD ta co: = AABD la tam giac can tai A
BH =HD

= BAH = HAD ( AH la phan giac cia BAD)

= DBK = DAK —BAD = BAC —2.BAH = BAC — 2.BCA( BCA = BAH )
Theo tinh chat goc ngoai ctia tam gidc va do AAOC can tai O nén ta cé:
BOA=0CA+OAC =2.BCA

= DBK = BAC - 2.BCA=90° - BOA
< DBK +BOA =90°

Xét ABOM ta c6: BOM +MBO = 90°(cmt) = ABOM vuong tai M
Hay = BK L AO(dpcm)

Cau 4
Bai a.
2
Ta ¢ x4—x+1=x4—x2+1+x2—X+1:(X2_1j +(X_1)20
2 4 4 2 2

x-i_g |x=1
D&u bang xay ra <> 2 o 12 (vo 1y), do d6 dau bang khong xay ra

Xx-—=0 X==

2

A 1 s . . A~
Vay x* — X+E > 0vdi moi so thyee X

Bai b

Tacod: X —xy+y° =3=P-xy=3=xy=P-3

3 X2+ 2
Ap dung BDT C6 si cho hai s6 x*;y?ta c6: X° +Y? ZZN/XZ 2 =2|xy|:> 2y 2|xy|
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Dau béng xay ra = X* = y* < |x| =1y

:{x2+x2+x2:3®{|x|=|)’|=1
X=Iy=v3

Vay P_.. =6<:>|X|=|Y|=\/§3Pmin =2o|X=y|=1

X2 —x>+x?=3

Caubs

Xét dwong tron (O) c6 BAK =90° = BAK ndi ti€p chan nita duong tron (O)

= BK la duong kinh ctia dwong tron (O)

Ta c6 BMK la goc ndi tiép chan nira duong tron (O)=> BMK =90°hay KM L BC
= EM la duong cao ctia tam giac EBC

Xét dwong tron ngoai tiép tam gidc ABC c6 BAC =90° = BAC noi tiép chan nita duwong
tron ngoai ti€p tam giac ABC = Duong tron ngoai ti€p tam gidc ABC c6 duong kinh BC

Ta c6: BLC 1a gdc noi tiép chan nira dudng tron ngoai tiép tam gidc ABC=> BLC =90°hay
BL L LC = BL L EC = BL1a duwong cao AEBC

Xét AEBC ta c6: EM va BLIa hai duong cao ctia tam gidc cat nhau tai K
= K14 truc tam AEBC = KC L BE

Ma KC L BA(gt) = B; A E thang hang= EAC =90°

Xét tz giac AECM ta c6: EAC = EMC =90°
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Ma hai géc nay cung nhin doan EC

= AECM la t& gidc noi ti€p (ddu hiéu nhan biét)

Hay E thudc duong tron ngoai tiép tam giac ACM (dpcm).

Cau 6.

Bai a.

Gia stt cO moOt sO a dwoc tO ca mau xanh va mau do (a eN,1<a< 2018)

= achia cho 24 dw 17 hay a =24k +17(k € N* k <83)

= achia cho 40 dw 7 hay a =40l +7(| e N* | 350)
= 24k +17 =401 +7

& 401 — 24k =10
201 -12k =5
& 451 -3K) =5

Vo6 1y do 5l —3k € Z va 5 khong chia hét cho 4. Do d6 gia st sai

Vay khong c6 s6 nao duwoc t6 ca hai mau xanh va do

Cau 6b
a dugc to mau xanh = a = 24d, +17(d1 eN*d, < 2018-17 =d, < 83}
b dwoc t6 mau d6 = b =40d, +7(d2 e N*d, < 20187 <d, < 50)

Ta c6 |a—b| =2 < [40d, +7—24d, —17| = 2 < |40d, — 24d, —10| = 2

40d, —24d,-10=2  [40d,-24d, =12 [10d,-6d, =3
= = =
40d, —24d,-10=—-2 | 40d,-24d, =8  |5d,—3d, =1

THI1: 10d, —6d, =3=2(5d, —3d,) =3
Vo ly vi 2(5d, —3d,)la s6 chdn . Ma 31a sd lé

_5d,-1

TH2: 5d, —3d, =1= d,

C6 d, <83= 5d, ~1

<83<d, <50

Vi d, € Znén 5d, =1(mod 3)

TH1: d, =1(mod3) < 5d, = 5(mod 3) = 2(mod3) (loai)
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TH2:d, = 2(mod3) < 5d, =10(mod 3) = 1(mod 3)(tm)
=d,=3k+2(keN*)

:>1£3k+2£50<:>—%£k£16(k e N*)=c6 16 gia trj ctia k thoa man

V6i mdi gid tri ctia k ta cho mot gid trj caa d,, tir d6 cho mot gid tri ctia d, hay néi cach
khéc, véi méi gid tri ctia k cho mot cap s6 (d,;d, ), tirc 1a cho mot cip s (a;b)thoa man
yéu cau bai toan
Vay c6 16cap s (&;b)thoa méan yéu cau bai toan.

bé s6 4
Cau 1. Biét a va b 1a cac s6 duwong khac nhau va

a+2bQ—b+2a2 a\/a_+b\/1; a\/a_—b\/g

: —3ab| =3
a+b a—>b
2 2 g2 A2 3 73
(:)a + 4ab + 4b° — b — 4ab — 4b : a’ —b _aabl—3
a+b a—2b
-3 a -V )
s — 4 4+ab—3ab =3 -3a—-b:a—-b =3=a—-b=-1
a+b
Khi d6 ta cé a—bZ:1<:>a2—2ab+b2:1<:>a2+62:1+2ab.DodéS=1;—fZg=1
a
Cau 2 (2.0 diém).

a) Gidi phwong trinh 2° — 6z +5 Vo —2—z+4 =0.

biéu kién xac dinh cta phuwong trinh 1a « > 2. Bién d6i phuong trinh da cho ta dugc

22 —6z+5=0

Nz —2—-24+4=0

2?2 —6x+5 Jz—2—24+4 =0 <

+Véi 2> —6x+5=0<2€ L5

z >4

+Véi\/x—2—a:+4—0<:>\/x—2—x—4(:)* s =T =6.

rT—2= z—4

Két hop vdi diéu kién xac dinh ta duoc tap nghiém ctia phuong trinhla S = 5,6 .
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Jo Jr+2y-3 =0

b) Giai hé phuong trinh
2 —6xy—1y =6

biéu kién xac dinh ctia hé phuong trinh z > 0;2 42y > 0. Bién d6i hé phuong trinh da

cho ta dwoc
\/_»\f +2y—3 =0 r=0
X T —_— —
2 3/2 = «/:L‘—I—Qy—?,:()
T Yy —y 2 — 6oy — 4 = 6
Véi =20 z=0 hé ph trinh vo6 hie
+Vaoi PN ' hé phuo .
$2—6xy—y2:6 y2:_6 ep ng trinh vo nghiem
Jr+2y=3=0 _ |7=972% r=Ty=1
+ Vi ;H‘ y 2 N 2 " y |
" —bry—y =6 9—2y —69-2yy—y =9 r=—ly=5

Két hop v6i diéu kién xac dinh ta c6 nghiém cua hé phuong trinhla z;y = 7;1 .
Céu 3 (1.5 diém). Cho phuong trinh z + m "5 u+m +6=01.

a) Chttng minh rdng phuong trinh 1 6 hai nghiém phan biét z,;x, voi moi s6 thiee m.
Tinh giac tri ctia biéu thitc S = z, +m gt T, +m “+5 T, +z,+2m .

Dat y = z +m, khi d6 phwong trinh 1 tré thanh y° —5y+6=0<ye 23 .

T+m=2 T=2—m

Do do ta duoc &
r+m=3

r=3—-m

Dé thdy 2 —m = 3 —m véi moi m nén phuong trinh 1 ludn c6 hai nghiém phan biét.
Phuong trinh 1 ¢4 hai nghiém z;z, twong ting véi phuwong trinh y* — 5y +6 = 0 6 hai
nghiémla y =2 va y, = 3. Khi do ta co

2 2
S=wx+m + az,+m +5z +ax,+2m =y’ +yi+5y +y, =2°+3 +52+3 =38

b) Biét 7, < z,, immsao cho z, <1lva z’ +2z, =2 m—1 .

Doz <z, nénz =2—mz,=3-—m.Tacd 2, <13 -—m<1sm>2.
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:U12+2x2 =2m-1 & 2—m2—|—2 3—m =2 m-—1

em’ —4dm+4+6-2m=2m—-2m’ —8m+12=0=m< 2:6

Két hop voi diéu kién m > 2 ta dwoc m = 6 la gia tri can tim.

Cau 4 (2.0 diém).

a) Nam ké& véi Binh rang 6ng Nam c¢6 mot manh dat hinh vuéng ABCD duoc chia thanh
bdn phan; hai phan (géom cac hinh vuéng AMIQ va INCP vé6i M, N, P, Q Tan luot thudc cac
canh AB, BC, CD, DA) dé€ trong cac loai rau sach, cac phan con lai dung dé trong hoa. Dién
tich phan trong rau sach 1a 1200¢m? va phan d€ trong hoa la 1300¢m? . Binh néi: “Chac ban
bi nham r6i!”. Nam noéi: “Ban nhanh that! Minh da néi nham phan dién tich. Chinh xac la
phan trong rau sach la 1300cm’, con lai 1200cm” trong hoa”. Hay tinh canh hinh vuéng
AMIO (biet AM < BM) va giai thich vi sao Binh biét Nam bi nham?

A M B
Q | N
D P C

bat AM =x em ,BM =y e¢m ,diéukién 0 <z < y.

i . 7"yt =1300
Khi d6 ta c6 BN = z,QI = x,IP = y. Theo bai ra ta co
2zy = 1200

Do d6 ta duwoc x+y2 =12’ +y° + 2xy = 2500.

Suyra z+y =50 va w—y2:x2+y2—2:vy:100:>95—y:_10

y =30

T+ 1y =250 xz =20
Do d6 ta duoc Y
z—y=-—10

Do d6 canh ctia hinh vudéng AMIQ 1a 20cm.

2”4+ y° = 1200

Tacé z—vy >0e +9° > 2xy . Ma theo Nam ndi Ian dau thi
2zy = 1300
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Do d6 Binh phat hién ra Nam né6i nham.
b) Lép 9T c6 30 ban, mdi ban dy dinh déng gép mdi thang 70000 dong va sau ba thang sé
du tién mua cho mbi em & “M4i 4m tinh thuong X” ba géi qua (Gia tién cac mén qua nhwe
nhau). Khi cac ban déng du so tién nhu du dinh thi “Mai &m tinh thwong X” nhan thém 9
em va gia tién mdi moén qua sé lai ting thém 5% nén chi ting dwgec modi em hai géi qua.
Hoi c6 bao nhiéu em ¢ “Mai am tinh thwong X” duwoc nhan qua?
Goi gi tién mdi mén qua lic dau 1a x (dong), s8 em ban dau ctia “M4i &m tinh thuwong X”
lay, diéukién z > 0;y € N.
S6 tién du dinh mua qua la z.y.3 = 3zy (dong).
Gid tién mo6i moén qua sau khi ting 1én 5% 1a z 4 2.5% = 1,05z (dong).
S6 em ltc sau cua “Mai &m tinh thuwong X” la y + 9.
SO tién thye t€ mua quala 1,05z. y +9 .2 =21z y+9 (dong).
Theo dau bai thi sd tién du dinh mua qua va sd tién thuc nhw nhau nén ta co.

3zy=21r y+9 ©3y=21y+9 ©y=21
Két hop voi diéu kién y € N ta dwgc y = 21.
Vay s0 em ban dau ctia “Mai &m tinh thuwong X” 1a 21 va s6 em ctia “Mai dm tinh thwong
X” dugc nhan qua la 30.

Bai 4 (3.0 diém). Cho tam gidc ABC ndi ti€p duong tron T tam O va ban kinh R ¢

BAC =120";ABC = 45" va H 1a truc tam. AH, BH, CH Ian luot cit BC, CA, AB tai M, N,

p.
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a) Tinh AC theo R. Tinh s6 do goc HPN va % .

Tacdé ABC = %AOC nén AOC =2ABC =90°.

Tam gidc OAC vudng tai O c6 OA = OC = R nén vudng can tai O.

Do dé AC = \JOA* +0C* = R\2.

Tacdé ACB =180" — BAC — ABC = 15" vd NBC =90’ — ACB = 75; BNC = BPC = 90".
Do d6 tix gidc BCNP ndi tiép duong tron duwong kinh BC.
Suy ra HPN = HBC = 75";NPA= ACB = APM nén NPM =2ACB = 30°.

1 MP

Tuong tu ta dwgc MNP = 2CBA = 90° nén MN _ sin MPN = sin30" = = hay — = 2.
MP 2 MN

b) Dung duong kinh AD ctia duong tron T, HD cat dwong tron T tai E khac D va cat

BC tai F. Chiing minh rdng cdc diém A, N, H, P, E clng thuoc mot duong tron va F 1a
trung diém ctia HD.

Tacoé A, N, H, P, E cung thuéc duong tron duong kinh AH.

Ta c6 AC vudng goc véi BH va AC vuong goc voi CD nén BH song song voi CD.

Twong tu ta c6 CH song song véi BC. Suy ra tit giac BHCD la hinh binh hanh nén F 1a

trung diém ctia HD va BC.
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¢) Chting minh AD vuéng géc véi NP. Tia OF cat duong tron T tai I. Chting minh I 1a
tam duong tron ngoai tiép tam giac HBC va Al di qua trung diém ctia MP.

Ta c6 CNP = CBP = 45° = NCO nén NP song song v6i OC. Ma ta ¢c6 CO vudng goc véi
AD nén suy ra AD vuong goc véi NP.

Do P la trung diémctia BC nén OF vuong goc véi BC, do dé OF 1a duong trung truee ctia
BC.

Suy ra tam gidc IBC can tai I, do IO la duwong phan gidcnén BIO = %BI C= %BAC’ =60".

Tam gidc OBI can tai O c6 BIO = 60" nén la tam gidc déu, do d6 IB = 10 = BO = R.

Dé thdy F 1a trung diém ctia OI nén OHID 14 hinh binh hanh, suy ra IH = OD = R.

Suy ra I la tdim duong tron ngoai ti€p tam giac HBC.

Tam gidc MAB vudng can tai M nén MA = MB.Ma OA = OB nén OM la dwong trung
triee cia AB, suy ra OM vudng goc voi AB.

Lai c6 PH vuong goc véi AB nén OM song song véi PH, ma MH song song véi OP nén t&

giac HPOM Ia hinh binh hanh, suy ra MH = OP.
Ta c6 OF la duong trung binh ctia tam gidc HAD nén OF = %AH hay AH =R.

Tacd AM = MH — AH = OP — OI = IP nén t& giac AMIP la hinh binh hinh.
Suy ra Al di qua trung diém ctia MP.
bé s6 5
Cau 1 (2.0 di€m). Cho phuong trinh 2* —2 m+1 z+2m° +4m+1=0 1, véi m la tham

A

SO.

a) Tim m d€ phuong trinh 1 ¢ hai nghiém phan biét z,;z,. Chitng minh rang

xl —I_:B?

<1.

Tacd A = m—|—12—2m2—4m—1=m2—|—2m+1—2m2—4m—1=—m2—2m.

Phuwong trinh 1 6 hai nghiém phan biet z;z,khi va chi khi
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A>0e-—m—2m>0e mt+l <le-l<mt+l<le—2<m<0
Khi do6 theo hé thitc Vi-ettaco x, + 1, =2 m+1 ;z7, =2m’ +4m +1.

z, +a:2

Tacé—1<m+1<1(:)|m+1|<1nén :|m—i—1|<1

b) Gia st hai nghiém z ;z, khac 0, chttng minh r;‘?mgz ﬁ + ﬁ >2> |x1| + |a;2|
1T

Vi —1<m—|—1<1(:)|m—|-1|<1néntaduqc

~1<2m+1 —1<1=-1<2m’ +4m+1<1= |gz| <1

1 n 1 > 9 1
AR

Do do > 2. Mat khac ta co

2 2
|1:1|+|x2| :1:12 —|—x22—|—2|x1x2|:[2 m—l—l] —22m’ +4m+1 +2|x11:2|
=2+ 2oz, >4
Suy ra|x1| —|—|x2| >2.Vaytaco L JrL >2> |x1| —i—|:r2|.

Vel el

Cau 2 (2.0 di€ém). Cho x, y 1a hai s6 nguyén v6i z >y > 0.

a) Chting minh rang néu z* — y* chia hét cho 3 thi z* — 3* chia hét cho 9.

3 /s A
Tacd 2’ —y’ = v—y —3zy v—y .Matacd z* —4° vd 3zy z —y chia hét cho3nén

suyra z—y * chia hét cho 3, do d6 z — y chia hét cho 3.

3
Suyraz’—y’= r—y —3zy x—y chiahétcho9.

b) Chting minh réng néu z* — * chia hét cho = + y thi = + y khong thé 1a s nguyén t3.
£ .3 3 2 2 2
Tacoz’—y"'= 22—y 22 +ay+y =2—y z+y —ayx—y .
2
Matacod z° —y° chiahétcho z+y va x—y z+vy chiahétcho z+y nénzy z—y

chia hét cho z +y.
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Néu z + y lasd nguyén to thitlt zy v —y chia hét cho =z + y ta duoc x hodcy hodc z —y
chiahétcho z+y.Piéunayvolyviz <z +yy<z+yr—y<z+y (do z,y e Z va
x>y>0).

Vay z +y khong thé'la s6 nguyén to6.

c) Tim t4t ca cac s6 nguyén duong k sao cho z' — ¢* chia hét cho 9 véi moi x, y ma xy
khong chia hét cho 9.

Néu x khong chia hétcho3thi z+1 z—1:13=2"—1:3.Dodé z° —1:3.

Ap dung két quay a) ta ¢ z° —1:9.

Theo gia thiét ta ¢4 xy khong chia hét cho 3 nén x va y khong chia hét cho 3 nén z° —1:9
va 3 —1:9.

Dat k=6a+7r ac N ,re 01,2345

Khidotacod zf —y* =25 —¢" =2" 2% —1 +9" ¢ —1 + 2" —y" .

Matacod 2 —1: 2° —1 nén 2™ —1:9, twong tw thi y* —1:9.

Dovay 2" —4'19 < 2" —y 19 r=0.

Vay d€ 2 — 4" chia hét cho 9 véi moi x, y ma zy khong chia hét cho 9 thi k =6a a € N .
Cau 3 (1.5 di€m).

a) Cho ba s8 a,b,c > —2 théa man a’ +b” + ¢* + abc = 0. Chtiing minh rang a =b = ¢ = 0.
Tacé ab . bc.ca = abe > 0 nén trong ba tich ab;bc;ca c¢6 mot tich 1a sd khong am. Do
vai tro cta a, b, ¢ nhw nhau nén khong mat tinh tong quat ta gia st tich khong am 1a ab.

Tacéd ¢ > -2 nénsuyra ab c+2 > 0.Khi do ta duoc
a+b 4+ +abe=0& a—bz—l—c2—|—ab c+2 =0
Ttr d6 dan dén a—b2202:ab c+2 =0a=b=c=0.

b) Trén m4t phang toa d6 Oxy cho ba diém A, B, C phan biét véi OA = OB = OC = 1. Biét

r:?mg :ci +:ch9 —l—ZL'Z, +6x,.2,2, =0.Ching minh Min z ;v ;z, < -3
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S . 1 . as 1 1 1
Gia st Min x;7,;7, z—g,khldotadu’oc mAZ—g;mBZ—g;:ECZ—g.

Do vai tro ciaba s6 z,;z,,;2, nht nhau nén khong mat tinh tong quat ta gia st z,z, > 0.
Mz 5 > L e 3 1 >0.Khidd 5
ataco xC_—gnensuyra z,x, or, +1 >0.Khidotaco

2 2 2 . 2 2 _
:cA+xB—|—xC+6xA.xB.xC—O<:> T, T, +a:c+233A:cB 3xC—|—1 =0

Tedésuyra z, — =, 2:x2:2xA:z:B 3z, +1 =0= 1, =z, =1z, =0 hay ba diém A, B,

C trung nhau. Diéu nay trai v6i gia thié€t ba diém A, B, C phan biét.

Do d6 diéu gia stt trén la sai hay ta c6 Min z ;2 ;2, <-——.
3

Cau 4 (3.5 di€ém). Cho tam gidc ABC nhon ndi tiép duong tron O v6i O la tam. Goi D 1a

mot diém thay doi trén canh BC (D khac B, C). Cac duong tron ngoai ti€p tam giac ABD va
ACD Ian luot cit AC, AB tai E va F (E, F khac A). Goi K 1a giao diém cua BE va CF.

A
|
F
N
AN
I~
B = c
T

a) Chuing minh t giac AEKF ndi ti€p duong tron.

Ta 6 t giac ABDE va ACDF noi tiép duong tron nén AEK = ADB va AFK = ADC.
Matacd ADB + ADC =180 nén AEK + AFK = 180" hay tt gidc AEKF noi ti€p duong
tron.

b) Chiing minh néu A, O, D thang hang thi HK song song vé6i BC.

Goi T 1a giao diém ctia AD véi duong tron O . Khi ba diém A, O, D thang hang thi ta c6

ACT =90°.
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Goi ] 1a giao diém cua AH véi BC, ta c6 AJB = 90°.

Xét hai tam gidc JAB va CAT tacd AJB= ACT =90";ABJ = ATC.

Do do ta duwoc AJAB c© ACAT nén BAH = CAD.

Tacé BAH = BCH (cung phu véi ABC). Mt khac ta c6 BHC = BKC = 180" — BAC
nén t& giac BHKC noi tiép dwong tron, suy ra BKH = BCH .

Ma taco DBE = CAD nénsuy ra DBE = BKH, do d6 HK song song v6i BC.

2
c) Chttng minh khi D thay d6i trén canh BC thi ta luén c6 S < BC] .tan BAC :

2 2

Goi P 1a diém chinh gitta cung HK cta duong tron ngoai ti€p tam giac BHCK. Vé PQ
vudng goc voi BC tai Q, suy ra Q 1a trung diém ctia BC. Khi d6 ta c6

PQ = BQcot BPQ = BC .cot BPC = BC .cot, BHaC

2 2 2 2
= B—C.cot 90" — Bz;lC = BQC.tan Bz;lC

Vé KL vudng gbc v6i BC tai L, khi do ta co KL < PQ.

2
Do dé taduwoc S, ,, = %KL.BC < %PQ.BC = [320] tan Bz;lC .

d) Chting minh réng BF.BA— CE —CA= BD* —CD* va ID 1| BC
+ Xét hai tam gidc BAD va tam gidc BCF c6 ABD va BAD = BCF nén ABAD < ABCF'.

Ttr d6 ta duoc §—é = % = BA.BF = BC.BD . Tuwong tu ta c6 CE.CA= CB.CD.

Do d6 BF.BA—CE.CA= BC BD—-CD = BD+CD BD-CD = BD’—-CD’.

Goi R 12 ban kinh dwong tron ngoai tiép tam gidc AEF, BI cat duong tron ngoai tiép tam
gidc AEF tai M va N. Chting minh tuong tu nhuw trén ta c6 BF.BA= BM.BN = IB*> — R’
va CECA=1ID* —R’.

Do d6 ta duoc IB* — ID* = BD*> —CD*.

Vé ID’ vudng géc véi BC tai D', khi d6 ta c6 IB* = ID* + BD® va IC* = ID? + CD”
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Do d6 IB* — IC* = BD” —CD”.Tacd IB® — ID* = BD? — CD?. Do d6 hai diém D va D’
trung nhau hay ID vudng gdc véi BC.

Céu 5 (1.0 di€m). LSp 9A 6 6 hoc sinh tham gia mot ky thi todn va nhan 6 diém s6 khac
nhau la cac s6 nguyén tir 0 dén 20. Goi m la trung binh cong cac diém sd ctia 6 em hoc sinh
trén. Ta ndi rf?mg hai hoc sinh (trong 6 hoc sinh trén) lap thanh mot cdp hoan hao néu diém
trung binh cong cta hai em do6 16n hon m.

a) Chttng minh rang khong thé chia 6 em hoc sinh trén thanh 3 cip ma mdi cip déu hoan
hao.

Gia st ta chia 6 hoc sinh thanh ba cdp ma mdi cip déu hoan hao cé s6 diém twong tmg 1a a

>m;6—gf>m.

vab, cvad, e va f. Khi dé ta c “‘;b >m;042rd

a+b+tc+d+e+f
6

Suy ra m = > m, diéu nay vo ly.

Vay khong thé chia 6 em hoc sinh trén thanh 3 c&p ma mdi cdp déu hoan hao.
b) C6 thé c6 duoc nhiéu nhat 1a bao nhiéu cap hoan hao.
Theo ¥ a) thi ta c6 véi mbi cach chia 6 hoc sinh thanh 3 cgp thi cé nhiéu nhat hai cép hoan
hao. Ma ta ¢6 5 cach chia 6 hoc sinh thanh 3 cap, do d6 c¢6 nhiéu nhat 2.5 =10 cap hoan
hao. Chang han 6 hoc sinh c6 s8 diém twong tng 1a .1;12;13;14;15;16. ta thay c6 10 cap
hoan hao.
Vay c6 thé c6 duoc nhiéu nhat 10 cap hoan hao.

Pé s6 6
Cau 1. (2.0 diém).
a) Cho cac s6 thuca, b, csaocho a +b+c=3, a° +b* +c* =29 va abc = 11. Tinh
a’+b +c.

4 1 2 2 2 2 1
Ta co ab+bc+ca=§ a+b+c — a +b°+c¢ 25 9—-29 =-10.

Do d6 ta c6 a’b® + b’c® + c*a® = ab+bc+ca2—2abc a+b+c = —102—2.11.3234.
Laicd a® +0* +¢* —3abc= a+b+c a*+b>+c —ab—bc—ca =3 29+10 =117.

Do d6 ta duwoc a® 4+ b* + ¢ =117 + 33 = 150. Ttr d6 dan dén
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ad+b0 4+ A+ ="+ +a’ +ad +b%a +b0° +Pa’ + b
=a" +0 +" + b+ +cd* a+b+ce —abc a+b+c

Hay ta duoc 150.29 = @’ +b° + ¢’ + 34.3 —11 —10 .

Do dd a” +b” + ¢ = 4138

b) Cho biéu thttc A= m+n "+ 3m+n véim, nla cac s8 nguyén duong. Chitng minh
rang néu A 1a mdt s6 chinh phuong thi n* 41 chia hét cho m.

Do m, n la cac s6 nguyén dwong nén ta co m+n < mtn +3m+n< mn+2
Do d6 m+n <A< m+n+2 . Ma A la s§ chinh phuwong nén ta duoc
2
A= m+n+1
2 2
Dodéo m+n +3m+n= m+n+1 =3m+n=2m+n +1=m=n+1.
Tedésuyran’+1= n+1 n*—n+1 =mn’—n+1im.

Cau 2. (2.0 diém).

a) Giai phuwong trinh 2 z 42 3z —1 = 32> — 7Tz — 3.
biéu kién xac dinhcta phuong trinh 1a z > % Bién d6i phwong trinh da cho ta duoc

22423z —-1=32"—-T7Tz—-3 < :L'—I—22+2£L'+2 N3z —1+3x—1=42"
2 ) r+24+3r—-1=22 N3z—1=2—-2
& x+2+\/3:1:—1 =4x° & =
r+24+3z—-1=—-2z N3z —1=-32—-2

X A A 1
Dé thdy V3z —1 = —3z —2 vO nghiém vi z > —

03

x>2 T > 2
Ta co x/3a:—1—x—2<:)1 { xzﬂ.

3r—1= -2 2 —=Tr+5=0 2

1 fB

Két hop v6i diéu kién xac dinh ta duoc z = la nghiém duy nhat.

1 10

B |

T
b) Giai hé phuong trinh y
20" —ay—y =1
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Diéu kién xac dinh cta hé phuong trinh la z = 0;y = 0. Bién d6i hé phuong trinh da cho

ta duoc
2 r
PR T PP R vAot =10
y oz < Y T = . 1 1
20y° —ay —y =1 zy +y+1=20y —+—-+—5=20
vy vy

2+ +zv=10

]- \ A 2 \
bdt v = —, khi d6 hé phuong trinh trén tro thanh )
Y v +v+v =20
Lay tong theo v€ hai phuwong trinh ctia hé ta duoc

x+v2—|— z+v =30 z4+v+6 z4+v—5 =0

+Vdi 2 +v+6 =0 ta dugc v = —6 — = khi do6 ta cd hé phuong trinh

P stz —6-—5 =10 [—5:0:10 {x=—2 z=-2 |e=-2
=4 =4

v=—6—x

v=—6—2x
+Vdi z 4+ v —5 =0 ta dugc v =5 —z khi dé ta c6 hé phuong trinh

1x2+x+a¢5—x —10 ‘6:6210 T =
=

5

3

v=5—zx v=5—1x E
3

Két hop voi diéu kién xac dinh ta dwoc cacnghiém la z;y = [—2; —i] , [§ ; i]

Cau 3. (1.5 di€m).
Cho tam giac nhon ABC c6 AB < AC < BC. Trén cac canh BC, AC lan lwgt 1ay cac
diém M, N sao cho AN = AB = BM. Cac duong thang AM va BN cat nhau tai K. Goi H 1a

hinh chiéu ctia K 1én AB. Chting minh rang:
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a) Tam duong tron ndi tiép tam giac ABC
nam trén KH.

Goi I la tam duong tron ndi ti€p tam giac
ABC.Tacd AB = AN nén tam gidc ABN can
tai A. Tir d6 Al la duong phan giac cling la

duwong cao cua tam giac ABN. Do d6 ta duoc

Al vuong goc véi BK. Ta cling c6 tam giac

ABM can tai B nén Bl 1a duong phan giac

cting la duong cao cua tam gidc ABM, do d6

BI vudng géc véi AK. Tt d6 dan dén I 1a truc

tam tam gidc ABK. Ma ta c6 KH vuong goc

véi AB nén I nam trén KH.

b) Cac duong tron néi tié€p cac tam giac ACH va BCH tiép xtc v6i nhau.

Trudc hét ta phat biéu va chitng minh bai toan

A
phu: Cho tam gidc ABC ngoai tiép duwong tron tam
E
I. Duong tron [ tiép xtc voi AB, AC, BC lan luot b
taiD, E, F.

AB+ AC — BC B F C
5 .

Khidoétacd AD =

Chitng minh. Theo tinh hai tiép tuyén cat nhau ta

co
AD = AE;BD = BF;CE = CF . Do d6
AB+AC—-BC= AD+BD + AE+CE — BF +CF =2AD
Hay ta dwoc AD = AB + AQO —BC . Vay bai toan phu dwoc chitng minh.

Goi L va T Ian luot 1a ti€p diém ctia duong tron noi tiép tam giac ACH, BCH véi CH. Ap
dung bai todn phu trén ta dugc

_AH+CH-AC ... BH+CH-BC
2 A 2

HL
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Dong thoi ta cling ¢c6 AH = AB+A20_BC;BH _AB+BC-CA

.Do do suy ra

HL_HT:AH+C’2H—AC_BH+C2H—BC:AH—BH—QFBC—AC’

:% AB+A2C—BC_AB+BC—AC+BC_AC 0

Tt d6 suy ra HL = HT hay hai diém L va T trung nhau. Vay hai duong tron ndi ti€p hai
tam giac ACH va BCH tiép xtic v6i nhau.
Cau 4. (1.5 diém).

s A, o« A2 r 1 2 2
Cho x, y 1a 2 s6 thic dwong. Tim gid tri nho nhat cta biéu thiec P = Oyzy +2 +y .
Tty xy
Ta cé
2 2 2 2
P=16 2 —I—y=16 a:y_8+u_2+10
r+y xy Tty xy
2 2
= + +10= z —\Jy - +10
r+y xy xy Tty

_ \/__\/;2 Tty x/;+\/;2—81‘y 10

Ty T+ Yy

z+y «/;—I—\/;Q—Sxy
>

Ty T+Y

0.

Matacd z+vy \E—l—\EQZQ xy.4\E.\E:8xy nén

Do vay P > 10, ddu bang xay ra khi va chi khi z = y.
Vay gia tri nho nhat caa P 1a 10, dat duoc tai z = y.
Cau 5. (2.0 diém).
Cho tam giac ABC c¢6 goc B tu. Puong tron O ndi ti€p tam gidc ABC ti€p xtic voi cac
canh AB, CA, BClan luottaiL, H, J.
a) Cac tia BO, CO cit LH I4an luot tai M, N. Chang minh rfmg bon diém B, C, M, N cung

thudc mot duong tron.
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Ta co MOC’:OBC+OCB:%ABC’+%AC’B:9OO—%BAC:AHL:MHC’ nén tw

gidc OHMC noi tiép duong tron, do d6 ta dwgc OMC = OHC = 90°.

Hoan toan twong tw ta ¢6 NOB = %ABC’—F%ACB =90’ —%BAC’ = ALN nén t6 giac

BLNO noi tiép duong tron, do dé ta dwgec ONB = OLB = 90°.

Nhuw vay ta c6 OMC = ONB = 90’ nén t gidc BCMN ndi ti€p duong tron.

b) Goi d la dwong thang qua O va vudng géc véi AJ, d cat AJ va duong trung truc cta
canh BC Ian lwot tai D va F. Chiing minh r%mg bon diém B, D, F, C cung thu¢c mot duwong
tron.

Goi P 1a giao diém cua OD va LH, I 1a giao diém cua OA va LH, K la trung diém ctia BC.

Ta c6 AODA o> AOIP nén OO_II) _oa hay OI.OA = OD.OP .

OP
Vi tam gidc HOA vudng tai H véi HI 1a dwong cao nén HO? = OI.OA.
Do d6 ta c6 OD.OP = OI.OA = OH* = OJ’ nén suy ra AOJP > AOD.J .

Ttr 36 dan dén OJP = ODJ = 90° nén P thudc BC . Ta ¢

BJN = JNO + JCO = JBO + JCO — %ABC +%ACB
_ KBM + OCH = KMB + OMH = KMH

Tt BJN = KMH suy ra t& giac MNJK noi ti€p dwong tron.

T d6 ta dwoc APNJ > APKM nén % = % hay PK.PJ = PN.PM .
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Do tit giac KJDF noi ti€p dwong tron nén ta ¢6 PK.PJ = PD.PF .
Do t giac BCMN ngi ti€p duong tron nén ta c6 PM.PN = PB.PC'.

Két hop cac két qua trén ta dwoc PB.PC = PD.PF hay b _FB

pPC PF

Ma ta lai c0 BPD chung nén suy ra APBD  APFC, suy ra PBD = PFC'.

Tt d6 suy ra t& giac BCFD noi ti€p duong tron hay bon diém B, C, D, F cung thudc mot
duong tron.

Cau 6. (1.0 diém).

Trén mot duong tron c6 9 diém phan biét, cac diém nay dwoc ndi v6i nhau boi cac
doan thang mau xanh hogdc mau do. Biét rang moi tam giac tao boi 3 trong 9 diém chiza it
nhat mot canh mau do. Chiing minh rang ton tai 4 diém sao cho 6 doan thang ndi ching
déu c6 mau do.

Ta xét hai treong hop sau:
+ Truong hop 1. C6 mot diém da cho la dau mat cua it nhat bdn doan mau xanh, ma
khong cé tam giac nao ¢ ba canh mau xanh. Do d6 bon dau mut con lai tao thanh bon
diém ma 6 doan thang ndi chiing déu c6 mau dé.
+ Treong hop 2. Ca 9 diém déu la dau mt t6i da ba doan thang mau xanh. Suy ra 9 diém
déu 1a dau mut cua it nhat 5 doan mau thang mau do.
Gia st trong 9 diém, moi diém déu ké tir d6 ra dwoc chi dung 5 doan théng mau do.
Goi A 1a tap hop cac dau mat mau doé. Do mdi doan thang mau do6 c6 hai dau mat mau do
nén s8 phan tir ctia tap hop A 1a s6 chdn. Nhung khi d6 s6 phan tir ctia tap hop A la
5.9 =45, vd ly. Do d6 c6 1 diém M trong 9 diém trén la dau mut ctia it nhat 6 doan thang
mau do.
Goi B la tap hop cac dau mut con lai ctia cac doan théng mau do noi véi M. Ta ching
minh trong trong B ludn c6 mgt tam giac c6 3 canh mau do.
That vay, xét diém N tuy ¥ trong B, c6 it nhat 5 doan thang ndi v6i N. Trong 5 doan thang
ndy c6 it nhat ba doan thang ciing mau.

- Néu c6 3 doan théng mau d6 noi véi N, tam gidc tao boi 3 ddu mut con lai ludn ¢
mot canh mau do, canh mau do6 nay cung véi hai 2 doan thfmg ndi voi N tao thanh mot

tam gidc c6 ba canh mau do.
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- Néu c6 3 doan théng mau xanh n6i véi N, tam gidc tao boi ba dau mut con lai ta tam
giac c6 ba canh mau do.

Cac tam gidc nay cung voi diém M tao thanh 4 diém ma 6 doan théng ndi chung déu co
mau do.

Dés6 7

Caul.

a—b n a+b  3a—0b

a) Cho hai sd thuc a, b sao cho |a|¢|b| va ab = 0 thoa man ; . P T e
a’ +a a” —a a’ —

a’® + 2a%b + 3b*
2a* + ab®> +b*

Tinh gid tri ctia biéu thitc P =

e Loi gidi. Voi |a| = |b| va ab = 0 thi gia thi€t cta bai toan dwgc bién d6i nhu sau
2

a—b N a+b 30 —b a—b a+b’ a 3a—0b

a’ +ab C—ab -V aa—b a+b +a a—b a+b aa—b a+b
& a—b +a+b =a3a—b ©a—2ab+b +a®+2ab+b = 3a® —ab
Sad—ab-2"=0=d -V —ab-b"=0& a+b a—2b =0
Do |a|¢|b| nén a +b = 0, do &6 tir déng thiic trén ta dwoc a —2b =0 < a = 2b.
& r2ath 43 % +22 b3 1gp

Dodé P =— 5 = - =—
2a" +ab” +b 2 2b +2bb* +b* 19

b) Cho m, n 1a cc s6 thuc dwong thda man 5m + nim + 5n . Chitng minh rang m:n.

e Loi giai. Ta c6 5m+nim +5n nén 5m+n = m+5n a véiala sd nguyén duong.
Khi @6 ta dwoc 5m —am =5an—n<m 5—a =n ba—1 .

Do m, n, a la cdc s6 nguyén duong nén 5a —1 >0 doddésuyra 5—a > 0.
Do a nguyén duong nén ta duoc a € 1;2;3;4 . Ta di xét cac treong hop sau.

+V0i a =1, khi d6 ta duwoc 4m = 4n < m =n nénsuy ra m:n.
+Vdi a = 2, khi d6 ta duwgc 3m = 9n < m = 3n nénsuy ra m:n.
+V0i a = 3, khi do6 ta dwoc 2m = 14n < m = 7n nén suy ra m:n.
+Véi a = 4, khi d6 ta dwoc m = 19n nén suy ra m:n.

Vay m ludn chia hét cho n.

Cau 2(2.0 diém).
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a) Giai phuwong trinh 2° — 6z + 4+ 2y2z —1 = 0.

e Loi giai. Diéu kién xac dinh cua phuong trinh la z > % . Bién d6i phuong trinh da cho ta

duwoc
2 6r A+ N2 —1=0e 1 —4z4+5=22—-1-2y22—1+1
22 5 N 12 r—2=+2z—1-—1 x—1:\/2x—1
=~ T — = r—1— = =
a:—2=1—\/2x—1 3—x=\/2x—1
z>1 x>1
#Voiz—1=hr—1e ) 17 S r=2+12.
r—1 =22—1 r—4x+2=0
r<3 x>1
+Véi3—z=v\22-1< > S, sr=4-16.
3—1r =92r—1 r—8x+10=0

Két hop vdi diéu kién xac dinh ta ¢6 tdp nghiém ctia phuong trinhla S = 2+ 2 ;4 — J6 .

2=y =9 x4y

b) Giai hé phuong trinh { s
r—y =3

e Loi gidi. Tt phuong trinh thit hai ctia hé ta suy ra duoc z +y = 0,2 —y = 0.

) N LTy P ety =92ty
Heé phuong trinh da cho twong duong voi
r—y rz+y =3

Chia theo v€ hai phwong trinh ctia hé ta duoc

2 tayty 9Tty
Tty 3
20" t4ay+2 +ay=022 2+2y +y2y+z =0& 20+y 2y+x =0

s P +ayt+y =3 x+y2 & 22" +2y° + 52y =0

2

+Véi 22 +y = 0 < y = —2z, thay vao phuong trinh thit hai ciahé tacd 2° — =2z =3,
phuong trinh vo nghiém.
+Voi z +2y = 0 & o = —2y, thay vao phuong trinh thit hai ctia hé ta c6

— 2y =—1

2 ) ) x
2y —y =3=3y =3y==+1l= R

Vay hé phuong trinh da cho c6 cacnghiémla z;y = —21, 2,1 .
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Cau 3(2.0 di€ém). Cho tam gidc ABC c¢6 cac duwong cao AA , BB,,CC,. Goi K la hinh chiéu

ctia Alén A B, L1ahinh chiéu cta B lén B,C,. Chttng minh rang AK = BL.

o Loi giai. Tt giac AB HC, noi tiép duong A
tron, nén ta c6 HBC, = HAC, . Tt giac K

HACB noitiépnéntacé HBA = HCA . cr,

T giac ACA C, ndi ti€p duong tron nén ta

c6 HAC, = HCA . Két hop cac két qua trén B A, C
ta dwoc C/\BH = HB A hay B H latia phan

gidc cua goc A B,C, . Ké BM vuong goc véi

ADB taiMthitacdé BL=BM.

Mat khac t¢ giac AB A B ndi ti€p duong tron dueong kinh AB ¢6 tam 1a trung diém E ctua
AB.

Goi F la trung diém cua A B, khi d6 EF vuong goc voi A B, .

Mat khac do AK song song v6i BM nén ABMK 1a hinh thang. Lai do EF, AK, BM song
song voi nhau nén suy ra EF la duong trung binh ctia ctia hinh thang ABMK, tir d6 ta
duwoc FM = FK .

bén day ta suy ra dwoc BM = AK , kéthop véi BL = BM ta duoc AK = B/L

a:\/;+y\/;_;z:+y<

1
Tty 2 4

Cau 4(3.0 diém). Cho x, y 1a cac s6 thuc duong. Chting minh rang

colyrale Nl oy ey oy

e Loi giai. Ta co <
Tty r+y 2 T+y 2

e

4

Gy
m\/37+y\/;_x+y<\/;+\/§_ \/;JF\EQ.
o 2

Tty 2 4

Laico 2

> \/Z+\/§2;»—“”‘2”’§

Ttr d6 ta duoc
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Ta can ching minh

Jory oty
2

4
J;+J§2—2 ey +120e «/§+J§—1220

Dé thdy bat dang thitc cudi cing ludn dung, do vay ta ¢6 diéu can chiing minh.

x\/;+y\/;_x+y<1

Tty 2 4

< Z hay ta duoc

Vay ta duoc

N T = y 1
Dau bang xay ra khi va chi khi Sr=y=-—.
gxay {\E +y =1 7
Céu 5(1.0 di€m). Cho t& gidc noi tié€p ABCD c6 AC cdt BD tai EE. Tia AD cét tia BC tai F.

Dung hinh binh hanh AEBG.

a) Chirng minh
FDFG = FBFE.
Tacéo ADB = ACB
(hai géc noi ti€p

cung chan mot

cung). Do t& gidc

AEBG la hinh binh
hanh nén AG song
song voi BD nén ta

duoc

ADB + FAG = 180"
.Matalaico

ACB + FCE = 180"
. Do d6 ta duoc

FCE = FAG.

FA FB AB

FC FD CD’

AB FEA EB

CD ED EC’

EB FA FC FA
EC FC FEC EB

Ta cd6 AFCD «» AFAB nén ta duoc

Ta cd6 AEAB » AEDC nén ta duoc

Két hop hai két qua trén ta thu duoc
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Ma ta lai c0 EB = AG nén ta duoc re _ F—A
EC AG’
 FC _FA
Hai tam gidc FCE va FAG co0 FCE = FAG va —— nén AFCE «» AFAG.
EC  AG
Do dé re_ A —, suy ra ta duoc IB_IG nén FD.FG = FB.FE.
FE FC FD FE

b) Goi H 1a diém d8i xting ctia E qua AD. Chting minh rang diém F, H, A, G cling
thudc mot duong tron.

Ta c6 E va H d6i xttng v6i nhau qua AD nén ta duwoc AEF = AHF .

Tac6 AFCE » AFAG nén AGF = CEF . Mit khac ta lai c6 CEF + AEF =180".
T cac két qua trén ta dugc AHF + AGF = 180" nén t gidc AHFG noi tiép duong

tron.

Céu 6( di€m). Nam cat mot to gidy ra lam 4 miéng hodc 8 miéng roi 1dy mot s6 miéng
nhé d6 cat ra lam 4 hodc 8 miéng nhd hon va Nam c tiép tuc thuc hién viéc cat nhuw

thé& nhiéu Tan. Héi Nam c6 thé cat duoc 2016 miéng 16n va nhé hay khong?Vi sao?

o Loi gidi. Goi x 1a s8 miéng gidy Nam c6 duoc sau k [an cat (k,z € N'). Do mdi lan cat
mot miéng gidy thanh 4 hodc 8 miéng gidy nén sau mdi [an nhw vay s6 miéng gidy ting
thém 3 hodc 7 miéng. Do d6 x 3 du 1 hodc x chia 7 dw 1. Ma ta ¢6 2016 chia 3 hoac chia
7 déu c6 s8 du 1a 0. Do d6 x khong thé bang 2016. Vay sau mdt s3 lan cat thi s6 miéng
gidy ma Nam cé duogc khong thé' 1a 2016.

bé s6 8

Bai 1. Biét a va b la cac s6 thuc dwong v6i a = bva

e

aa—4b +b b+ 2a
a+b

= 2016

Tinh tong S =a +b.

Y caa—4b +b b+ 2a a’ —4ab+0b" +2ab a® —2ab+b’ a—b" \
e Loi gidi. Ta co = — _ va
a-+b a+b a+b a+b
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a a—b«/lj D x/a_—\/lj a‘l‘\/@-l—\/[;
R 7B N A

2

s
Do d6 ta dwoc 2016 = — Ao Naap =L
a-+b a-+b

+ abza—l—ZM—l—b: \/a_—l-\/gQ

Tt‘rdo’suyraSza—H):L.
2016

Bai 2.

a) Giai phwong trinh oz +5 = 22° — 57.

e Loi giai. Diéu kién xéc dinh ctia phuwong trinh 1a = > 5. Bién déi twongduwong phuwong

trinh ta duwoc

N +5=2"—br ez Jr+5-22+5 =0&

Xét phuong trinh \/z +5 — 2z 4+ 5 = 0, bién d6i phwong trinh ta duoc

2c—52>0 20 —5>0
«/x+5:21:—5<:> 52<:> S =4

z=0
z+5—-2x+5=0

45— 2 da® — 21z 420 =0
Két hop voi diéu kién xac dinh ta ¢é tap nghiémla S = 0;4

\/;—I-x—B y—l—\/; =0

' +y=5

b) Giai hé phuong trinh

e Loi giai. Diéu kién xac dinh ctia hé phuwong trinh 1a > 0;y > 0. Ta c6

\/Z—l—x—?) y+\/; =0& giz;izo

+ Véi \/; +2 =0, két hop véi diéu kién y > 0 ta suy ra duwoc z =y = 0, thay vao phuong

trinh tht hai ta thdy khong thoa man.
+ Vi \/; +x—3=0.Khido6ddt a = \/; a >0 vakét hop voi phuong trinh thit ha ta ¢

hé

Tai liéu swu tAm va téng hop bin word day du lién hé 0393732038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

Két hop v6i diéu kién xac dinh ta c6 cacnghiém1a z;y = 1,4, 21 .

z+1 2* +mz+2m+14
Bai 3. Cho phuong trinh =0.

N

a) Giai phwong trinh trén khi m = —8.

b) Tim cac gia tri m dé phuong trinh da cho c6 hai nghiém phan biét z ;z,thoa man

2 _
\/a:2+ m-+1 x2+2m+14—3—\/g

z+1 2% +mz+2m+14
Bai 3. Cho phuong trinh =0.

NS

a) Giai phwong trinh trén khi m = —8.
biéu kién xac dinh ctia phwong trinh 1a 2 > 0. Khi m = —8 phuong trinh da cho dugc
viét lai thanh

r+1 2°—8x—2

NS

— 0t —8r—2=0o gz =4+32

(Do xz>0nén z+1>0)
Vay véi m = —8 thi phuwong trinh c6 tap nghiémla S = 4 + 32 4 — 32
b) Tim m d€ phwong trinh c6 hai nghiém z;z, théa man
JE A mAl 4+ 2m 14 =3 — .
Phuong trinh da cho ¢ nghiém khi va chi khi phuwong trinh 2° + ma 4+ 2m +14 =0 ¢4

nghiém duong.
D& phuong trinh da cho ¢6 hai nghiém dwong phan biét z;z, thi z° + ma +2m+14 =0
phai c6 hai nghiém dwong phan biét z;z,. Diéu nay xay ra khi va chi khi

A=m?>—42m+14 >0
S:x1+x2:—m>0
P=x1.x2=2m+14>0

Do z, la nghiém ctia phwong trinh ctiap huong trinh z° + ma + 2m + 14 = 0 nén ta duoc

z, +mz, +2m+14 =0z, + m+1 2, +2m+14 =z,

Ttr d6 ta duoc \/x22+ m+1 x2+2m+14:3—\/g<:>\/g:3—\j;<:>\/;+\/g:3

Binh phwong hai vé va két hop v6i hé thic Vi — et ta duoc
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2
Jo, +z, =3& 5tz +2/rz, =94 mt+\Emr14=9

m > —9 m > —9

S 22m+14=m+9 & m=—5

2 ] =
42m+14 = m+9 m” +10m +25=0
Th& m = —5 vao phuong trinh ta thdy thoa man. Vay m = —5 la gia tri can tim.

Bai 4.

a) Ong An cai tao mot manh vueon hinh chit nhat c¢é chiéu dai bang 2,5 lan chiéu rong. Ong
thay rang néu dao mot cai ho c6 mdt ho hinh ch nhat thi sé chiém 3% dién tich manh
vuon, con néu giam chiéu dai 5m va tang chiéu rong 2m thi mat ho6 c6 hinh vuong va dién

tich mat ho giam dwgc 20 m*. Hay tinh cac canh ctia manh vuon.

e Loi giai. Goi chiéu dai va chiéu rong ctia mdt ho lan luot la x, y(m).

Khi giam chiéu dai 5m va ting chiéu rong 2m thi mdt hé ¢ hinh vudéng nén ta c6
T—H=y—+2.

Dién tich mat ho ltc dau la zy va sau khi giam chiéu dai, tang chiéurdongla =z —5 y+2
. Khi d¢6 ta c6 phuwong trinh 2y — 2 —5 y 42 =20. Ttr d6 ta c6 hé phuong trinh

r—5=y+2 r=y+7 r=y+7 |z=15
<~

wy— -5 y+2 =20 |y y4+7 — y+2 =20 |3y=24 y=38

Tt d6 ta dwoc dién tich cia mat ho 1a 120 m* .

Goi a la chiéu rdng manh vuon, khi d6 chiéu dai manh vuon la 2,5a va dién tich manh

vuon la 2,5a4°.

Theo bai ra ta c6 phuong trinh 2,5a°.3% = 120 < o =160 < a = 40.

Tt d6 chiéu rong manh vuon 1a 40 m  va chiéu dai manh vuon la 100m.

b) Lop 9A c6 27 hoc sinh nam va 18 hoc sinh nit. Nhan dip sinh nhat ban X(la mot thanh
vién ctia 16p), cac ban trong 16p cé nhiéu mén qua tang X. Ngoai ra moi ban nam trong 16p
lam 3 t4m thiép va mdi ban nit trong 16p lam 2 hodc 5 con hac d€ ting X. Biét rdng s tim

thiép va sd con hac béng nhau, hoi ban X la nam hay nt?

e Loi gidi. Goi x 1a sd ban ni tdng X 2 con hac va y la sd ban n& téng X 5 con hac

zyeN .
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+ Gia st X la ban nam, khi d6 c6 18 ban nit tang hac cho X nén ta c6 phuwong trinh
T +y=18.

S6 hac X duoc tang la 2z + 5y.

SO ban nam tdng thiép cho X 1a 26 nén s6 thiép X nhan duocla 26.3.

Do s6 tap thiép duoc ting bang s hac nén ta c6 phuong trinh 2z 4 5y = 26.3.

, thoa man.

\ 2 LA . r+y=18 =4
Ttr d6 ta co hé phuong trinh

2:c+5y:26.3@ y=14

+ Gia st X la ban ntt, khi d6 c6 17 ban nit tang hac cho X nén ta c¢6 phuwong trinh
rz+y=17.

S6 hac X duoc tang la 2z + 5y.

S6 ban nam tang thiép cho X 1a 27 nén s6 thiép X nhan duocla 27.3.

Do s0 tap thiép duoc tang béng s0 hac nén ta c6 phuong trinh 2z + 5y = 27.3.

r+y=17

Tt d6 ta c6 hé phwong trinh Y , hé khong c6 nghiém nguyén.
20 + 5y =27.3

Vay ban X la nam.

Bai 5. Cho tam gidc déu ABC c6 tam O va A

AB = 6a, cac diém M va N [an luot trén canh
AB, AC sao cho AM = AN =2a. Goi |, J, K N
[an luwot la trung diém caa BC, CA va MN.

a) Chitng minh rang cac diém M, N, B, C cling

thudc mot dwong tron T. Tinh dién tich cua t&

giac BMNC theo a.
Ta ¢c6 AM = AN =2a va MAN =60" nén
tam giac MAN déu. Tt d6 ta duoc

AMN = ACB =60" nén t& giac BMNC noi

ti€p duong tron.

Lai c6 MN song song véi BC va AK | MN;AI | BC nén ta suy ra duoc ba diém A, K, I

thang hang.
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Do d6 AI = AC.sin ACB = 6a.sin60” = 3a\3 va AI = AN.sin ANM = 2a.sin 60" = ax/g.

Tt d6 dan dén IK = 2a\/§. Suyratacéd S = %IK MN + BC = 8a2\/§(dvdt)

BMNC
b) Tinh ban kinh duong tron ngoai tiép tam gidc I[JK. Chitng minh duwong tron duwong kinh
NC tiép xtic v6i AL

Ta c6 O] vudong goc voi AC va NJ:AJ—AN:a;NK:%MN:a nén suy ra

AOJN = AOKN .
c) Gia st AE ti€p xtc véi duong tron T tai E(E va B cung phia d6i v6i Al). Goi F 1a trung
diém cta OE. Tinh s6 do goc AF.J .

bé s6 9

Cau 1(2.5 diém).

-2y r+my =m’—2m—3 . .
. Gidi phwong trinh khi m = —3

a) Cho hé phuong trinh )
y—2r y+mr =m" —2m—3

va tim m dé hé phuong trinh c6 it nhat mot nghiém z;y, thoa man diéu kién

z, >0y, >0.

+ Khi m = —3 hé phuong trinh trén duoc viét lai thanh

r—2y -3y =12 |2* —bay +6y> =12
&
y—2zr y—3x =12 Y’ — by + 62° =12
L4y hiéu theo v& hai phwong trinh cia hé ta duoc 5 z° —y* =012’ =y° & = +1y.
o Véi z = y, khi d6 phuong trinh th nhat cta hé trd thanh r=6=>zx=y= i\/g .

o Véi z = y, khi d6 phuong trinh thit nhat cua hé trd thanh 2° =1 = :i X

Do d6 hé phuong trinh c6 cic nghiém 1a z;y = —L1, L—1, V6:46 , —/6;—6 .

e ] a At Tai tha o' 4+ m—2 zy—2my’ =m’ —2m—3

+ Hé phuong trinh da cho dwoc viét lai thanh
2 2 9

Yy + m—22y—2mx" =m" —2m—3

L4y hiéu theo v& hai phuwong trinh ctia hé ta dwoc 2m +1 2* —y*> =0.
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o Néu m = —%, khi d6 tir hé phuong trinh da cho ta dwoc z° — g:z:y +y’ = —2 . Phuong

5+2

;2
2

trinh ¢6 nghiém thoa man yéu cau bai toan.

~ 1 . 4 N\ \ A
o Néu m = Y khi d6 tir phuong trinh trén ta duoc z = +y.

Dé thay z = —y khong thda man yéu can bai toan(vi khi d6 z;y trai dau). Ttr d6 ta duoc
z = y, khi d6 tir phwong trinh tht nhat ta dwoc — m+1 22 = m+1 m—3 .

r—2y z—y =0

Khi m = —1 thi hé phwong trinh tré thanh .
y—2zr y—xz =0

Dé thdy truong hop nay thoa man yéu cau bai toan, chi can chon z =y =1.
Khi m = —1 khidd tacd 2° =m — 3.

Dé hé phuong trinh ¢6 nghiém z, =y, > 0 thi 3—m >0 m < 3.

Khi d6 hé phuong trinh c6 nghiem z, =y, =3 —m.

Vay v6i m < 3 thi hé phuwong trinh c6 nghiém théa man yéu cau bai toan.

b) Tim a >1 d€ phuong trinh az* + 1—2a 2 +1—a =0 c6 hai nghiém phén biét z,;z,

thoa man diéu kién 27 —ax, =a’ —a —1.

biéu kién d€ phuong trinh ¢6 hai nghiém phan biét la
A=1-2a —4al—a =8m>—8a+1>0.
2a —1

Theo dinh li Vi-ettacé z, +z, = suy ra az, +ax, =2a —1 hay ar, =22 —1—ax,.

Kéthop voi z) —ax, =a’ —a—1 taduoc 2} +ax, —2a+1=0a"—a—1.
Tt d6 suy ra ax, + a’z, —a’ —a* +2a =0.
Do z, 1a mdt nghiém ctia phuong trinh nén ta ¢6 az; + 1—2a 2, +1—a = 0. T do ta b

ax2 +a’z, —a’ —a® +2a —|az) + 1—2a 2, +1—a|=0
& a’+2a—1 x2:a3+a2—a—i—2
Do a >1 nén a” +2a —1> 0 nén tit phuong trinh trén ta dwoc z, = a —1.
Thé vao phuong trinh ax. + a’z, —a’ — a® 4+ 2a = 0 ta duoc

a—12+a a—1—-a"—a+2=0<ac 1;3
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Thtr lai vao phuong trinh da cho ta duoc @ =1 va a = 3 théa man yéu cau bai toan.

Céu 2(2.0 diém). Cho x, y la hai s6 nguyén dwong thoa man z* + y° + 10 chia hét cho xy.

a) Chttng minh rdng x va y 1a hai s& 1é va nguyén t& cting nhau.

Gia str trong hai s8 x va y c6 mdt s& chdn, do vai trd ctia x va y nhw nhau nén khong mat
tinh téng quat ta gia st x 1a s6 chan. Khi d6 do 2* + 3* + 10 chia hét cho xy nén

2* + y* 410 chia hét cho 2. Ttr d6 dan dén y* chia hét cho 2. Tt d6 suy ra duoc

2* + y* 410 chia hét cho 4, dan dén 10 chia hét cho 4, diéu nay vo li. Do d6 ca hai s6 x va
y déu la sd lé.

Goi d = mzy ,khidd z = dr;;y = dy, voi z;y, € N, z;y, =1.

Tird6 tacd z° + y° +10 = d’z} + d’*y. + 10 chia hét cho d’z,y, nénsuy ra 10 chia hét cho
d’ nénsuy ra d = 1 hay x va y nguyén t& cung nhau.

z° + 9> +10
Ty

b) Cht'ng minh rz‘?mg k= chia hétcho4 va k£ >12.

4m*+n*+m+n+3
batz=2m+Ly=2n+1mne N .Khiddétacd k = .

2m+1 2n 41
Do4va 2m+1 2m+1 nénsuyra m*+n’+m+n+3 chiahétcho 2m+1 2n+1.

2 2
Hay ta duoc - twAmAnts gy nguyén. Ttr d6 suy ra k chia hét cho 4.

2m+1 2n+1

7’ + 1 +10
Yy
chia hét cho 3, khi d6 khong mat tinh tong quat ta gia st s6 do la x. Khi d¢ ta suy ra duoc

Ciing tir k = ta dwoc 7° + y° + 10 = kzy . Néu trong hai s8 x va y ¢ mot sd

y> + 10 chia hét cho 3 nén y* + 1 chia hét cho 3 hay ¢* chia 3 du 2, diéu nay v ly vi y*
chia 3 duw 0 hodc du 1. Do vay x va y khong chia hét cho 3. Suy raz*;y* chia 3 cung c6 s6
dwla 1. Do d6 ta dwoc 2° + y* + 10 = kxy chia hét cho 3. Matalaicd 3;zy =1 nén k chia

hét cho 3.
Két hgp vdi k chia hét cho 4 ta suy ra duoc k chia hét cho 12. Do d6 k£ > 12.

Cau3(1.5diém).Bitt x>y >z +y+2=0va 2* +4° +2° =6.
, 2 2
a)Tinh S=z—y +z—y y—2z +y—2z .

2
Tacd v+y+z =2°+y +2°+ 2wy +2yz+222=0.
Matacod 2° +y° +2° =6 nénsuy ra zy + yz + 2z = —3. Ta c6
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2 2
S=z—y +2—y y—z +y—2 =2 -2wy+y +ay—y +yz—z2w+y —2uz+2°
=4y —wy—yr—2w=6+3=9

b) Tim gia tri 16n nhat cta P:‘ T—Y Y—2 z—x‘.

2 2
r—y +zx—y y—z +y—z2 |=3.

A 4 1
Dorz>y>znéntacd 0< 22—y y—=z2 Sg

Tl‘rdc')suyraP:‘x—y y—2z z—x‘§3|z—x|.

Ta c6 |z—:c|:a:+ —z S\IZ T+ 2 S\/2 Ayt +2 =412,
Tfrdc')suyraP§3\/E,dé'ub§ngx5yrakhix:x/g;y:O;z:—«/g.

Vay gid tri 16n nhat caa P la 6\/5, dat duwoc tai z = \ﬁ;y =0z = —\/g.

Ciu 4. Cho tam gidc ABC nhon c6 BAC > 45”. Dung cac tam giac vuéng ABMN, ACPQ
(M va C khac phia d6i véi AB, B va Q khac phia d6i véi AC). AQ ct doan BM tai E va NA

cit CP tai F.

a) Chting minh rang AABE 0 AACF va t& giac EFQN ndi tiép duong tron.

Tacd EAB + BAC =90° va
FAC + BAC = 90" nén ta duoc
FEAB=FAC.

Mat khéac ta lai c6 ABE + ACF = 90"
nén suy ra AABE <> AACF'.

Do dé ta co
AE _AB g ac = AFAB.
AF  AC

Matalaico AC = AQ;AB = AN nén ta

duwoc AELAQ = AN.AF

ANAE > AQAF, suy ra ta cd

ENF = EQF nén tt giac QNEF ndi ti€p
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duong tron.

b) Chting minh réng trung diém I ctia
EF la tam duong tron ngoai ti€p tam
giac ABC.

+Céch 1. Goi T giao diém cua MB va
CP. Ta c6 tix giac ABTC noi ti€p duong
tron va AT la duwong kinh cua duong

tron ngoai ti€p tam gidc ABC.

Mat khac AF song song vdi ET va AE song song vdi FT nén ti gidc AETF la hinh binh
hanh. Suy ra trung diém cua EF cling la trung diém cta AT. Do d6 1 la trung diém ctua EF
va la tam duong tron ngoai ti€p tam gidc ABC.

+ Cach 2. Xét hinh thang AEBF, goi X la trung diém cua AB, khi d6 IX thudc duwong trung
binh ctia hinh thang. Do d6 IX song song véi BE gay IX vudng géc véi AB. Tir d6 dan dén
IX 1a duong trun try ctia AB. Chitng minh tuong ty ta duoc I cling thudc duong trung try
cua AC. Do d6 I'la tdm duong tron ngoai ti€p tam giac ABC.

c) MN cit PQ tai D, cac duong tron ngoai tiép cac tam giac DMQ va DNQ cit nhau tai
K(khac D), cac tiép tuyén tai B va C ctia deong tron ngoai tiép tam giac ABC cit nhau tai J.
Chttng minh r%mg cacdiém D, A, K, ] théng hang.

Gia stt DA cat EF tai K’, khi d6 do t& gidc NQEF ndi tiép duong tron nén NFK' = NQA.

Ma ta lai ¢é t&¢ giac AQDN ndi tiép nén NQA = NDA. Suy ra ta dwoc NDA = AFK'.

Suy ra tit gidc DNFK’ ndi ti€p duong tron.

Chting minh hoan toan tuong tu ta dugc t giac DQK’E ndi ti€p duong tron.

Nhu vay K’ la giao diém cta hai duwong tron ngoai ti€p hai tam giac DQM va DPN. Do d6
hai diém K va K’ tring nhau hay ba diém D, A, K thang hang.

Ta c6 BKE = EAB = CAF = CKF nénsuy ra duoc

BKC =180" —2BKE =2 90" — FAB =2BAC = BIC

Do d6 t& giac BKIC noi ti€p duong tron.
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Lai ¢6 tr giac IBJC noi ti€p dwong tron nén IB = JC va BKJ = CKJ hay K] la phan giac
caa BKC'.
Mit khdc ta c6 BKA =180° — AEB = 180" — AFC = AKC, suy ra tia ddi cua tia KA cling
1a tia phan gidc cia BKC'. Do d6 ta duoc ba diém A, K, ] thang hang.
Vay bon diém D, A, K, J thang hang.
Cau 5. Vi mdi s6 nguyén duwong m 16n hon 1, ki hiéu s m 1a wéc nguyén duong 1én nhat
ctia m va khac m. Cho s6 tu nhién n > 1, dat n, = n va lan luot tinh cac s0
nGa=mg =S NN, =N =8 N N =N =8 N

Chting minh rang ton tai sd nguyén duwong k d& n, =1 va tinh k khi n = 2'°.14"".
Taco s n, <n nénsuyran, —sn, >1.Tkdo dan dén n. >1.Suyran >1 voi
i=1,23,....
Matkhacdo n,, =n —s n, <n véoimoii.Suyran=n,>n >n,>..>n >...
Néu khong ton tai n, d€ n, =1 ta xay dung duoc day vo han cac s6 nguyén duong giam
dan va nhoé hon n, diéu nay vo i vi sd cac s6 nguyén duwong nho honnla n —1. Vay ton
tai s6 k sao cho n, =1.
Véi n = 214" ta duge n =2'°14"" =2%.7"  suyra s n =2"27".
Tt d6 ta dwoc n, = 2%.7"7 — 2277 = 277",
Hoan toan tuong tu ta dwoc n, = 2277 — 2.7 = 2°.7'7.
Tiép tuc nhu vay dén mot luc ta duge n, =7".
bit m, =7, khidétacé s m, =7° nén m =6.7",dodé s m =3.7° nén m, = 3.7,
Tiép tuc nhu vay ta dwoc m, =2.7%m, =7"%..;m =7"%..;m =7"=1.
Vay ta duoc k = 33 +68 =101.

bé s6 10

Cau 1.

Véiab=1, a+b#0, ta co:
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a’ +b? 3(02"‘52) 6(a+b)
(a+b)3( ) (a+b (a ) (a+b)5(ab)

)
_a+tr-1 3(@+8) 6
(a+b) (a+b)4 (a+b)

B (a2+b2—1)(a2+b2+2)+3(a2+b2)+6
(a+b)4

(a2+b2)2+4(a2+b2)+4 ~ (a2+b2+2)2
(a+b)4 - (a+b)4

_ (a2 +b° +2ab)2 _ [(aer)?T 1
(a+b)4 (a+b)4

Vay P=1,v6i ab=1, a+b#0.
Cau 2 a) Diéu kién: z > -3

Véi diéu kién trén, phuong trinh tré thanh:

B a®+0? +3(a2+52)+6(a+b)

(a+b)3 (a+b)4 (a+b)5

_ (a2 +b’ —1)((1+b)2 +3(a2 +b2)+6
(a+b)4

2(a) ~3(x) (Vo +3) (Vo +3) =0
&2 (e) ~2(e) (Vo +3) - (o) (Vo +3) + (Vo +3) =0
& 20(o—o+3)-Vr+3(z-Vo+3)=0

. (1):\/x+3=x<:>{$20 @{xZO

r+3=2a"
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z20
x>0 x>0 r=1
e 2):Nz+3 =2z ) ) = S z=1
r+3=4x 4o -2 -3=0 3
T=——
4

So v6i diéu kién ban dau, ta duoc tap nghiém ctia phuwong trinh da cho la:

S:{l; 1+‘/E}

2

b) Truong hop 1: Trong a4, b, ¢ ¢6 1 s8 chia hét cho 7 = dpem
Truong hop 2: Ca 3 s6 a, b, ¢ déu khong chia hét cho 7.

Khi dé a°,b*,c’chia cho 7 ¢6 thé du 1 hodc (-1). Theo nguyén ly Dirichle thi c6 2 s trong 3

s6 a°,b*,c® c6 cling s6 dwong khi chia cho 7.
= (a’—b*)(b® —c®)(c* —a’):7 = dpcm

Cau 3.

Ké OH L AB=0OH //BEva H la triec tam tam giac OAB.
= BH 1 AC = BH //OE = BHOE La hinh binh hanh = BE = OH

Mat khacCF 1. CD = CF //OH = la duong trung binh ctia tam giac ACF.

= OH =1CF:>BE=1CF :E:E:l
2 2 KF CF 2

Cau 4.
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S_g<:>i_1+l_a20 (*)

4 4a° 4a b
i+3a23:>i2—32—3 i—i+3a>0 (1)
4a 4a° a 4a® 4da

%+4b24:>%+4b24a+4b:>%—4a20 (2)

L4y (1) cong (2) ta chtiing minh duoc (*)

Cach khac:
2 3 _a_p_ 3 8
4a b 4a 1-a
Ta chtng minh a —i—i<—g<:>....<:>(2a—1)2(a2+3)20 (dpcm)
4a 1l-a 4
Cau 5.

a) Chiing minh BA . BC=2BD . BE
e Tacod: DBA+ABC =90", EBM +ABC =90 F.
— DBA=EBM (1)

e Tacdé: AONA=AOME (c-g-c)
= FAN = MEO

Talai c6: DAB+BAE+EAN =90°,
va BEM + BAE + MEO =90° D
= DAB=BEM (2)

e T (1) va(2)suy ra ABDA# ABME (g-g)

BD _B4 = BD.BE = BABM = BAB—C
BM BE 2

= 2BD.BE = BABC B H M

b) CD di qua trung diém ctia duwong cao AH ctia A ABC
e Goi F lagiao ctia BDva CA.
Ta c6 BD.BE = BABM (cmt) E

=>— BD _ BM = ABDM # ABAFE (c-g-c)

BA
= BMD=BFA .Ma BCF =BFEA (cung chin AB)
= BMD=BCF = MD//CF = D la trung diém BF'.

e Goi T'la giao diém cua CD va AH .
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TH CT

ABCD c6 TH/IBD = —=—— (HQ dinh li Te-let) (3)
BD CD

AFCD c6 TAIIFD =14 _ g—g (HQ dinh 1i Te-let) @)

Ma BD=FD (D]latrung diém BF') (5)

o T (3), (4) va(5)suyra TA=TH =T latrung diém AH .
Cau 6.
Mbi ngudi déu choi diing 9 tran véi 9 ngudi khac va khong c6 tran hoa nén
X FY =X+ Y, ==Xy + Y =9

Ta thdy rang trong thi dau vong tron thi tong s tran thing bang tong sS tran thua nén

X A Xy X Fot Xy =Y, + Yy oot Yo
(xf + X5 +...+x120)—(yl2 +Y ot yfo) :(xf - yf)+(x22 - y22)+...+(xf0 - yfo)
:9(X1_Y1+X2 —y2+...+X10—y10)=0
bé s6 11

Cau L.

a) Phuong trinh (1) c6 hé s§ a=m’+5>0 nén la phuong trinh bac hai an x. Do d6
Phuong trinh (1) c6 hai nghiém phan biét x;;X,
<=>A'=m*+(m®+5).6m>0
<=>m’+6m°®+30m >0
<=>m(6m’ +m+30) >0

<= m[5m2+(m+%)z+%}>0

-~
>0vm

<=>m>0

Khi d6 theo dinh ly Vi-ét ta c6: x, + X, =

m’+5
Xét m?+5-2m=(m-1)%+4>0. Mam>0=>m’+5>2m>0

=0<

por 5<1=>0<x1+x2<1
+

Vay tong hai nghiém ctia (1) khong thé la s6 nguyén.
b) Phuong trinh (1) ¢6 hai nghiém x;;x,
A'>0<=> m[sz +(m+%)2 +%} >0

<=>m=>0
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%= m? +5
Khi d¢, theo dinh ly Vi-ét: 6m
X, =
X% m? +5

Ta co:
(%% =P +%,)* =16
[X1X2_ X +X, =2
<=>
><1x2—,\/x1+x2 =-2
THLI XX, =X +X, =2

—6m | 2m

m?+5 \m?+5

Dt t= /mfms;t >0 phuong trinh (2) trd thanh —3t2 —t—2=0
+

Xét A=1"-4(-3)(-2) =-23<0= (2) vO nghiém.

—6m 2m
TH2:x X —«/ +X, =-2<=> — =-2(3
o myXhE% m?>+5 \m?+5 @

<=> =2(2)

Dat t= ‘/%;t >0 phuwong trinh (3) tré thanh —3t* —t+2=0
+
<=>(t+1)(3t-2)=0
t=-1(L)
m=2(TM)

2
m—gUM)

<=>
tzg(TM) 2 :g<:> 4m* -18m+20=0<=> (m-2)(4m-10) = 0 <=>

m? +5

Vay tat ca cac gia trim can tim la me {2; é}

Cau Il

{2(1+ xJy)? =9y~/x 0
21+ yVx)? =9x\fy

DK:x20,y=0

Dat a=x[y;b=yvx , diéu kién a >0, b>0. Hé (I) tré thanh
2(1+a)* =9b(1)

{2(1+ b)? =9a(2)

Lay (1) trwe (2) ta duoc:
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2(1+a)*—2(1+b)> =9(b—a)

<=>2(a—b)(a+b+2)+9(a—b)=0

<=>(a-b)(2a+2b+13)=0
>0Va,b>0

<=>a=Db

Thay a=b vao (1) ta c6

a=2=>b=2(I'M)=>{X\/\/z:2<=>x=y=§/Z

yNX =2

2(1+a)* =9a <=> 1

a—1—>b—1(I'M)—> " y_E< >x—y—?\’/i
2 2 4
y/x
Vay hé phuong trinh c6 nghlem \/_ «/_ ( d: il: J
2)
A
/// \\1\"\ \' 4
.‘\'/L_‘_%- //_/‘- N )
P N N
B — l‘c

ViBM, CN lan luot la phan giac goc ABC, ACB nén theo tinh chdt duwong phan giac, ta co:
MC _BC __MC+MA_, BC

i =1+
MA AB MA AB
NB BC BN +NA BC
AN =1+
NA AC NA AC
2
_ (MC+MA(NB+NA) _ | BC,, BC, , BC® BC BC
MA.NA AB AC AB.AC AB AC
Ap dung dinh ly Pi-ta—go cho tam gidc vuong ABC va BDT Cd-si cho hai s§ khong am, ta
co:
2 2 2 BCZ
BC®=AB°+ AC* > 2AB.AC => >
AB.BC

Bc B0, BB,
AB AC AB AC
(MA+ MC)(NB + NA) S
1+2+2 3+2
MA.NA J_ \/_

Cau IIL.
a) Taco 241280 1 caib)—abe
a b c ab ¢
Gia st a + b la sd nguyén t6, khi d6 tit (*) = abi(a+b)=a:i(a+b)hodcb: (a+b)
Diéu ndy mau thuando0<a<a+b,0<b<a+b.

Vay a + b khong thé'la s6 nguyén t6.
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b) Gidswra+cvab+cdong thoila sd nguyén t6.

Tt c(a+b)=ab=>ca+cb=ab=>ca+ab=2ab-ab=>a(b+c)=b(2a-c)

= a(b+c)ib (*)

Ma b + c1a s6 nguyén td, b 1a s6 nguyén dwong nhé honb +cnén (b +c¢, b) =1
Do do ttt (**) suy raa i b.

Chttng minh teong tetacdéb(a+c)=a@b-c)=>bia

Vaya=b. Tk () > a=b=2c

Do d6 a+c=b+c=3c, khong la s6 nguyén t8 véi c > 1 (mau thuan véi gia st)
Vay a + c va b + ¢ khong thé dong thoi la s6 nguyén to.

CaulVv.

a) Ta co: HCA =ABC (cung phu véi HCB)
ViCN la phan giac caa goc HCB nén HCN =BCN
Do d6 CAN=HCA +HCN= ABC +BCN
Mat khac, xét A BCN vdi goc ngoai ANC ta c6: ANC= ABC+ BCN
Suy ra CAN=ANC = A ACN céan tai A = AC=AN.
Chiing minh twong tu ta ¢6 BC = BM.
b) ViCM, CN lan luot ala phan giac caa géc ACH va BCH nén
MCN = MCH + NCH :%ACH +% BCH =%ACB =45°
Tam gidc ACN can tai A c6 Al la phan gidc ke tir dinh A, nén cling la trung truec cta day
CN.
= IC=IN.
= AICN can tai I.
Tam gidc ICN can tai I c6 ICN=45° nén la tam gidc vuong can tai I
= CILIN
Chiing minh twong tur ta c6 CJ L M.
T giac MIJN ¢6 MIN=MJN=90° nén la t& gidc noi ti€p
= Bon diéem M, [, ], N cung thudc mot duong tron.
ViCH 1L MN, MJ L CN, NI L CM nén CH, MJ, NI déng quy tai truc tam caa A CMN.
c) Dat AC =b;BC =a=>a’+b* =BC? =4R*(Pi—ta— go)
Theo cau a, ta c6 AN=AC=b; BM=BC=b
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Do dé atb=AN+BM=BC+MN=>MN=a+b-BC=a+b-2R
Ta co:
(a—b)?>0=>2ab<a’+b’>=>(a+b)* <2(a®+b?*) =8R?
<=>a+b<2J2R=>MN =a+b-2R<2R(/2-1)
D&u bang xay ra khi va chi khia=b & CA = CB & C la diém chinh gitta ntta duong tron.
Vi C thudc ntra duong tron dwong kinh AB nén CH <R.
Do d6 S, = %CH MN < % R2R(2-1)=R?(/2-1)
D&u bang xay ra & C la diém chinh gifta ntra dwong tron.
Vay gia tri nhé nhat cia MN la 2R(\/§ —1) va gia tri nho nhat caa dién tich tam giac CMN
1a R?(W2-1)
déu xay ra khi va chi khi C 1a diém chinh gitra ntra dwong tron duwong kinh AB.
Cau V.
a) Goibsdtynhiéndacholaa, b, ¢ d,e.
Do ching d6i mot phan biét nén c6 thé giasra<b<c<d<e.
Theo gia thiéttacoa+b+c>d+e=>a+b+c>d+e+1
Suyraa>d+e+1-b-c
Vib, ¢, d, e 1a sO tu nhién nén tir
d>c=>d>c+1;c>b=>c>b+1
Suyrad2b+2=d-b>2
e>d=>e>d+1=e2c+2=>e-c22
Dodéa=(d-b)+(e—c)+125.5uyrab,c,d, e>5
Vay tét ca cac sd déu khong nho hon 5.
b) Néua26=b2a+127 Tuongtwc28d=9,e210=>a+b+c+d+e>40 (mau
thuan)
Suyraa<6.Matheocauatacba=5=a=>5.
Tac65+b+c>d+e+1=>b+c>d+e-4.
Mad-2>b,e-2>c=>d+e—-4>b+c.
Do dé

b=d-2
{c a3 =>a+b+c+d+e=5+2b+2c+4<40

:>b+c<3?1:>b+(b+1)sb+c<3?1:>b£7

Suyrab=6hodacb=7
Néub=6thid=b+2=8.Vib<c<dnénc=7=e=c+2=9.
Néub=7thid=b+2=9.Vib<c<dnénc=8=e=c+2=10.
c6 hai b6 thoa man dé bai la (5;6;7;8;9) va (5;7;8;9;10).
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Peé so 12

Caul

a)x/2x—3 =3x— 4 (DKXD: x > 3/2)
<=>Xx?(2x—3) = (3x—4)?
<=>2x*-3x* =9x* - 24x+16
<=>2x%-12x* +24x-16=0
<=>2(x-2)°*=0

<=>x=2(TM)

Vay S = {2)

b)Ta c6
X+y+z=0
<= (y+2)°" =(-x)’
<=>y?+7°—x*=-2yz
Tuwong tu:
77+ X% —y® = -21x
X2 +y?—2% =-2yx
2 2 2 3 3 3
_ Xy T Xy
-2yz 27X —2yX —2Xyz
Ma
Xy 2P =(x+y) -3x*y—3xy* +2°

= (-2)® =3xy(x+Yy)+z° =3xy

. p_ 3xyz _ —_3
=2xyz 2

Cau 2

DKXD: x, y #0

x+y+1:g(1)
y X

4 4
X+ y——=—¥(2)
X X

Lay (1) trie (2) ta duoc:
1,49 %
y x x X
<:>4—¥—§+1:0

X Xy

<=>X*-5xy+4y° =0
<=>(x—-4y)(x-y)=0

o
<=>
X=4y
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Véix =y, thé vao (1) c62x—§:0<=>x=y:4_r2
X
. Ao . 5 1
Vi x = 4y, thé vao (1) c05y—4—=0<=> y=J_r§=>x=J_r2
y

Vay S= {(Z?Z)i (-2-2):(2 %); (—2;_71)}

Cau 3:

B M H ¢

Cyoe =MD +ME + DE = (BM +CM )sin 60° + DE

=BC.sin60° + DE
Ma BC.sin60° khong d6i nén chi vi tam giac MDE nho nhét & DE nho nhat
Tt gidc ADME noi ti€p duong tron duwong kinh AM (ADM =AEM =90°) nén tam giac
ADEciing noi ti€p duong tron duong kinh AM, tam I la trung diém AM.
Goi K 1a trung diém DE, suy ra IK L DE va EIK = BAC(= —DIE)
Goi R 1a ban kinh duong tron tam I dwong kinh AM thi
sin KIE = KE _0,5DE _DE _ DE
IE R 2R AM
=> DE = AM.sin BAC = AM .sin 60°
Vi sin60° khong d6i nén DE nho nhat & AM nho nhat © M = H (H 1a chan dwong vudng
goc hattr A xuéng BC, ma tam giac ABC déu nén H la trung diém BC).
Vay khi M 1a trung diém BC thi chu vi tam gidc MDE nho nhat.
Cau 4

2 2
a)—+y—_—+l(x¢0;y¢O)<:>X—2+y—2—5—lzo
y- x Yy y x ¥y X

PR Mt S et AP —y)(x —y)>0

% %
2
(x—y){(x+;j +iy2}
_ (x=y)’ (x +><y+y)>0<:> - >0
x2y? X"y
(ludn dung v x,y #0)
¢) Tim minP (a, b >0)
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F)_a2+3ab+b2
Jab(a+b)
_(a+b)*+ab
Jab(a+b)
1 3
“(a+b)’+ab+" (a+hb)?
4( +b)" + +4( +b)

Jab(a+b)

1 2 3 1 2 3
el h 2.[=(a+b)%ab =
4(a+b) +ab 4(a+b) ﬂ/4( +b) 1 ab

= + > +
Jab(a+b) Jab Jab(a+b) Jab

1 2

D&u bang xay ra<=> Z(aer) = __acb
a=>b

A . 5

Vay MmP=§<=>a:b

*Cach khac

—+

N w
N | o1

p_2’+3ab+b’ (atb)’+ab_a+b +ab 3 a+b

Jab(a+b)  +fab(a+b) +ab
Caub

_.—+—
4" \Jab a+b’ 4

a+b 4 Jab

‘/E)zizjuz\ﬁ:E

4 2

a) Keé duong kinh AE cua (O), EH cat (O) tai K/, AK’ cat EB tai D. Dé thay H 1a truc

tam tamgidc AED nén DH 1 AO
= DH // AM (1)

Ta c6 BDH= EAH =HMB nén tit gidc HMDB ndi tiép

= HM 1L MD = DM // AH (2)
Tt (1) va (2) = AHDM la hinh binh hanh.
= AD di qua trung di€ém I caia HM
= K’ la giao ctia Al v6i (O)
=>K' =K
= HK 1 Al
b) Ta cé IAM =ABK (cung chan cung AK)
AMI= OBA (OAMB ndi tiép)
Neén
IAM+AMI=ABK+OBA

TAI LIEU TOAN HOC
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< AIH=0OBK
Mat khac
ATH+KHI=90°

OBK+KBM=90¢°

=>KHI=KBM

= T giac HKMB ndi tiép
=>BKM=BHM=90°

Cau 6

2015(x? + y2) — 2014(2 xy+1) = 25
<=>2014(x—Yy)* + x>+ y* = 2039
Dat t=Ix-y| , te Ndo x, y nguyén

Xét cac truong hop:
TH1: t =0, titc x = y = phuong trinh v6 nghiém
TH2:t=1, tikclax -y =+1
+Véix —y=1hay x=y + 1, phuwong trinh tré thanh:
(Yy+1)?>+y*=25<=> Yy’ +y-12=0
<=> {y =3

y=-4
Véiy=3thix=4; véiy=—4thix=-3
+V6ix —y=-1hay x=y -1, phurong trinh tr¢ thanh:
(y-1)?+y*=25<=>y*-y-12=0

e

<=>

y=4
Véiy=-3thix=—4;véiy=4thix=3
TH3:t>2, VT > VP = phuong trinh vo nghiém
Vay cac cap (x;y) thoa la (4;3), (-3;-4), (4;-3), (3;4)

Cach khac: Str dung phwong phap bién doi phuwong trinh vé dang vé trai la tong cua cac

binhphwong. V& phai la tdng ctia cac sd chinh phuong, hodc cach diéu kién c6 nghiém ctia

phuongtrinh bac hai cling c6 thé giai ra dap so.

Pé so 15

Cau 1: Giai phuong trinh : \/8x+1++/46—-10x = —x* +5x* +4x+1

Diéu kién : _—1§xsﬁ
8 10

TAI LIEU TOAN HOC
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V8X+1+ 46 —-10x = —x® +5x2 + 4x+1<> \8x+1-3+/46-10Xx —6=—Xx>+5x* +4x—8

n («/SX +1—3)(«/8x +1+3) . (J46—10x —6)(J46—10x +6) (1-x)(x - ax+8)
J8x+1+3 J46-10x +6

- -8(1-x) . 10(1-x)
M+3 M+6
1-x=0 (1)

= 8 10
V8x+1+3 J46-10x +6

=(1- x)(x2 —4x+8)

=x?-4x+8 (2)

T (1) suyra:x=1.

T (2), taco: x> —4x+8=(x—-2)*+4 > 4 vdi moi x

10 10 5
J46-10X >0 <> 46 -10X +6>6 ¢ —r <~
J46-10x+6 6 3

-8 10 8
+ = -
J46-10x+6 /8x+1+3 /46—-10x+6 ~8x+1+3

suyra: <§
' 3

< X*—4x+8, vdi moi x.

10 -8
Vav : +
24 J46-10x+6 +/8x+1+3

Suy ra phuong trinh ¢6 nghiém duy nhat : x = 1.

Cau 2: Cho da thtre f(x) = ax® + bx? + cx + d. vdi a la s& nguyén duwong, biét: {(5) — f(4) =
2012 . Chung minh: f(7) — £(2) la hgp s6.

Ta cd :

f(5) — f(4) =2012 <> (125a + 25b + 5¢c +d) — (64a + 16b +4c+d) =2012 <= 6la+9b +c=
2012.

f(7) —£(2) = (343a +49b + 7c + d) — ( 8a + 4b + 2c + d) = 335a + 45b + 5¢
=305a +45b + 5¢ +30a =5(61a +9b + ¢) + 30a = 2012 + 30a = 2( 1006 + 15a)
Vi a la s& nguyén nén ta dugc : 2( 1006 + 15a) chia hét cho 2.

Vay £(7) - £(2) 1a hop 8

Cau 3: Cho ba s6 duwong a; b va cthoaa+b+c=1. Tim GTNN cua:
ab+bc+ca

A=14(a+b’ +¢? )+ —— 2
( ) a’b+b’c+c’a

1—(a2 +b? +cz)
2

=ab+bc+ca

Taco:(a+b+c)2=a?+b?+c*+2(ab +bc + ca) &

Tacé:a?+b>+c2=(a+b+c) (a®+b?+c?) =a’+b%a+b’+bc?+ ®+ca?+a’hb + b’c + c’a.
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Ap dung bét dang thiic C6 - Si:
a®+b%a>2a’ ; b*+bc? > 2b%; ¢+ ca? > 2c%a, ddu “=" xay rakhia=b=c.

suy ra: a?+b%+ c? = a® +b%a+ b3 + bc? + & + ca’? + a’b + b’c + c?a > 3(a’b + b’c + c?a)

suy ra:
1 S 3 - ab+bc+ca >3(ab+bc+ca)_3—3(a2+b2+cz)
alb+b2c+c’a a’+b’+c?  al+b’c+cia ai+bi+c’ 2(a2+b2+c2)

Dat:t=a2+b2+ 3 tacd:3(@2+b2+ @) 2 (a+b+c)2=1t> %,dé’u”=”xéyrakhia=b=c

Wl

Taduqc:A=14t+ﬂ:§+i—§zﬁ+i+t 3_
2t 2 2t 2t 2 2t 2 2

2_t_

—§Z£—§=—ﬂ(vi:t2£j
2 6 2 3 3

Suy ra: A 29—%=§ dau “=" xay rakhi:a?+b?+c?= % vaa=b=csuyra:a=b=c=

Ap dung bat déng thtec C6 - Si : %+ 3 >2‘/%.2% =9 dau “=" xayrakhi: t= %

Mait khac :

N |~

w|

Vay A dat gia tri nho nhat bang ?, khia=b=c= % .

Ciu 4: Cho t& giac ABCD noi tiép (O; R) ¢ AC vudng goc BD tai H. Trén canh AB 14y

diém M sao cho:

AM =1/3 AB. Trén canh HC 1dy trung diém N. chiing minh MH vudng goc v6i DN

+ Goi E; F lan luot la trung diém cua HB va MB,

Suy ra: AM =MF =FB =1/3 AB.

+Goi K va G lan luot la giao diém caa MH véi DN va AE.
+Ta co: @ AHB ~e DHC => AH : HB =DH : HC

—> AH : (2HE) =DH : (2HN) < AH : HE = DH : HN

=>o AHE ~ @ DHN => NDH = EAH
+Ta co : EF la duong trung binh ctuia tam giac HMB => HM // EF
+ Xét © AEF : AM = MF va MG // EF => AG = GE.

+ Xét © AEH: vuong tai H ¢ G 1a trung diém cta AE, suy ra:
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AG=HG=EG=>9¢ AHG can tai G => AHG =EAH
+Ta c6 : KDH+DHK = EAH + DHK = AHG + DHK =90°, suy ra @ DHK vudng tai K.

Vay MH vuong goc voi DN.(dpcm)

Cau 5:

Cho duong tron tam O va dudng tron tam I cat nhau tai hai diém A va B(O val
khac phia d6i véi A va B). IB cat (O) tai E: OB cét (I) tai F. Qua B vé MN // EF( M thudc (O)
va N thuoc (I).

a) Ching minh :Tw gidc OAIE noi tiép ;
b) Chitng minh :AE + AF = MN

a)
+ ® BOE can tai O => OBE = OEB;
+ o BIF can tai I => IBF=IFB;
Do: OBE =IBF= OEB=IFB, suy ra: tt gidc OIFE noi tiép
+ Do : oAOI =eBOI ( c—c—-c)=> OAl =0BI

+Tacd:

OAI + OEIl = OBI + OBE =180°, suy ra t& giac AOEI noi tiép
Vay 5 diém O; A; L E; F nam trén cung mot duong tron.

Vay Tu gidc OAIE nodi ti€p duoc.

b) + Xét dudng tron (O) : AMB = FOI = %Sd AB

+ Do : MN // EF ta dwgc: BEF = MBE ( slt)
+Do 5 diém O; A; I; E; F ndm trén cung mot dwong tron, suy ra: BEF = FOI
Suy ra: AMB = FOI = BEF = MBE suy ra: AM // EB.

Vay tit giac MABE 1a hinh thang va n6i ti€p duong tron (O) suy ra: MABE la hinh thang
can =>MB = AE.

+ Chtrng minh tuong ti ta dwoc : NB = AF, suy ra: AE + AF = MB + NB = MN. ( dpcm).

Cau 6:

Trén mat phang cho 2013 diém tiy ¥ sao cho khi 3 diém bat ky thi khoang cach
gitta hai diém ludn bé hon 1. Chiing minh rang ton tai mot dwong tron 6 ban kinh bang 1
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chira it nhat 1007 diém( ké ca bién).

Goi cac diém la : A1; Az As; ...; Ai; Ai+1; Azoiz; Acoss. Ta chia cac cap diém nhu

sau: (A1; Az);

( Az A2on2); ...(( Ay A2013-1)...;(Atoos; Atoos) , va di€ém Aioor.

Xét diém Aioor v6i cac cdp diém da cho, theo gia thiét trong moi cdp diém ton

tai mot diém Am sao cho doan th:fmg A1o07Am ¢6 d0 dai nho hon 1. Khong mat tinh

tong quat gia st cac di€m Ai; Az; ...; Ae c6 khoang cach dén di€m Aioor nho hon 1,

suy ra cac diém Ai; Az; ...; Ao nam trong dudng tron tAm Aiwr ban kinh bang 1.

Vay t6 tai duwong tron c6 ban kinh bang 1 chita 1007 diém trong 2013 diém da cho.

(dpcm).

Pé s6 16

Caul:

a) A= (4m + 1) - 8§(m — 4) = 16m? + 33 > 0 véi moi m nén phurong trinh ludén c6 hai nghiém phan

biét xi1, x2.

Taco:S=—4dm-1vaP=2m-8.

Do d6: Ix1 —x2l =17 < (x1 — x2)2 = 289 <> S? — 4P = 289

& (~4m-—1)72-4(2m - 8) =289 <> 16m? + 33 = 289

= 16m2=256 <& m?=16 < m=1=+4.

Vay m thoa YCBT & m==4.

b 2x>m-1 (a)
) mx > 1 (b)

m-1
2

Ta co: (a) & x>

Xét (b): *m >0: (b) & x= i
m

*m =0: (b) < 0x =1 (VN)

*m<0:(b)©x£i.
m

m<0
Vay hé cé nghiém duy nhat< < | m—1 @{
m

Cau 2:
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a b C
= + +
(a-b)a-c) (b—c)b—-a) (c—a)c—b)

(a, b, c khac nhau d6i mot)

_ a(c—b)+b(a—c)+c(b—a) _ ac—ab+ba—bc+cb—ca
(a—b)(b—c)(c—a) (a—b)(b—c)(c—a)

\/x+2\/_+\llx 2\/_
«/x+«/2x 1- \/X V2x—1

2T T

 axr 2Vt —J2x -2

T
JW2x—T+1? —\(2x—1 -1y’

BT
) Nax=T+1]-Nax—1-1

\/5[\/)(—1+1+\/X—1—1_
_ J wix22nén Vx—1>1va V2x—1 21
x Tt (i xR - :

Ciu 3: Cho a, b, ¢, d la cac sd nguyén thodaa<b<c<dvaa+d=b+c

b) P

a)Via<b<c<dnéntacoth€ ddta=b-kvad=c+h(h k e N)
Khidédoa+d=b+ceb+c+h-k=b+cesh=k
Vaya=b-kvad=c+k.
Do d6: a2+ b2+ 2+ d2=(b - k)?+ b2+ c2 + (c + k)?

=2b2 + 22 + 2k? — 2bk + 2¢ck

=b?+2bc + 2+ b?+ 2+ k2 - 2bc - 2bk + 2ck + k2

= (b +c)>+ (b - c - k)2 + k? 1a tong cua ba s6 chinh phuong (dob + ¢, b — ¢ -k va k la cac s6
nguyeén)
b) Tacoad =(b-k)(c+k)=bc+bk-ck-k?*=bc+k(b-c)-k?*<bc(vi ke Nvab<c)
Vay ad < bc (BPCM)
Cau 4:
a) Goi x1, x2 1a hai nghiém nguyén dwong ctia phwong trinh (x1 < x2)

Ta c6 a=-x1—x2vab=xix2nén
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5(—x1 — x2) + xaxz2 =22
& x1(x2 —5) — 5(x2 — 5) =47
= (x1=5)(x2—5)=47 (¥)

Taco: 4<x1—5<x2—5nén

x;=5=1 X, =6
(GE=" = .

X, =5=47 X, =52
Khi d6: a=-58 va b =312 thoa 5a + b = 22. Vay hai nghiém can tim la x1 = 6; x2 = 52.
b) Tacod (x +y)(x2+y?) =x3+y3 +xy(x +y) (1)

X2+ y2=(x+y)?-2xy (2)

X4+ i = (62 + y2)2 - 2x2y2 (3)

Vix+y, x2+y?la sd nguyén nén tir (2) = 2xy la sd nguyén.

Vi x2+y?2 x4+ y* la s6 nguyén nén tir (3) = 2x%y2 = % (2xy)? la s6

nguyén

= (2xy)? chia hét cho 2 = 2xy chia hét cho 2 (do 2 la nguyén t0)
= xy la s6 nguyén.

Do d6 tir (1) suy ra x* + y? la s6 nguyén.

Cau 5: Ta c6: OC L DE (tinh chat duwong n6i tam

= A CKJ va A COH dong dang (g-g)

— CK.CH =CJ.CO (1)

= 2CK.CH = (CJ.2CO=CJ.CC'

ma A CEC' vuong tai E c6 EJ la duong cao

= (CJ.CC'=CE*=CH?

= 2CK.CH = CH?

= 2CK=CH A

= K 1a trung diém ctia CH.

Céu 6: Ké BI L AC = 11a trung diém AC. D

Ta c6: Z ABD = / CBE =20° = ~ DBE = 20° (1) '
A ADB = A CEB (g—c-g)

= BD =BE = A BDE can tai B = Ila trung diém DE.
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ma BM = BN va £ MBN = 20°

= ABMN va A BDE dong dang.
2
o (B 1
Seen BE 4

—> SBNE = 2SBMN = %SBDE = SpE

1 V3

Vay Ssce + Sene = Ssce + Sie = Spic = 3 Spec = 8

Ciu 7: Cho a, b la hai s6 thuc sao cho a® +b*=2. Chtiing minh 0 <a+b < 2.

Taco: a+b’>0=>a>>-b*=>a>-b=a+b>0 (1)
(a-b)*(a+b)>0= (a?2-b?)(a-b)>20=a’+b*-ab(a+b) >0

= a®+Db3>ab(a+ b) = 3(a®+b%) >3ab(a +b)

= 4(@+b’)2(a+b))=8=>(a+b))=a+b<2 (2)

Tir (1) va (2) = 0<a+b<2.
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